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Forward Reflectance Model

• Start with incident radiance

• Propagate through the medium using IOPs

• Radiative Transfer Equation (RTE)

– Hydrolight® (week 2)

– Monte Carlo (week 4)

Bohren and Huffman 1983

RTE
IOPs(l)       → RRS(l)



Inverse Reflectance Model

• Approximations to the RTE

– Empirical models (e.g., OC chl algorithms)

– Semi-analytic models (some semi-empirical)

• Start with AOPs (e.g., reflectance)

• Derive the IOPs

Bohren and Huffman 1983

Inverse model

RRS(l)       → IOPs(l)



IOCCG



• Empirical estimation of chlorophyll from radiance (“black box”)

• But chlorophyll isn’t what is impacting radiances, the IOPs are



• And the IOPs are determined by constituent properties

• So inverting radiance can provide information on the 
constituent properties



Philosophical differences in selecting 
empirical vs analytic models

• Empirical (e.g., regressive  models, machine 
learning, neural network)

– Do you need an answer?

– Do you require a forecast based upon historical 
knowledge?

• Analytic (e.g., mechanistic, theoretical)

– Do you want to know how the ocean works?

– Do you want to be able to resolve change in 
the ocean that might differ from past changes?



Really nice review
summary of current limitations



Deriving Component IOPs from Inversion 
of Remote Sensing Reflectance, 𝑅𝑟𝑠(𝜆)

Where measured:
• at the satellite (normalized radiance)

– LN
TOA

• above surface (remote sensing reflectance) 

– 𝑅𝑟𝑠(𝜆) =
𝐿𝑤 𝜆

𝐸𝑑 𝜆
(𝑠𝑟−1)

• below surface (irradiance or radiance 
reflectance)

– 𝑅 𝜆 =
𝐸𝑢 𝜆

𝐸𝑑 𝜆

– 𝑟𝑟𝑠(𝜆) =
𝐿𝑢 𝜆

𝐸𝑑 𝜆
(𝑠𝑟−1)

=
𝑅𝑟𝑠(𝜆)

0.52+1.7×𝑅𝑟𝑠(𝜆)

Werdell et al. 2017



Deriving Component IOPs from Inversion

Werdell et al. 2017

• 𝐿𝑇𝑂𝐴, TOA radiance (steps 1-4)
– 𝐿𝑇𝑂𝐴 → 𝑅𝑟𝑠 → 𝐼𝑂𝑃𝑡𝑜𝑡𝑎𝑙−𝑤𝑎𝑡𝑒𝑟 → 𝐼𝑂𝑃𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠

(1 → 2 → 3 → 4)

– 𝐿𝑇𝑂𝐴 → 𝐼𝑂𝑃𝑡−𝑤 → 𝐼𝑂𝑃𝑐𝑜𝑚𝑝 (1 → 3 → 4)

– 𝐿𝑇𝑂𝐴 → 𝐼𝑂𝑃𝑐𝑜𝑚𝑝 (1 → 4)

• 𝑅𝑟𝑠, Remote sensing reflectance (2-4)

– 𝑅𝑟𝑠 → 𝐼𝑂𝑃𝑡−𝑤 → 𝐼𝑂𝑃𝑐𝑜𝑚𝑝 (2 → 3 → 4)

– 𝑅𝑟𝑠 → 𝐼𝑂𝑃𝑐𝑜𝑚𝑝 (2 → 4)

• 𝐼𝑂𝑃𝑡−𝑤, measured IOPs (steps 3-4)

– 𝐼𝑂𝑃𝑡−𝑤 → 𝐼𝑂𝑃𝑐𝑜𝑚𝑝 (3 → 4)



Heuristic approach to Reflectance inversion
• Consider an ocean comprised solely of water and 

an absorbing material (e.g., a CDOM ocean)

– How does 𝑅𝑟𝑠 depend on 𝑎

• Consider an ocean comprised solely of water and a 
scattering material (e.g., a coccolithophore bloom)

– How does 𝑅𝑟𝑠 depend on 𝑏𝑏?

• The real ocean is comprised of some combination 
of absorbing and scattering materials

– So now how does 𝑅𝑟𝑠 depend on 𝑎 and 𝑏𝑏?

