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-where-"
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and _ P o - S
| -_ho(x')" NOQ(X')e-ar s _ (38)_
and where S _." N - |

and a(x') is the solld angular subtense of the point source
~as measured at x'., The source is actually a smail finite
‘sphere of surface radiance NO in the direction §' = x/|x'|.

-~V is the volume measure in X. We shall not go into further

deta115 here. See (66) of Sec. 6.6 in partlcular, and Sec.
6.6 in general for complete detalls.'

:1;4 Some Deductlons from the nght F1e1d Models

' The three models for natural and art1f1c1al light fields
- derived above allow us to explain and interrelate many of the
observed features of light fields in natural hydrosols. We
shall consider here and in subsequent sections a small rep-

- resentative sample of such acthlty, based on simple deduc-
~ tions from the three models. .

The Decay of the General nght F1e1d Wlth Depth

- We shall now show how (7) of Sec. 1.2 follows from the
two-flow model for light fields. Toward this end, we let the
scattering medium X be infinitely deep and be absorblng, i.e.,
a>0. Then we compute the net downward 1rradlance at a general
depth u51ng (6), (7) of Sec. 1.3. -

H(z -) = H(z,-) - H(z +)
,=(g_-g+)[:m+ekz - m_e'ki] (1)

‘Now from (16) of Sec. 1.3 we find, by 1ntegrat1ng between

depths 0 and z, and notlng that h(z) 15 a non negative quan-
] tlty for all z: . v
T = ‘dH(z',-) -
- -H(Z,')"H_(O',-) = [ —~— = 'aI h(Z') _dZ' =0
. _ e Jo 2 ._  T
-  Hehce for all 2 H '

f(z,) S A, (2)
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This shows that the net downward irradiance is bounded. In-
deed, from Tables 2, 3 of Sec. 1 2 we can estimate an upper
'bound of H(z,-) as 1396 watts/m?*, and infer that H(z,-) =

in real optical media. It follows that (2) and (1), along
with a >0, force m, to be zero; otherwise we could find a
"depth z at which (2) would be V1olated Some further general
lnequalities related to (2) are given in Sec. 9.2.

Having established that m_ =0 in infinitely deep absorb-
ing media, (6), (7), of Sec 1. 3 yield the requlslte forms of
H(z, t) for every z:

i(s) = mgek (3)

C HEm emge® L @)

From (3), (4) we have, on sett1ng z*O .
' ' HO,0) = mg,

. H(O +) = m g

‘Let us write o .

Clearly, we then havefrom(3), (4): :
' ' ' ~aD

- , | - “.1-
' _.fi_(_Q__:)_ H(z,+) _ 8. ._ k _ k-aD . .
R, H) H(z_ s l*gi"n‘ 5 (5)

This shows that the reflectance Rm of the medium is indepen-
dent of depth and determ1nab1e once a, k, and D are known.
Hence for every z, B - -

H(z:"') = H(zr')Rm
'where__' |  1“.* '

| | _ 'm (0"4-! '= H(O0,+) _ H 0,.')
- 3+Rm gf_- ! g+

Thus we have shown among other thlngs that
."H(z;i)h# H(O’i)e kz .h. hi . ..'-.(6)'

-for all Z.

o Furthermore, by defznltlon of the dlstrlbutlon factor D
(cf. (1) of Sec. 3) we have, w1th the “help of (8) of Sec.
1.1: - - _ _ -
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h(z) = h(z,+) + h(z,-)
' = D( H(z,*) *+ H(z,-) )
= D( H(0,+) + H(0,-) ) e _
Cho) okt o N

kz

~ which is the theoretical basis for (7) of Sec. 1.2.

Observe how the assumption that a>0, is needed in vari-
ous parts of the arguments above. This assumption is quite
reasonable in terrestrial settings; indeed, in such settings
the condition a=0 for every wavelength is never observed.

- What would the 1light field look like in an infinitely deep
medium in which a=0? Equation (1) shows us that if a=0 for
all wavelengths, then: since g =g _=1,

Cfi(z,-) = 0

' so that - _ H(z,-)= H(i}+)' I

at all depths z and for all wavelengths. The sea would be of
the same general brightness and color of the sky in this case
--at every depth! - o . ' o

 Ref1éctance and Transmittance of
'Finitely Deep Hydrosols

~ The simple two-flow model allows us to estimate the re-

flectances and transmittances of finitely deep layers of
- water. We return to (6), (7) of Sec. 1.3 and consider a fi-

nitely deep homogeneous layer whose upper surface is at 0 and
whose lower surface is at z. The upper surface is irradiated

with a given irradiance H(0,-) and we set H(z,+)=0, which sim-

ulates zero irradiation at the lower boundary (Fig. 1.40 (a)).
We then find the m,, m. corresponding to these two given ir-
radiances, and solve for H(0,+). Thus, if under these condi-
- tions we write ' B - ' '

- "R ()" | for"_. H(0,+)/H(0,-)

 then Ry(T) is the reflectance of the slab of (diffuse) optical
depth* t = kz, 3nd_RY(T) iS found to be of the form: '

o

®*There are many '‘'optical depths' possible in Fadiative-trans- .
fer theory; one for each scattering or absorbing concept. In
the present case we use k as a base for optical depth. .
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 H(O.+)
(REQUIRED)

CH(Z,-)
(REQUIRED)

T is optical depth cOr'r'esponding' to Z

FIG., 1.40 Boundary'cohditions'for the reflectance and
‘transmittance of finitely deep layers in a hydrosol.
where we have written: | DR _
. kK -

The transmittance“Ty(T) of the slab of optical depth T can be
found in an analogous manner (Fig. 1.40 (b) ) by now seeking
‘H(z,-) under the same conditions. Thus if we write:
"T ()" for  H(z,-)/H(0,-) ,

then it follows that: '

(10)

- One should see that, because the medium is homogeneous, Ry(t)
and Ty (t) depend spatially only on the optical depth T, so

that (8) and (10) pertain to any slab of thickness Tt in the
medium regardless of its vertical location within the medium,

It will also be interesting to look at some of the lim-
1ting values of Ry(T) and Ty(t) for various extreme values of
T and y. For example, one may verify that:
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~lim R (T) = 0 ' (11)
0
1im  R_(1) = &YX = R_ O (12)
T+ Y: . 1+Y_ _
lim T.(t) =1 - (13)
1:+0 Y | | |
o lim T (1) = 0 (14)
T _ o
R.(T) 4 a2 . . D
. l1-y¢ _ b
lim X = — = - | 15
0 Y 2Y Kk ' - (1)
 1-T (1) qev?  an . 3
sy~ o 1+y® _ aD+b _ _
Ho T %y k0 (10)

From'(IS) we see that the reflectance of very thin slabs is
proportional to the_backscattering coefficient b. Indeed,
. R R(1) -
l1im Y
z2+0 %

= b
so that: . o
_ R'y‘(‘l')'é bz I (17)

for small t. From (16) we see that the transmittance of very
thin slabs is: - ' - - o

- T,(t) =1 - (aD+b)z . (18)
From (17), (18) we conclude that for thin slabs:
RY(T) * TY(T) 1 - (aD)z
and if in general we write:
AY(r) . for 1 "'[RY(T)-P TY(T)] . (19)
we see that in particular for thin slabs:
 a@eEz . o)

Clearly Ay(t) for general t is the amount of irradiance ab-
sorbed by a slab of optical thickness t and with optical prop-
erties a, b, and D. From (19) we have the general conserva-
tion law: ' ' ' '
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A * R+ T =1 | (2

Figs. 1.41, 1 42 represent Ry(T) and Fig. 1. 43 represents
TY(t) for a selected set of vy and Tt values. Values of k and
vy can be obtained by direct computat1on from the definitions
of k and v, or by their graphs in Figs. 1.44, 1.45. The com-
putatlons were done by Mrs. Judith Marshall. -

Invarlant Imbeddlng Relatlons for Irradlance

We now wrsh to 1nvest1gate a partlcularly 1nterest1ng .
property of the reflectance and transmittance functions Ry(T)
and Ty(tr) defined above. This property will allow us to
write down Eqs. (6),(7) of Sec. 1.3 by sight for homogeneous
" media with transparent boundarles._ We shall fix attention on

an arbitrary medium X whose upper boundary is at optical
depth 0 and whose lower boundary is at optical depth ¢ (= zk),
where z is the geometric depth of the medium. Since X i1s
fixed throughout the present paragraph, we can drop the "y"
from the R and T notation. Furthermore, to emphasize the geo-

‘metric limits of X we shall denote it by "X(0,c)".

_Now Suppose'X(O c) is irradiated at the upper boundary_'
only. Then by def1n1tlon of R(c) and T(c) we have:

H0,*) = H(0,-) R(e) (2
. .- H(cr"') ' ""'-H(O':')' T(C) o i (23)'_

This 1s a 51mp1e appllcatlon of (8) and (10) and the basic
meanings of R(¢) and T(c). Next, assume that X(0,c) is ir-
‘radiated only on its;lower boundary " Then, by the same token:

H(o, +) e, +) T(c) - (24)
H(c,—) H(c 9 R(c) (@25

These formulas follow rlgorously u31ng the pattern of deriva-

tion leading to (8) and (10). However, they should be intui-

- tively clear simply on the basis that T(c) and R(c) are trans-
mittances and reflectances of homogeneous slabs of scattering

- absorbing material of optical thickness ¢ in which complete

- symmetry of the light f1e1d has been assumed (1n the form of

(1) of Sec. 1.3).

Furthermore, and thls is a crucial step, ‘because the
‘basic differential equations of the two-flow model are linear,
we have at our beck and call the mathematical principle of
linear superp051t1on of solutions of these equations. Thus,
if X(O c) '1s 1rradlated 51mu1taneously at levels 0 and c,
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- FIG, 1. 41 Calculated reflectance R () versus t, for
01 <y<.80.

FIG. 1.42 Calculated reflectance R (T) versus T, for
30<ys 98.. - : - .
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o 10 T 20 30 40
IR _ ! .

FIG. 1.43 -Calculated transmittanceTT(t) versus t, for
.01 <y <.98. o R _ - . |

then we would be correct in writing the observed emergent ir-
radiances at levels 0 and ¢ as: =

H(0,+) = H(0,-)R(c) + H(c,")T(c) (26)

‘H(c,-) = H(0,-)T(c) + H(c,-'-)R‘('c) . - (27)

These equations are readily forthcoming from (6), (7) of Sec.
- 1.3; however, we shall imagine for the moment that they form
a relatively new basis for approaching radiative transfer
problems, and that they are just as basic (as indeed they are)
as the two-flow equations (4), (5) of Sec. 1.3 in setting up
the foundations of the two-flow model. We shall spend much
~time on this point of view and its generalizations in Chapters
3, 7, and 8. For the moment we adopt it in the form of (26)

and (27) and apply it in a simple and direct manner so as to
explain the essential ideas behind it. =

In order to.illustrate in a relatively concrete manner
the properties of (26) and (27), we shall consider an actual
natural hydrosol in the framework of the one-D model. Thus
let us suppose that o - - -

D=2 - (diffuse light distribution factor)
a = .117/m _;(vdlumé7ab50rption coefficient)
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FIG. 1.44 Calculated k versus aD, for 0<b <10.
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FIG. 1.45 Calculated y versus aD, for .01<b<1.0
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Hence: . .
aD = ,234/m (volume absorption coefficient

for diffuse light) -
‘Further we suppose: ' ' '
. s = ,325/m  (volume total scattering coefficient)
and ' o - '

b= -010/md - (volume backward scattering coeffi-
' - cient for diffuse 1light)

From the graphs for Y, and k, we f1nd that for this medlum
Yy = ,96 '
k = 250/m._' (diffuse'attenuation coefficient)

For later reference we note that

@ = a+s = .442/m  (volume attenuation
o "_COefficient)

For a medium of depth: _
' | Q-z-=-4 meters,'_
we have an opt1ca1 depth of:
_ ¢ =zk = 1,
Accord1ng to the graphs for R and T, for such a medium:

- R(1) = .018

- - T(1) = .360
and so: . _
o -~ A(1) = .622.

All these optical properties are to be considered for illus-
- trative purposes only. In the present example, they pertain
not to a single wavelength but to average values over the
visible spectrum. Suppose that the medium X(0,1) has trans-
parent upper and lower boundarles and that it 1s irradiated
such that - -

-.H(o,e),= 500 watt/m?
'H(1,+)_=*100fwatt/m3.'.
The H(0,-) chosen here simulates a typical visible spectrum
irradiance produced by a noonday sun at sea level on a hori-
zontal plane, under a sky with clear dry air (cf. Table 2 of

Sec. 1.2)., Then the upward 1rrad1ance at the upper boundary
18, according to (26) . .

H(0,+) = 500 x .018 + 100 x .360
' = 45 watts/m .

-The downward-irradiance_at the lower boundarY-is:
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CH(1,-) = 500 x 360 + 100 x 018
' = 182 watts/m* .

Finally, the number of-inCident'watts'absorbed per.square me -
ter of boundary within_X(O,l).are: -

(H(0,-) + H(1,+)) x .622 = 373 watts/m>

 _Suppose now-that’X(O,l) has a reflecting lower boundary.
We wish to show next that the upward irradiance H(1l,+) just
above the lower boundary of X(0,1) can be computed directly,
1f the reflectance r of the lower boundary is known. Suppose
that o S ' -
r = ,050

and suppose that'only:H(0;+)-is;given. Let the associated
light field be set up in X(0,1). Then if we know the irradi-
ance H(1,-) on the lower boundary, we have: - . -

© H(1,+) = H(1l,-)r (28)

H(l,+) 1is the incident irradiance on the body of X(0,1) just
within its lower boundary. Then, by (27), .