– (source of upward radiance)/(loss of radiance)

– 𝑏𝑏/𝑎



Some history on RTE approximations 
and semi-analytic inversions

• “Howard Gordon” Ocean

– Homogeneous water

– Plane parallel geometry

– Level surface

– Point sun in black sky 

– No internal sources (e.g., fluorescence, Raman)



Solve RTE for Reflectance

• Successive order scattering, SOS

– Separate radiance into unscattered (𝐿𝑜), single scattered 
(𝐿1), doubly scattered (𝐿2),...(𝐿𝑛) contributions

• Single scattering approximation, SSA

– Consider only the unscattered and singly scattered radiance 
terms, 𝐿𝑜 and 𝐿1

• Quasi-single scattering approximation, QSSA

– Note volume scattering functions are highly peaked in 
forward direction (diffraction)

– For upward light field, forward scattered like unscattered

– So, replace 𝑏 with 𝑏𝑏

𝑐𝑜𝑠𝜃
𝑑𝐿(𝜃,𝜙)

𝑑𝑧
= −𝑎𝐿(𝜃, 𝜙) −𝑏𝐿 𝜃, 𝜙 + 4𝜋𝛽 𝑧, 𝜃, 𝜙; 𝜃′, 𝜙′ 𝐿 𝜃, 𝜙 𝑑Ω′



QSSA

• 𝑏 = 𝑏𝑓 + 𝑏𝑏 →

• 𝑐 = 𝑎 + 𝑏 →

• 𝜔𝑜 = Τ𝑏 𝑐 →

• Solve the SSA for the upward/downward 
radiant fields (see optics web book)

• 𝑅~ ൗ𝑏𝑏
𝑎+𝑏𝑏

(note, only holds for surface)

𝑏 = 𝑏𝑏

𝑐 = 𝑎 + 𝑏𝑏

𝜔𝑜 = ൗ
𝑏𝑏

𝑎 + 𝑏𝑏



Deriving Component IOPs from Inversion

• 𝑟𝑟𝑠(𝜆) =
𝐿𝑢 𝜆

𝐸𝑑 𝜆
(𝑠𝑟−1)

• = σ𝑖=1
2 𝑔𝑖 𝜆 [𝑢 𝜆 ]𝑖

• 𝑢 =
𝑏𝑏 𝜆

𝑎 𝜆 +𝑏𝑏 𝜆
, 𝑔𝑖(𝑠𝑟

−1)

• 𝑔1 = 0.0949

• 𝑔2 = 0.0794, generally ignored 

→ 0.0794 ×
𝑏𝑏 𝜆

𝑎 𝜆 +𝑏𝑏 𝜆

2

• 𝑅 𝜆 =
𝐸𝑢 𝜆

𝐸𝑑 𝜆
= 0.33 ×

𝑏𝑏 𝜆

𝑎 𝜆

Werdell et al. 2017



Questions?

• What happens to R if there is 

– Increase in CDOM

ayoqq.org
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Questions?

• What happens to R if there is 

– Increase in heterotrophic bacteria
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Questions?

• What happens to R if there is 

– Increase in heterotrophic bacteria

ayoqq.org



ayoqq.org

Questions?

• What happens to R if there is 

– Increase in phytoplankton



ayoqq.org

Questions?

• What happens to R if there is 

– Increase in phytoplankton



Now we will look at an early solution 
to the forward problem

𝐼𝑂𝑃𝑠 → 𝑅
to understand the basis of the 

inverse problem 
𝑅 → 𝐼𝑂𝑃𝑠



You have heard how to estimate chl from spectral 
reflectance ratios, but back in 1977 Morel and Prieur
were already investigating the 𝐼𝑂𝑃𝑠 ↔ 𝑅 relationship



𝑅 =
𝐸𝑢
𝐸𝑑

Measurements of 𝑅 = ൗ𝐸𝑢
𝐸𝑑

QSSA* leads to:  𝑅 = 0.33 Τ𝑏𝑏
𝑎

Goals of paper

• Explain variations in 𝑅
with respect to 𝑏𝑏, 𝑎

• Model IOPs to predict 𝑅
(→forward model) 

• results became basis for 
semi-analytic inversions

*Quasi-single scattering approximation (approx. to RTE)
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Parameterize the Spectral Backscattering
(remember there were no measurements)

𝑏 𝜆 = 𝑏𝑤 𝜆 + 𝑏𝑝(𝜆) and 𝑏𝑏 𝜆 = 𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝(𝜆)

= 𝑏𝑏𝑤 𝜆𝑜 𝜆−4.3 + 𝑏𝑏𝑝(𝜆𝑜)𝜆
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Parameterize the Spectral Backscattering
(remember there were no measurements)

𝑏 𝜆 = 𝑏𝑤 𝜆 + 𝑏𝑝(𝜆) and 𝑏𝑏 𝜆 = 𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝(𝜆)

= 𝑏𝑏𝑤 𝜆𝑜 𝜆−4.3 + 𝑏𝑏𝑝(𝜆𝑜)𝜆
𝑛𝑝

when water dominates 
the spectral slope is that of 
water, power slope ~ 4.3, 
ratio 14

but as particles increase 
the spectral slope is very 
reduced and dependent
upon the slope of the power
function (𝑛𝑝, not to be confused 

with index of refraction, think h), 
→size proxy

np= -1

np= 0

fraction of bb can be accounted for by water
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Part 1:  Blue Waters

Only 𝑏𝑏𝑝 𝜆 varies, → 𝑛𝑝

modeled

T1 to T5 increasing [particles]
𝑛𝑝 = 1 (dotted), 𝑛𝑝 = 0 (solid)

Measured

Crater Lake
Sargasso Sea

Compared modeled T3, T4
With measured spectra (solid)

𝑅(𝜆) = 0.33
𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝 𝜆

𝑎𝑤 𝜆



Part 2:  Green Waters

• Case 1:  

– “chlorophyll concentration is high relative to the scattering 
coefficient”

– Nice description of how R changes as chlorophyll increases 
(think phytoplankton absorption)

– V-type

• Case 2:

– “relatively higher inorganic particles than phytoplankton”

– Nice description of how R changes as turbidity increases 
(think CDOM and NAP IOPs)

– U-type



Part 2:  Green Waters
case 1:  V-type Chl-dominated

𝑅(𝜆) = 0.33
𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝 𝜆

𝑎𝑤 𝜆 + 𝑎𝑝ℎ𝑦𝑡 𝜆
𝑎𝑝ℎ𝑦𝑡and 𝑏𝑏𝑝~[𝐶ℎ𝑙]

𝒄𝒉𝒍 = 𝟎. 𝟐
𝒎𝒈

𝒎𝟑

𝒄𝒉𝒍 = 𝟏𝟖. 𝟏
𝒎𝒈

𝒎𝟑

Measured



Part 2: Green Waters
case 2:  U-type Sediment-dominated

𝑅(𝜆) = 0.33
𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝 𝜆

𝑎𝑤 𝜆 + 𝑎𝑝ℎ𝑦𝑡 𝜆 + 𝑎𝑝 𝜆

𝑎𝑝ℎ𝑦𝑡~[𝐶ℎ𝑙]

𝑎𝑝 and 𝑏𝑏𝑝 ≠ [𝐶ℎ𝑙]

Increasing particles

Increasing “chl”
also NAP and CDOM



Generalized semi-analytic model

𝑏𝑏 𝜆 = 𝑏𝑏𝑤 𝜆 + 𝑏 − 𝑏𝑤 ×
𝑏𝑏𝑝
𝑏𝑝

𝑎(𝜆) = 𝑎𝑤 𝜆 + [𝐶ℎ𝑙 + 𝑃ℎ𝑒𝑜] × 𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 + |𝑏| × 𝑎𝑝 𝜆

(know 𝑏𝑤, 𝑏𝑏𝑤 , measure 𝑏)

Assume a backscattering ratio
for particles is spectrally flat,
adjust 𝑏𝑝to match 𝑅(500𝑛𝑚)



The results

Variations in ocean color are not 
explained by variations in pigment 

concentrations → IOPs

• Linear relationship between reflectance ratios and chl (log-log)

• Order of magnitude variation in Chl for given R ratio



Questions?