H(1,-) = H(0,-)T(1) + H(L,R())  (29)

Combining (28), (29) we have, on solving for H(1l,-): _ _

H(l,-) =
. (1) -~ 1-rR(1)

Suppose that H(O0,-) = 500 watts/m’, then (SO)Iyields:'

-H(l’_)',.SOO X .360
7 14008 x .02

' =_18O-watts/m2 .

In other words, on comparing this H(1l,-) with that worked out
above, a bottom boundary reflecting by an amount r = ,050
will contribute essentially nothing measurable to H(1,-). By
(28) we have = . o . ' -

_.H(1,+) = 180 x ,050 = 9 watts/m?

What should the reflectance r of the lower boundary be
~in order to yield the H(1l,+) = 100 watts/m? we used in the

first illustration above? Multiplying each side of (30) by r,
and using (28) we have = .
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.' H(1,+)=H 0,-)rT(1 |

1-TR(1)

Solving for r: - R
- r=__ﬂg}Ltl_____

H(L,+)R(1) + H(0,-)T(1)

100 x .018 + 500 x .360

= 100 _ 550
182

" which could for example 51mu1ate a light sandy bottom. Ob-

serve that the denominator in the preceding expression for r
'is simply H(1,-), under the present boundary conditions.

These examples begin to show the use of the one-D model

in making elementary calculations concerning everyday matters
1in the study of hydrologic optics, 1nc1ud1ng the effects of

 .nontransparent boundaries.

~ We continue with another illustration which shows how .
to find the internal irradiances in X(0,1) knowing the inci-

dent irradiances on its transparent upper and lower bounda-
rles._ Suppose we have the incident 1rradlances -

_.H(O,')_.= 500_watts/m
H(1,+) = 100 watts/m?

We want to find H(1/2,*), i.e., the irradiances at the mid-
~level of the present med1um. Now since (26), (27) hold for
arbitrary media of optical depths c, let us apply them to the
- two subslabs X(0,1/2), and X(1/2,1) which comprise the upper
and lower halves of X(0,1), respectlvely (see Fig. 1.46).

Applylng (26), (27) to X(O 1/2) .
H(0,%) = H(D,-)R(1/2) + H(1/2, )T(1/2) (31)
H(/2,-) = H(O,-)T(1/2) + H(1/2,9R(1/2)  (32)

Of the irradiances weuknbw oniy H(O, );'and.we want to find '

-~ H(1/2,t). We also do not know H(O, +) ~ We therefore need
" more relations. Returnlng to (26), (27),_and app1y1ng them to

X(l/Z 1), we have:
. H(1/2’+)

H(1/2,-)R(1/2) + H(1,+)T(1/2)  (33)

H(1,-) = H(1/2,-)T(1/2) + H(1,49R(1/2) _ (34)
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: ﬁ H(0,+)

FIG. 1.46 Using invariant 1mbedd1ng ideas to calculate
1nternal irradiances from boundary 1rrad1ances.

"Here we know H(1,+), and we have more relations for H(1/2,%)
with another unknown H(1l,-). But now we have four equations
in four unknowns which we can solve for H(1/2,%*), and rear-

range as follows. -

H(1/2 -) = H(O -)J‘(o 1/2 1) + H(l +)ﬁ?(1 1/2 0) (35)
H(1/2 +) = H(O, -)gz(o 1/2 1) + H(l +)g'(1 1/2,0) (36)

~where for the present example G _ -
,52(0 1/2 1) = R(1,1/2,0) = R(1/2)T(1/2) . 06  (37)
1-R2(1/2)

CJ(0,1/2,1) = (1,1/2,0) g v = .600  (38)
| __ | - o o l_Rg(l/z)_. o | | |

Hence: _ - -
' 500 x .600 + 100 x .006

- H(1/2,-)
) = 301 watts/m? o
500 x .006 + 100 x .600

H(1/2,+)

63 watts/m
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Equations (35)-(38) are Spec1a1 cases of the important invar-
iant imbedding relations we shall study in many contexts lat-
er. If the reader has understood the deductions in this ex-
ample, he will have no dlfflculty with the deductions in the
remainder of this work concerning invariant imbedding con-
‘cepts, for they are merely elaborations of the present simple
- example to general geometries and radiometric quantities. It
suffices to observe here that the £ and < factors are the com-
plete reflectances and complete transmittances for the medium
X(0,1) partitioned at level 1/2. More general partitions
generally yield four such numbers. o '

With the preceding numerical examples in mind, we may
now apply (26), (27) to the following situation which gener-
lizes the setting of Fig. 1.46. Thus, being guided by Fig.
1.47 in which all depths are cptlcal depths we have, for the
medium X(a,b): .

H(a +) = H(a,- )R(b a) + H(b +)T(b-a) (39).

H(b .-) H(a,-)T(b a) + H(b,+)R(b-a) (40)

Applying (26), (27)-agaln, now_to X(b,c):
H(b,+) = H(b,-)R(c-b) . H(C:*-)T(c‘-b) ' (41)

© H(c,-) = H(b,-)T(c-b) + H(c,+)R(c-b)  (42)

X(a,c) “H(b,) X(b,c)

FIG. 1 47 General arrangement for calculating internal ir-
radiances at level b from given irradiances at levels a and c,
using the 1nvar13nt imbedding relatlen -
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Solving these four equat1ons for H(b t), we have, analogously
to (35), (36): .

H(b,-) = H(a,-)T(a,b,c) + H(c,*)R(c,b,a) | (43)
H(b,+) = H(a,-)R(a,b,c) + H(c,*)T(c,b,a) | (44)
where: . o ' bV R(cob o _
' Q(a b,c) = J__L(__l_. . (45)
' - - lR(b a)R(c- b) . _
J’(a b,c) = __T.(l’_a_L__ O a6)
7T 1-R(e-a)R(eB)
- ﬁ(c,b,a)=w | (47)
- ~ 1-R(b-a)R(c-b) S

~1-R(b- a)R(c b)

which are the general versions of (37), (38) These may be
evaluated using the R and T values tabulated above.

Equations (43), (44) together constitute the invariant
imbedding relation for the medium X(a,c) which is partitioned
at level b, as bsc and in which 1rrad1ance is the radiometric
concept of interest. It may be put into compact matrix form
as follows: - . . -

- T - .7'('c,b,a) (R(c,b,a) '
(H(b:+)’H(b1')) =.(H(c,+),H(a,-))- | | | (49)
| N Q(a;b,c) Q"(a,b,c) .

If the one-D model proves inadequate to predict or des-
cribe a given radiometric condition in a natural hydrosol, it
may be that a more general and flexible model is required.
The hierarchy of successively more refined irradiance models
- that may be tried after the present one is as follows: the

decomposed one-D model, the undecomposed two-D model, the
decomposed two-D model; these are studied in Chapter 8.