• If the water is green, the OC algorithms will 
provide a chl value. What else could cause 
green water?

• Now we will talk about inversion approaches 
R → IOPs



1990s  Invert R to obtain IOPs

R(l) = f/Q 
𝑏
𝑏
(l)

𝑎(l)+𝑏𝑏(l)

Starting in 1995 there was an explosion of papers 
(well, OK, about 5) focused on semi-analytical 
inversion models to obtain IOPs from reflectance

Here is how it works…



1990s  Invert R to obtain IOPs

Step 1. The IOPs are additive, separate into 
absorbing and backscattering components

𝑎 𝜆 = 𝑎𝑤 𝜆 + 𝑎𝑝ℎ𝑦𝑡 𝜆 + 𝑎𝐶𝐷𝑂𝑀 𝜆 + 𝑎𝑁𝐴𝑃 𝜆

𝑏𝑏 𝜆 = 𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝 𝜆

𝑅 𝜆 =
𝑓

𝑄

𝑏𝑏(l)

𝑎(l)+ 𝑏𝑏(l)
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1990s  Invert R to obtain IOPs

Step 2. Beer’s Law indicates component IOPs are 
proportional to component concentration, define 
concentration-specific spectral shapes. For example, 
chlorophyll-specific phytoplankton absorption

𝑎𝑝ℎ𝑦𝑡 λ = 𝑐ℎ𝑙 𝑎𝑝ℎ𝑦𝑡
∗ (λ)

𝐼𝑂𝑃𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 = [𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛] × 𝐼𝑂𝑃𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛−𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐

= 𝑠𝑐𝑎𝑙𝑎𝑟 × 𝑣𝑒𝑐𝑡𝑜𝑟

= 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 × 𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙 𝑠ℎ𝑎𝑝𝑒

= 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒 × 𝑒𝑖𝑔𝑒𝑛𝑣𝑒𝑐𝑡𝑜𝑟

𝑅 𝜆 =
𝑓

𝑄

𝑏𝑏(l)

𝑎(l)+ 𝑏𝑏(l)



In the hyperspectral satellite world, each 
component could be further deconstructed 
into multiple constituents if the IOPs differ

• 𝑎 𝜆 = 𝑎𝑤 𝜆 + 𝑎𝑝ℎ𝑦𝑡 𝜆 + 𝑎𝐶𝐷𝑂𝑀 𝜆 + 𝑎𝑁𝐴𝑃 𝜆

• 𝑎𝑝ℎ𝑦𝑡 𝜆 = σ
𝑖=1

𝑁𝑝ℎ𝑦𝑡 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗

𝑖
𝜆 𝑜𝑟 σ

𝑖=1

𝑁𝑝𝑖𝑔
[𝑃𝑖𝑔] × 𝑎𝑝𝑖𝑔

∗

𝑖
𝜆

• 𝑎𝐶𝐷𝑂𝑀 𝜆 = σ𝑗=1
𝑁𝐶𝐷𝑂𝑀 𝐴𝐶𝐷𝑂𝑀 × 𝑎𝐶𝐷𝑂𝑀

∗
𝑗
𝜆

• 𝑎𝑁𝐴𝑃 𝜆 = σ𝑘=1
𝑁𝑁𝐴𝑃 𝐴𝑁𝐴𝑃 × 𝑎𝑁𝐴𝑃

∗
𝑘
𝜆

• 𝑏𝑏 𝜆 = 𝑏𝑏𝑤 𝜆 + 𝑏𝑏𝑝 𝜆

• 𝑏𝑏𝑝 𝜆 = σ
𝑚=1

𝑁𝑝 𝐵𝑏𝑝 × 𝑏𝑏
∗

𝑝𝑚
𝜆



1990s  Invert R to obtain IOPs

Step 3. Put it all together

water IOPs known and constant

𝑅 𝜆 =
𝑓

𝑄

𝑏𝑏(𝜆)

𝑎 𝜆 + 𝑏𝑏(𝜆)

𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝
∗ (𝜆)

𝑎𝑤 𝜆 + 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 + 𝐴𝑛𝑎𝑝 × 𝑎𝑛𝑎𝑝

∗ 𝜆 + 𝐴𝐶𝐷𝑂𝑀 × 𝑎𝐶𝐷𝑂𝑀
∗ (𝜆) + 𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝

∗ (𝜆)

𝑅 𝜆 =
𝑓

𝑄
×

𝒃𝒃𝒘 𝝀 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝
∗ (𝜆)

𝒂𝒘 𝝀 + 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 + 𝐴𝑛𝑎𝑝 × 𝑎𝑛𝑎𝑝

∗ 𝜆 + 𝐴𝐶𝐷𝑂𝑀 × 𝑎𝐶𝐷𝑂𝑀
∗ (𝜆) + 𝒃𝒃𝒘 𝝀 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝

∗ (𝜆)



1990s  Invert R to obtain IOPs

Step 3. Put it all together

water IOPs known and constant

eigenvectors are spectra, representative shapes, i.e., “known”

𝑅 𝜆 =
𝑓

𝑄

𝑏𝑏(𝜆)

𝑎 𝜆 + 𝑏𝑏(𝜆)

𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝
∗ (𝜆)

𝑎𝑤 𝜆 + 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 + 𝐴𝑛𝑎𝑝 × 𝑎𝑛𝑎𝑝

∗ 𝜆 + 𝐴𝐶𝐷𝑂𝑀 × 𝑎𝐶𝐷𝑂𝑀
∗ (𝜆) + 𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝

∗ (𝜆)

𝑅 𝜆 =
𝑓

𝑄
×



1990s  Invert R to obtain IOPs

Step 3. Put it all together

water IOPs know and constant

eigenvectors are spectra, representative shapes, i.e., “known”

eigenvalues are scalars to be estimated

𝑅 𝜆 =
𝑓

𝑄

𝑏𝑏(𝜆)

𝑎 𝜆 + 𝑏𝑏(𝜆)

𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝
∗ (𝜆)

𝑎𝑤 𝜆 + 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 + 𝐴𝑛𝑎𝑝 × 𝑎𝑛𝑎𝑝

∗ 𝜆 + 𝐴𝐶𝐷𝑂𝑀 × 𝑎𝐶𝐷𝑂𝑀
∗ (𝜆) + 𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝

∗ (𝜆)

𝑅 𝜆 =
𝑓

𝑄
×



And in the hyperspectral satellite world, with 
multiple constituents per component

water IOPs know and constant

eigenvectors are spectra, representative shapes, i.e., “known”

eigenvalues are scalars to be estimated by regression

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆

𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝
∗ (𝜆)

𝑎𝑤 𝜆 + 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 + 𝐴𝑛𝑎𝑝 × 𝑎𝑛𝑎𝑝

∗ 𝜆 + 𝐴𝐶𝐷𝑂𝑀 × 𝑎𝐶𝐷𝑂𝑀
∗ (𝜆) + 𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 × 𝑏𝑏𝑝

∗ (𝜆)



𝑖=1

𝑁𝑝ℎ𝑦𝑡

𝑎𝑝ℎ𝑦𝑡
∗

𝑖
𝜆 × 𝐴𝑝ℎ𝑦𝑡𝑖 

𝑖=1

𝑁𝑛𝑎𝑝

𝑎𝑛𝑎𝑝
∗

𝑖
𝜆 × 𝐴𝑛𝑎𝑝𝑖 

𝑖=1

𝑁𝐶𝐷𝑂𝑀

𝑎𝐶𝐷𝑂𝑀
∗

𝑖
𝜆 × 𝐴𝐶𝐷𝑂𝑀𝑖



𝑖=1

𝑁𝑏𝑏𝑝

𝑏𝑏𝑝
∗

𝑖
𝜆 × 𝐴𝑏𝑏𝑝𝑖



1990s  Invert R to obtain IOPs

Step 4. input known eigenvectors (component IOP 
spectra), perform regression against a measured 
reflectance spectrum to estimate eigenvalues (As)

How much of each absorbing and backscattering 
component is needed (in a least squares sense) to 
reconstruct the measured reflectance spectrum?