~ For a reversal of the preceding procedures in which the
‘1light field in real media may be measured so as to predlct
‘R(t) and T(r), see Examples 1, 2, in Sec.;13 10.
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A Theoretical Basis for the Law:
. . k7
N*(z!e) - N*(O’e)e :

In our derivation of the simple model for radiance lead-
ing to (14) of Sec. 1.3 we assumed that the path function N,
decreased exponentially with depth, as indicated in (13) of
Sec. 1.3. We shall now do away with the assumption and de-
duce this form of N, with the help of the two-flow model.
- This will place (13) of Sec. 1.3 on a sounder basis and also
show how the simple models occasionally may be used to help
each other attain their full descriptive powers. -

Now the path function value N,(z,8), as defined, gives
the amount of radiance generated by scattering at depth z,
per unit length along the direction £ of a path in a hydrosol,
as shown in Fig. 1.39. What is scattered is the radiance at
depth z impinging on the path in all directions &'. Just how
much of the stream in the direction £' is scattered into the
- direction &, at depth z is given by means of the volume scat-

tering function values o(z;&£';£). Thus :

Na(z,8) = [ N(z,E00(2;6%:8) da(en)  (50)

{1)

where the notation "E'" and "dQ(£')'" is explained in Sec. 1.1.
We shall carefully define 0 and derive (50) from first prin-

ciples in Chapter 3. For the present we can understand it on
~simple intuitive grounds, as just explained. - '

The two-flow model assumes that the radiance distribu-
tion N(z,+) has an arbitrary fixed shape in the upper and low-
er hemispheres Z2,, Z_ of the unit sphere of directions Z. If
we assume 1in particular that for every depth z

- N(z,¢) on Z_ has the constant value N(z)
and that - _ '
. N(:,-) On'E_ has thefconstant-va1ue §(z)
then (50)'yie1ds_UP-the following-neceSSary form of N,:
_ N(z,E')a(z;€';E) da(E")

“+

N*(Z.E)=f

+ IN(z,E')o(z;E';E) dae(g’)

iy
-y
L

= ﬁ(z)[ 0(z;387;8) da(e’)+ H(Z)I

+ .

o(z;E';€) dR(E')  (51)

- [1)
{1)



82 - INTRODUCTION o  VOL. I

In the two- flow model adopted in this chapter, the medium is
- assumed isotropic and homogeneous.* Further, the light field
~1s such that the path direction £ can be characterized by a
single angle O as shown in Fig. 1.39. We can therefore write,
ad hoe: o - . '

s o [emenn an o

~ We shall also write: -
' . "5"_ . 'fOr_.- J__G(z;s' ;E) dQ(E') . - . (53)
so that, | S __ - -
[_ 0(z;£';€) da(E') = s-s(8). o (54)

- The quantity s is simply the volume total scattering function
‘introduced during the derivation of the simple model for ra-
~diance. The portion of the scattering lobe used in finding
$(6) 1is shown unshaded in Fig. 1 39. In view of these con-
ventlons, we can wrlte | | S

. Nu(2,8) = N(2)s(8) + N(2) (s-5(8)) o (55)
- From (11) of Sec. 1 1 is 1s clear that .' o '
' H(z, ) = =N (2) - _ (56)
. H(z +) = ﬂN(Z) - ' - (57)
and from (57), (56)and (5)'we_have: N - _
' . N=NR, ' (58)
Therefore: o R - | ' '
-N*(z ) = N(Z)[S(e) + R_ (s?-s(-e))] o (59)

We are essentlally lelShed because by (8), (11) of Sec. 1.1
“we have (settlng £ equal to k) .

 h(2) = h(z,+) * h(z,-)
= 2H(z,+) *+ 2H(z,-)
= 2m(R_+*1)N(z) C(60)

Using this in (59) andrecalling(7), we find:

Homogenetty means o 1s lndependent of z; zsotrapy means o
depends only on 5 g'



SEC. 1.4 - SOME DEDUCTIONS ' 83

h(z) s'B + R (s-s(0))]

.N*(z,e) } 2w (1+R,)

"'f= N,(o e)e k2 (61)
Wheré . . . . .

N,(0,0) ‘= (0)[5(9) + R (s-s(8))]

27 (1+R,)

which is the desired result. In practlce we can therefore use
‘the theoretical k and the empirical K interchangeably. This

derivation also shows how, ‘using (50), one can generalize the
~construction of N,(0,6) to quite realistic angular dependences
- using existing llght fields at or somewhat below the air-water
surface. The unshaded region of the o-lobe in Fig. 1.39 shows
the portlon of the three dimensional surface of o(z;E';E) over
which the integration takes place to obtain s(6), 0==e==w o

Observe that if s(6) 1s a surface of revolution (as it is in
practlce) then:

. (62)

whence: - S
- o s(n/2) = s/2
and in particular: ' o ' .
'ﬁ's-(O) + _S-(1r) =s
“As an example'of the use of (62) we observe that in

some Pac1f1c coastal waters (cf. [300]) as measured in the
wavelength band of a Wratten 57 f11ter, we have

: -s(O) .001/m

' .s(ﬂ) = .013/m B

Observe that s(O) acts like a backward scattering function
for collimated flux, whereas s(7) acts like a forward scatter-

ing functlon for coZZtmated flux,-so that by (63)

' s(O) + s(n) = s 014/m
This water was also found to have a correspondlng volume ab-
‘sorption coefficient of a = .104/m, and hence the medium has
‘an o = ,118/m. Such water is h1gh1y forward scattering and
also relatlvely highly absorptive, and will therefore force
- the simple models to work hard in their descriptive tasks.
Since the present medium is highly absorptive, the downward
~scattered daylight light near the surface will be relatively
‘highly collimated. Accordingly we assume a relatively small
distribution factor D, say D = 1,1, Since the medium is
highly forward scattering, we shall estimate the backward
scattering coefficient b for the scattered flux field to be
.002/m. It follows from the one-D two-flow model ((9) of
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1.3 and (9) of 1.4) that aD = .114, and that k = .114/m along
with y =,99; so-that'Rma';Ol Let h(0) = 500 watts/m just
below the surface. ' .

- These assumed condltlons allow us to illustrate the
path function formula (62). We have, for the downward path

function just below the.surface
N*(O,ﬂ) = N(0)[s(m) + Ros(O
| | fZ"(Ime) |
_ 500[.013 + .01 x .001]
' 6.28 x 1+ 01) '
=1 03 watts/m ST

=.1.03 herschels/m'

- Further, for the horlzontal path function:

(oﬂ,z),_Luv-_Ralz sh()

Am[1+R,] 4w

= 522—5——gli-= .557 herschels/m
4 x 3.14 '

"Finally, for the upward path function:
N*(o,o)-Eiglliigli_ﬁmiiﬂll.
- 2n[1+R,.]
_ 500[.001+.01 x .013
. 6.28(1+.01)
= ,080 herschels/m.

Computiﬁg'Radiancee'from-the'Simple Model

' Some illustrations of the computation of radiances us-
1ng (14) of Sec. 1.3 will help fix in mind the typical orders
of magnitudes of radiance values in natural waters. Let us
- begin with the case of a horlzontal path of sight some given

- depth z, below the surface. Then in (14) of Sec. 1.3, we set
9 = /2, and that equat1on becomes - .

| Nr(zo,"/z) ' NO(ZO‘,“/Z)e-ar -]- Na Z. .. '“'/2 []_-e;a‘r] | .. (64) .
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which we can write qulte 51mp1y as:

N, = N_e T + 2t [1-e"‘"]

provided the depth and d1rect10n of the path are understood.
- (The right is reserved to disinter the depth and direction

- variables at any time.) For infinitely long horizontal paths,
i.e., for the case r = =, this formula yields:

(65)

- for the observable horizontal radiance N, at a glven depth in
- any laterally extensive stratified optlcgl medium, Observe
that in such media the Ngq defined above does not change with
location along the path. For this reason we denote the obser-
vable radiance as '"'Ng" and call it the equilibrium radiance.

“An estimate of Nq for shallow depths in Pacific coastal

~ water atound the blue- -green part of the spectrum can be made

- on the basis of the preceding example, wherein we found that
N,(0,7/2) = ,557 herschels/m.- In such waters, for example,
a = a+s =..104 + . 014 =;.118/m. Hence:

'N (o,n/2) = 557/ 118 = 4 72 herschels

is the equ111br1um radlance just below the surface. At a
-~ depth of 5§ meters, it follows from (61) that

N, s, “/2) - Na(5,7/2) _ Na go,u/zg

a

E N (o n/Z)e -5k

e, 72 x e(.S X 115)

= 4.72-* .560 = 2.64 herschels

where we have used the k for the water of the precedlng ex-
- ample. S -

. As another example of ‘the use of the radiance model, we
set 0 = 7, and 8 = 0 in (14) of Sec. 1.3, to find that, at

~depth z_at the lower end of a'vertica1-path_of length r:

Nr(z,")=N°(zo,“)e'ar+ﬂiﬁﬁlzl-1-e'(“'K)f] (66)
I _ R - oa-K .

and similarly at depth z, at the upper end of a vertical path_
of length r: '

N(z0)=N(z ar , Na(z,0) [, + (67)
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The reader 1is remlnded of the standing convention that N,(z,w)
is the apparent radiance at depth z flowing in the downward

~ direction and to see it, one must direct his eye or radiance
meter upward (cf. Fig. 1. 39). We persist in using this form

" of radiance (i.e., surface radiance) because it simplifies
the dynamics of photons in scattering-absorbing media.

Suppose the medium is 1nf1n1tely deep, so that we can
set r = » in (67) -and still keep the path within the medlum.
.Then (67) becomes: . o , |

_ N(z,;O)_ = Na(2,0)
) a + K

which is the radiance one would see at depth z looking
straight down into the infinite deeps. Suppose z = 0, then
our precedlng example lets us estlmate that: -

'a_+ K

___'_.030_________.___
113 + .115

o= 344 herschels.

Let the zenith radlance as seen Just above an air- -water
surface be 80 herschels in a given band width of the blue-
‘green part of the spectrum, say at 480 * 64 mu, and suppose

that h(0) = 500 watts/m? just below the surface.. If the sur-
face is calm, then just below it, by v1rtue of the n?-law for
radlance, (Sec. 1. 1), we would have

2 .
.NO(O,ﬂ)-= 80![%] = 142 herschels

‘where 4/3 1s the index of refraction of water. This radiance
~value is to be modified slightly if surface transmittance and
reflectance effects are to be included. These corrections
are of secondary importance and so we shall not include these
effects at the moment. Now, to the present task: we can es-
timate N(z,n) for z = 5§ meters, by means of (66) in which we
set z,= Om, z = 5Sm, and use a = ,118/m, k = .115/m. Thus,
with the help of our estimate of N,(0,7) above:

. B o ' 115x5 -
N (5,m) = N_(0,m)e” -.118x5 _ __gglglg________Pe-(.113-.115)5]

1118'-115

142 x .554 + (1 03 x seo)ax 5
= 78.6 + z 88 -
= 81.5 herschels'
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FIG. 1.48 Experlmental verification of the 51mp1e model
for radiance, as measured by Tyler in Lake Pend Oreille,

Idaho, April 1957. (From [298], by permission)

"RELATIVE' ' RADI'ANCE N(Z. 8)

The next to last equality shows that at a depth of 5 meters,
78.6 herschels are transmitted from the original 142 just be-
low the surface, and that 2.88 herschels are added by the pro-
cess of scatterlng over the S5 meter path.

_ - Figure 1. 48, which is based on the work in. [298], shows
the observed radlance distribution in Lake Pend Oreille and
i1ts associated predicted values using (14) of Sec. 1.3 for
three important directions. The solid curve is computed from
the model the dots denote measured radiances.

. ‘A word or two may be in order here on the rather unin-
tuitive-seeming jump by the radiance functlon as the flux
crosses the air-water surface. We saw in the example above
how it jumped from 80 to 142 herschels. To simplify matters
suppose for the moment that there ‘are no losses by reflection
as the flux crosses the surface.. Fig. 1.49 depicts the flux
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FIG. 1. 49 To show that the 1rradlance conservation law
holds desplte the n? effect on radiance at the air-water

- level.

incident at a point A on the surface, f10w1ng in from all di-
rections in a hemlsphere The refracted rays below the sur-

face do not fan out in a full hemisphere, but are limited to
a right circular cone of half angle 6. = 48°, or more pre-
cisely, - .

A e o (3

GC arc_s;n [ZJ o

Let the incident radlance dlstrlbutlon be of constant magni-

- tude N. Then the irradiance on the air-water surface, by (11)

of Sec. 1.1, is simply nN. Let us compute the irradiance
- just below the surface produced by the refracted incident
flux of radlance (4/3)2N By (1) of Sec. 1.1 we now find:

H = [ s Ui] N]cose' sin 6' de' d¢'

_ 3
- 8'=0 ¢'=0
C ec -
4 )2 -
= [E]  2nN - COS 9' 51n 9' de'

= N
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This shows that, despite the rather odd buildup of refracted
radiance across the air-water surface, this buildup is of
such a magnitude, and takes place over such a restricted set
of directions, that, as expected, energy conservation is ob-
- served. The argument«just;given can readily be extended to
ideal transmittinghsurfaces bounding media of arbitrary index
of refraction. When, in addition, reflection processes are
to be taken into account, the more extensive calculatlons
dlscussed in Sec 12 2 are to be used.

Derlvatlon of the Contrast Transmlttance Law and the
' S Radlance leference Law

The_contraStftransmlttance'1aw:'

. _ . -(a*K cos 8)r
G T G o o

for an inclined path of sight of length r in a homogeneous
optical medium was first encountered experimentally (in the
special instances of vertical and horizontal directions) as

- explained in the discussion leading up to (12) of Sec. 1.2.
It 1s now our purpose to show how this law may be deduced

from the simple model for radiance (14) of Sec. 1. 3, and un-

5der what conditions it is expected to hold.