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆

R(l) = f/Q 
𝑏𝑏𝑤 𝜆 + 𝐴𝑏𝑏𝑝 𝑏𝑏𝑝

∗ (l)
𝑎𝑤(l) + 𝐴𝑝ℎ𝑦𝑡 𝑎𝑝ℎ𝑦𝑡

∗ (l) + 𝐴𝑁𝐴𝑃 𝑎𝑁𝐴𝑃
∗ (l) + 𝐴𝐶𝐷𝑂𝑀 𝑎𝐶𝐷𝑂𝑀

∗ (l) +𝑏𝑏𝑤 𝜆 +𝐴𝑏𝑏𝑝 𝑏𝑏𝑝
∗ (l)



1990s  Invert R to obtain IOPs 

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆
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1990s  Invert R to obtain IOPs

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆

Starting in 1995 there was an explosion of papers 
(well, OK, ~4) inversion models utilizing this 
approach. The differences between them lies in:

1) Definition of eigenvectors (spectral shapes)



e.g., phytoplankton absorption eigenvector

Lee et al. 1996

a* f
(m

2
/m

g) Garver & Siegel 1997
Maritorena et al. 2002

Roesler & Perry 1995

a* f
(m

2
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a* f
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1990s  Invert R to obtain IOPs

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆

Starting in 1995 there was an explosion of papers 
(well, OK, ~4) inversion models utilizing this 
approach. The differences between them lies in:

1) Definition of eigenvectors (spectral shapes)
2) Inversion method 

• “by eye” 
• linear matrix inversion 
• non-linear least squares 
• optimized non-linear least squares 



1990s  Invert R to obtain IOPs

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆

Starting in 1995 there was an explosion of papers 
(well, OK, ~4) inversion models utilizing this 
approach. The differences between them lies in:

1) Definition of eigenvectors (spectral shapes)
2) Inversion method 
3) Validation and error analysis

• Model validated/not with independent data
• Tested over narrow/broad optical range



Early models described in pdf

• Roesler and Perry 1995 
• Lee et al. 1996 → Lee et al. 2002 QAA
• Hoge and Lyon 1996
• Garver and Siegel 1997 →Maritorena et al 2002 GSM
• Roesler and Boss 2003 (estimate c, bb(l), g, bb/b)
• Roesler et al. 2004 (phytoplankton functional types)
• Things to notice when you read these and more recent 

papers
– Basis vector definition
– Solution approach
– Testing against independent data (evaluate how independent)
– Validation (what parameters)
– Sensitivity analyses



We will not go through each one in 
detail but will look at examples to 

see how the approach works

1. Assumptions

2. Validation with independent data sets

3. Error analysis (uncertainty)



Questions for you 

𝑅 𝜆 =
𝑓

𝑄
×

𝑏𝑏 𝜆

𝑎 𝜆 + 𝑏𝑏 𝜆

• What is the measured quantity in the 
reflectance inversion equation?

• What data do you need to have on hand to 
validate your model? 

• Here is an example of an early IOP inversion 
model
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Roesler and Perry 1995

𝑏𝑏𝑤(λ)

𝑏𝑏𝑝𝐿 λ = 𝑏𝑏𝑝𝐿(λ𝑟𝑒𝑓)
λ

λ𝑟𝑒𝑓

0

𝑏𝑏𝑝𝑆 𝜆 = 𝑏𝑏𝑝𝑆(𝜆𝑟𝑒𝑓)
𝜆

𝜆𝑟𝑒𝑓

−1

𝑎𝑤(λ)

𝑎𝑝ℎ𝑦𝑡
∗ λ (𝑓𝑟𝑜𝑚 1989 𝑑𝑎𝑡𝑎)

𝑎𝑛𝑎𝑝 λ + 𝑎𝐶𝐷𝑂𝑀 λ =

𝑎𝐶𝐷𝑀 λ𝑟𝑒𝑓 𝑒𝑥𝑝 −0.0145 (λ − λ𝑟𝑒𝑓)

?