Let the hydrosol X be 1nf1n1tely deep and cons1der a
path in X as shown in (a) of Fig. 1.50, where the observer is
at depth z and the apparent radiance tNr(z 6) of an obJect of
inherent radiance ¢Ngo(z¢,0) is observed. The angle 6 is such

FIG. 1.50 Setting for a.theoretical proof of the exponen-
~ tial law for apparent contrast. (cf. Figs. 1.29, 1.30)
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that 0= 6=<n/2. Recall that @ is the angle from the vert1ca1
at which the photons are flowlng, as shown by the arrow in
the figure. -

Now the background apparent radiance p,Ny for the present
path of length r is obtained from (14) of Sec. 1.3 by settlng .
r =o in that general equation:

' 'bNr(z"e) = Na(z,8) _ (68)

a+K_cos 8

‘This is the apparent radiance of the background of the target
as seen at a range r from the target. The apparent contrast
C,+(z,8) of the obJect agalnst its background (recall (11) of
Sec. 1 2) 15. - -

. | ¢ r(z 8) - (z 9) _
C (z 6) = .-——_—-----—--—--—---——--—- , (69)
| | bNr(z,B); | |

- whereln we have:

N (2,8) = N (z,,6 ﬂﬂzizrﬂl_ [i-e-(a+K cos 7] (70)

Observing that: ' _
- N(z.,8) - .N.(z.,8) _
C,(z,,0) =M__ , (71)

it follows from the preceding four relations, by straightfor-

ward substitution of (68) and (70) into (69), and a reduction
using (71), that: - .

C_(2,0) = C_(z,,8)e (@*K cos &) (72)

which was to be shown. The quotient Cy/C, is called the con-
trast transmittance. Equatlon (72) 1is the requisite contrast
transmittance law. The quantity (a+K cos 6)*' is called the
attenuation length Lg of the medium along the given path.

For 6= =w/2, Ly/s2= 1/a, a basic property of the medium, while
L, = 1/(a+K) is associated with secchi disk readings (cf (84)
below). The quantity 4Lg is malnly of historic interest and
18 the hydrologic range for'thp glven path of sight. 1Its
plot 1s an ellipse vs 6 (cf. ‘Sec. 1.9).

This simple derivation cannot be repeated in its entire-
ty when the phetons are streaming in from a nearby boundary, -
such as depicted in (b) of Fig. 1.40. In this case (68) must
“be replaced by the full form of (14) of Sec. 1.3. However,
by using (69) and (71), which are general definitions of ap-
- parent and 1nherent contrasts,,along with (14) of Sec. 1.3
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‘once again, it follows readlly by a 51m11ar calculatlon that
qu1te generally .

(73)

The reader may show that this formula holds for both situa-

- tions depicted in Fig. 1.50, i.e., for 0=6=mw, It reduces
“to (72) when 0=6<7/2, i.e., when (14) of Sec. 1.3 reduces
to (68). A fuller discussion of contrast and contrast trans-

- mlttance is given 1in Chapter 9. _
~ Figures 1.51 and 1.52 111ustrate two experlmental checks

of the contrast transmittance law for the cases of 8 = 90°,
and 6 = 58.8°, The radiometric quantity used was apparent -

‘luminance By, and the medium (Lake Winnipesaukee, N.H.) had

an & of .490/m for Fig. 1.51 and for Fig. 1.52 the medium had
a = ,585/m and K = .350/m. These optical properties therefore

- pertain to averages of a, K over the visible spectrum. The
observation point in each case was about a meter below a calm

air-water surface and when the skles were overcast or early

1.0
9

8
8
5_

S . 9=900 . . ‘
_ . arere : \\\\\ . .

) S S —
! 2 3 4 5

"FIG. 1.51 ExPerlmental checks of the exponent1a1 law for
apparent contrast (cf. Fig. 1.50) by Duntley, Tyler,_and Tay-
lor, Lake Winnipesaukee, N.H., Summer 1958. _. , _
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a+k cos 8)=.766/m

N

- 2 - 3 4 5

FIG, 1.52 Experimental checks of the exponential law for
apparent contrast (cf. Fig..l.Sl). '

mor?ingskiesin each case. Further details may be found in
- [83]. DR ' N

~ We concludeswith the observation of a useful coréllary-
of (73), namely that radiance differences propagate exzactly
- according to the exponential law. Thus

[bNr(z,e)-tNr(z,Bi]:[;No(zt,e)-tNo(zt,91]e'ar (74)

Contrast Transmittances for General Backgrounds

It should be observed explicitly that formula (73) is of
- such generality that the apparent contrast C, of an object
‘need not be with respect to a water background. Rather, if
bNo 1n (73) is the inherent radiance of a background (as in
Fig. 1.53) for a target of inherent radiance ¢N, (shaded in
the figure), then by computing yN, according to (14) of
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FIG. 1.53 ContrastftraﬁsmittanCé for paths with arbitrary--
backgrounds. . ” ' '

Sec. 1.3 and using-this.in (73), the requisite apparent con-
trast transmittance Cr/C0 is determinable.

~ As a special case of (74) under these circumstances, let
the line of sight be horizontal, then it 1is easy to see that:

(75)

where Nq is the equilibrium radiance for the given horizontal
path. Observe that the contrast transmittance of the given
path uses only the radiances pNo and Ngq, i.e., the radiances
making up the immediate background of the target. Of course
in real media Ng is somewhat affected by both tNo and pNo
(and conversely) so that the classically simple formula (75)
does not rigorously hold. But within the framework of the
present simple models and for paths of sight under ordinary
lighting conditions, (75) is a quite useful and adequate

- formula. - R - '

%  - The MultiplicatiVe Property of Contrast Transmittance

If we take a still closer look at the contrast trans-
mittance law (73), we find a most interesting property held
by contrast transmittance in general, whether it be for paths
of sight within the sea, or within the atmosphere, or even
for paths partly in the sea and partly in the atmosphere!

To facilitate our discussions let us write:
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"Jy'  for C/C,

and when necessary we include location and direction varia-

bles with " J,". Now observe that ¢ %T in (73) can be writ-
ten as : . |

_ _ o
-0T -ﬂ'_ bNr(z'! e)

e e e—
,bNo(zt’e) _

where bNg 1s the.reeidual r¢diance coming directly from the
target background over the path of length r. (It is what is
left of yNo after scattering and absorption have taken their

toll; cf. (24) of Sec. 1.3). Then we see that (73) can be
cast into the form: - -

b'r
T =L .
, br

On this basis, we can work solely with the background radi-
ance of a target when discussing beam transmittance of a path
along which it is viewed. Hence we need no longer carry the
reminder ''b'" before the radiance symbol. In other words we
find that for a general path of length r in a general hydro-
sol, the contrast transmittance Cr/C0 of the path 18 given by

_ N© -
r |
":7' — | 7

This-situatiOn is summarized schematically in (a) of Fig.
1.54. E B

-~ Next, suppose we have twofpaths'of length r, s, end to
end, as shown in (b) of Fig. 1.54. Let the inherent radiance
at the far end be Ng. Then at the end of the first path seg-
ment of length s, we have, according to the preceding rule:

S -as

.Noe

N
_ Vo

o .

- S

To= = (77)
S Ng .
where Ng is the apparent radiance associated with N, and Ng
the residual radiance associated with N, over the path of

- length s, both reckoned via (12) of Sec. 1.3, for example.

- The apparent radiance Ng now acts as did the initial radiance
No, and Ng is transferred over the second segment of length r

to give rise to an observed residual radiance Nge~®T and the

apparent radiance Ny,g associated with Ng. Hence:

. ;.Nfé-arj o - _
TI‘ = .._:.i___._ L - (78)

r+s
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FIG. 1.54 Part (a):',Deriving the contrast transmittance
~as the ratio of a residual radiance and an apparent radiance.

Part (b): Deriving the multlpllcatlve (or semigroup) proper-
ty of contrast transmlttance. -

But looking at the-path'as'a whole, we can also write:

. N _
| : = r+s | . . |
Tr+s Nevw ' (79)

Comparing (77)-(79) we find:

(80)

This 1s the multiplicative (or eemigr@up) property of the con-
- trast transmittance. The argument just used to derive (80)
is readily extended without change of the form of (80) to ar-

- bitrary paths in air or water and across places where the
index of refraction varies, provided in such cases we work .
with N/n?® rather than N, where n is the index of refraction.
For by the n?-law for radlance, N/n? is invariant in trans-
parent media with varying index of refraction (see Sec. 9.5).

As an obvious extension of (80), if a path con51sts of
three contiguous, successive segments of arbitrary lengths
r, s, t, then the contrast transmittance J ~ of the com-

T+
p051te path is simply a product of the three Eontrast trans-
mittances of the segments: -
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(81)

. As an example of (81), consider a calm air-water sur-

- face. A line of sight of length t begins at a submerged ob-

ject, is refracted at the air-water surface, and runs a length

r in the air. Each of the three paths have an associated con- Errata
trast transmittance. While the path across the surface is of

zero length, i.e., s = 0, there is a definite contrast reduc-

‘tion that takes place because of reflected sky light and re-
flected and transmitted underwater light occurring at the sur

face. The form of this singular contrast transmittance JTB
is given in detail in (20), (23) of Sec. 12.2. '

If, in addition, the air-water surface is in motion, .
" then the above analysis must include an additional factor
To (= C/C)associated with the time-averaged contrast reduc-
tion by refraction (cf. in (5) of Sec. 1.2). Hence now:

- A |

Jpet = T2 To To Tt o - (82)

- gives the time averaged contrast transmittance §7}+tlfor a

path of length r in air, and going across a moving air-water
surface and plunging a length t in a natural hydrosol (Fig.
1.55). The factors are as follows for a vertical line of
sight in air and a small submerged target of half-angle sub-
tense P as seen just below the surface:

3'; = e *T  (in air)

fft= e~ (a2+K) T (in. water)

o

l-e (at the interface) Errata

Finally.€7; is as given in (21) of Sec. 12.2 (wherein No(x,Ef) -
is now the time averaged vertical upward radiance). The com-
plete analysis of the time averaged radiance transmitted a-

~ cross the air-water surface is made in the latter half of
Chapter 12, wherein the more or less intuitive type of factor
analysis in (82) is bypassed in a direct, more general, but
somewhat more difficult solution of the problem.

Theory of the Secchi and Duntley Disks
It is a part-of almost'everyone's experience to have

thrown or dropped an object into deep water and to have
watched it disappear into the depths. If the object 1s
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_ FIG. 1.55 Contrast reduction along a comp051te path
through air, air-water surface, and water. - -

something brlght or whlte, the eye can ea511y follow it down
‘into the depths until it seemingly abruptly winks out, to be
lost from sight from some depth onward. If the observer were
of an inquisitive turn of mind, he may surmise that the gen-
eral clarity of the water had somethlng to do with the depth
at which the object dlsappeared ~and he may wonder if there
were indeed a quantitative connection between the depth rate
of decay of the light field in the water and also the depth
-rate of decay of the whiteness or contrast of the sinking ob-
ject against the watery background, and maybe even the depth
at which it seems to wink into. obscurity.

-. Here is a hypothetlcal dlscu351on about the radlometrlc
problem of the sinking object, defined above, and which may
occur on shipboard between a young eager theorist just learn-

- ing the ropes and a seasoned experimenter in hydrologic optics

just after one of them had accidently dropped a white glass
- coffee mug over the side of the oceanographic research vessel
(which was moored in deep calm water at the time). Errata

Theorist: There you go, be1ng careless with your design of
experiments again. You didn't even note the sun a1t1-
, - tude or what filter you were using.
Experlmenter I had an irresistable urge to see what would
appen if I dropped it in. -

Ih__ Good heavens man! Why the experiment? Have you for-

' ~gotten Archimedes Law? On theoretical grounds, I pre-
| dict that the mug will sink! .
-~ Ex. (Recovering from the accident) Look--it's turning bil-
ious as it sinks deeper. What an interesting transfor-
mation of shades and hues. It looks like it's down 10
meters by now and I can still see it quite clearly!
Th. (Peering down over the railing) It must have reached
terminal velocity by now and is surely sinking accord-
ing to Stokes' law, (Looking at his watch, then a pause)
At the sound of the tone it will be exactly 20 meters.
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(Ignoring the other's babbling)
track of it.
clear water! . _
What's the alpha and the kay for this water?
measure 1t again this morning? |
It's the same -as yesterday. The alpha's about a tenth
per meter and the kay 1s about fifty thousandths per me-
ter, both in the green. What are you doing?

(Jottlng something on a piece of paper so that the oth-
er can see it) I'191 bet I can connect the mug's depth
of disappearance with the alpha and kay of this water.

I lost
this is pretty

There 1t goes.
There's no doubt about it,

Did you

(Smiling wearily to himself, and then with a sigh):

Here we go again. Take it easy, Einstein, my Calculus
1s buried under a ton of barnacles. .
Didn't you explain to me how
it's known that the light level generally goes down ex-
ponentially with depth in deep water like this? I can

use this fact to figure out how much light gets to the
mug at each depth z.

It-would be (writing on the paper)

-Kz correct?

Yes, and let's say that Ho is the irradiance on a hori-
zontal surface just below the surface and K is the kay
for this water, namely, .050/m. So you can figure out

- the irradiance on a horizontal surface at depth z.
- (Then feigning puzzlement) Where does that get you?

Why, this lets you compute the inherent radiance of the
mug at depth z, if you knew its reflectance

- Do you know 1t?