Measured 𝑅 𝜆 =
𝐿𝑢 𝜆

𝐸𝑑 𝜆

Chl = 0.07 to 25.6 mg/m-3

aphyt(440) = 0.004 to 0.5 m-1

bbp(440)   = 0.002 to 0.04 m-1

Roesler and Perry 1995



Run the model

• Input 𝑅 𝜆 spectrum computed from measured 
𝐿𝑢 𝜆

𝐸𝑑 𝜆

• Provide eigenvectors (basis vectors) for component 
absorption and backscattering

• Use non-linear least square minimization to estimate
eigenvalues

• Use model and retrieved eigenvalues to reconstruct 
reflectance spectrum



Results I: Model Test – reconstructing R(l) 

measured

6-component model explains most of the observed variability

R(l) = 0.33
𝑏𝑏𝑤 𝜆 +𝐴𝑏𝑏𝑝𝑆×𝑏𝑏𝑝𝑆

∗ (𝜆)+𝐴𝑏𝑏𝑝𝐿×𝑏𝑏𝑝𝐿
∗ (𝜆)

𝑎𝑤 𝜆 +𝐴𝑝ℎ𝑦𝑡×𝑎𝑝ℎ𝑦𝑡
∗ 𝜆 +𝐴𝐶𝐷𝑀×𝑎𝐶𝐷𝑀

∗ (𝜆)

What isn’t explained can be exploited for more information

modeled



Results II: Quantifying RF(l) 

• Still very little work exploiting the 
natural fluorescence signal (FLH)

– Linear determination of FLH

– Inversion accounts for 
absorption/fluorescence overlap



Results III: IOP model validation

QFT

𝑎𝑝ℎ𝑦𝑡 440 [𝑚−1]

From Particle Size Distribution

(Coulter Counter)

𝑏𝑏𝑝 440 [𝑚−1]

Chl

𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑐ℎ𝑙 𝑓𝑟𝑜𝑚:
𝑎𝑝ℎ𝑦𝑡 676 [𝑚−1]

0.014 𝑚2𝑚𝑔−1

𝐶ℎ𝑙



Results IV: analysis of model residuals 

to assess 𝑎𝑝ℎ𝑦𝑡 spectral variations

First estimate: 𝑎𝑝ℎ𝑦𝑡 𝜆 = 𝐴𝑝ℎ𝑦𝑡 × 𝑎𝑝ℎ𝑦𝑡
∗ (𝜆)

Second estimate:  add in ∆𝑅 𝜆 residual to first estimate

Compare with Basis Vector aphyt
*(l)
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Sensitivity Analysis

• Generally, 30% cv

• aphyt retrieval most 
robust

• Evidence of variance 
transference, acdm bbp

• acdm basis vector induced 
largest cv in retrieval



Simple semi-analytic inversion provides 
good estimates of component IOPs

• Assumption: eigenvector spectral shape

• But variations in eigenvectors provide 
additional information (i.e., phytoplankton, 
CDOM, particle size distribution)

• What to do?

• Allow for variations, e.g., phytoplankton 
absorption



On your own go through these models in 
the second pdf for this lecture

• Example 1: inversion to multiple phytoplankton 
absorption spectra (e.g., diatom, dino,… absorption 
eigenvectors)

• Example 2: inversion to pigments (e.g., fucoxanthin, 
peridinin,… absorption eigenvectors)

• Example 3: reformulate reflectance equation to retrieve 
other IOPs (e.g., beam c coefficient and spectral slope, 
backscattering ratio, spectral variations in backscattering 
spectrum)

• Example 4:  linear matrix inversion allows for uncertainty 
quantification in the regression



Take Home messages
• Semi-analytic reflectance inversion models are powerful tools 

for estimating spectral IOPs from ocean color

• The devil is in the details
– Eigenvector definitions

– Over constrained (hyperspectral vs multispectral) 

• Solution method
– Non-linear

– “optimized” non-linear

– linear

• Important considerations
– Independent data for  model testing

– Sensitivity analysis

– uncertainties



Today in Lab

• Excel file for hands on inversion examples

• Matlab code for inversion

– Different models

– Wavelength resolution

– Basis vectors

• Data for inversions

– Measured reflectance spectra

– Simulated reflectance spectra (Hydrolight)

– Your data