No, but let's Just call it "R". Then (writing again)

Kz) would give an estlmate of the radiance reflec-
ted upward by the mug.

Hmm---Yes, but that's its inherent radlance down at
Here we are on deck. -

I see what you mean. S0 we need the apparent radlance
of the mug. But that'll mean knowing the path radiance
generated by scattered light between us and the mug and
also the effect of the air-water surface Gosh, all
that's pretty hard to come by 1isn't it?

But if you remember what I told you the other
day about radiance differences . . . _
Radiance differences? Oh, of course! They are trans-
mitted exactly accordlng to the exponential law e %T
for beamed 1light. Let's see, the radiance difference
in this case will be between the inherent radiance of
the mug at depth z and the inherent radiance of the
background water at the same depth. Such a difference
1is easy to flgure

Is it? Again you don't know the reflectance of the wa-
ter at the depth of the mug. At least I haven't meas-
ured it yet for this place. -
That's 0.K. Let's call the reflectance of the water
"Re''. It could not be much different from .02 for all
depths. I was looking over some of your old reports,
and review articles yesterday. Everywhere you measured
R, You got something around .02 for green light, even
some deep clear lakes and ponds, n'est ce pas?
(Gritting his teeth) I am afraid so. Very few
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what we will actually;see_if we went there.

Sure, 1like thls

That'll work f1ne

. like we have o
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surprises left there. Well, where are you leading me

next with your paper and penc11’

The average radiance of the water background at depth Z
is simply Rew times the downward irradiance at that -
Right?

depth. That is, we would have R, (H,e K2).

Yes, except for a factor of w--but they'll all cancel

So don't worry about it now.
- Say--how do you know that?

out anyway in the end.
(Looking up surprised)

- Have you worked all this out before?

(With a straight face, looking out at the horizon) Not

exactly. On with it--what is your next step?
Well here is the radiance dlfference between the mug
and the sea at depth z:

- -Kz p .-Kz

o _ HORe Te - Hone'

And then? -

And then at long last I can use the radiance dlfference_-

That is I multiply this difference by e %% to

transmit 1t up to just below the surface--where it'll be
Thus:

[1-1 Re "% . H,R e'Kz] e %%
Can you simplify this mess? '

" H (R -R )e (a+K)z

Also I don't like to bother with absolute light levels.

Can you take care of that, too?
Yes, I suppose. Why not divide the whole thing by the

~amount of reflected radiance from the sea Just below

the surface? Like this:

HQ(R'Rm)e-(a+K)z

H R,

Now, what have you got for all your
trouble?

(A pause, and then) Why this looks like it could be a
kind of contrast reduction formula...yes, it is...just
let Ho(R~-Rw)/HgR, OT simply (R- Rm)/Rm be the inherent
contrast of the mug against its background. It looks
like this contraSt.is independent of the depth of the
mug. That's fantastic! 1Is that Tight?

(Blanching) Yes, go on.

So if the apparent contrast of the mug at depth Z as
seen from just below the surface is C;, then 1t looks

_ Errata

'c:.= C e-(a+K)z_
(A little startled at-the-equation's-quick appearance
from an unexpected line of argument) Would you know

how to use something like that?
(After a while) Well, 1f we can agree that ‘the mug
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disappears when C;/Co is some small number, maybe like
1/50, and measure the z for such a ratio, then we can
compute the corresponding a+K. It's true we couldn't
find « and K separately this way, but the sum is prob-
ably still a good index of water clarity.

- (In mock anger) Incredible! Do you know what you've
just done, boy? _ -

- (Somewhat aghast) No, sir. But I do know that we
haven't allowed for the surface effects yet. Is some-

- thing wrong? . o - _ '

Ex. No, it's just that throughout this discussion I've seen
several old friends in a new light. You did well. Now,
you run along below and get me a fresh mug of coffee.
And on the way back drop into the ship's library. 1

“want to show you something in Sec. 1.4 of "Hydrologic
Optics". L - o

It wasn't long until the young theorist saw how to de-
rive the contrast law in the orthodox way (see, e.g., (72))
and how to put in the contrast transmittance factors for the
surface, as we have seen for ourselves in (82). It was also
made clear to him how Secchi [283] had many years before, in
1865, devised an empirical procedure of just this type for
finding a water clarity index which used the depth of disap-
pearance of a standardized disk, and finally of how the me-
ticulous care with which Secchi had stated his measuring pro-
cedures had generally been ignored or diluted by subsequent
generations of users of his method. _ '

In 1949 Duntley [82] examined the Secchi disk procedure
and devised a simple alternative scheme whereby it would be
less subject to the vagaries of individual experimenters and
lighting conditions during the moment of disappearance of the
disk. Duntley observed that one important seat of the diffi-
culty of using Secchi disk readings lay in coping with the
contrast transmittance factors Jo and J, in (82) (the fac-
tor J, is essentially unity for work riggt above the surface).

Suppose then, Duntley reasoned, that two dtsks were
used, one being white, the other gray. Suppose further that
the two disks are lowered together, side by side into the wa-
ter a meter or two or so below the water surface, say to
depth z. An observer above the surface will see them side by
side: a white and a gray disk--each a bit dimmer now, but
their luminances still quite distinct. Then the white one 1is
slowly lowered farther into the water, the other being held
fixed. As it is lowered, the white disk becomes darker (the
e-Kz effect setting in) and soon, at some depth d below the
gray disk, there appears to be a luminance match between the
two disks (see Fig. 1.56). At this stage of the experiment,
we see that by (72) and (82):

C, s l:C.De"(G“'K)z T, I,

Z

-] | IT]
= J7

for the gray disk, and that:

Bk = v - (atK d)] ~
Caed = [Co © k) e )] Jo Jo
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for the white disk, and indeed, that:

Y B
(As they stand, either of these formulas for C, or C;, +d by 1it-
self comprises the theory of the Secchi disk. ) By taklng the

ratio of these contrasts, we eliminate the troublesome con-
trast transmittances .’.To, 3“0, to find: '

Lo C2 % (arkyd

E e—

‘R-R_ o
(83)

Henge

- (84) .

‘Using the. exper1menta1 fact that in green light Re is
on the order of .02 (but of course with some variation possi-
ble) for most natural hydrosols, and that the R of the gray
‘disk and the R' of the white disk may be easily chosen much

greater than the Ro Of the water to be measured (84) can be
written very nearly as: -

sk - é In [—-] S (85)

Since the number 1n (R' /R) is known and fixed for a pair of
disks, a table can be made from which one can read off a+K
directly from the match- -depth-difference d. B

. Suppose further that someday an optical oceanographer
equlpped with a scuba and a light-weight pair of Duntley

Z

_l__

|1 I .
~ grey diskl
- d

-1__

white disk

FIG. 1.56 The Duntley-disk procedure for measuring a+K.
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_ darker dis-k

lighter disk

FIG. 1.57 The Duntley-disk procedure for measuring a-K.

disks on a rod (as in Fig. 1.57) will be able to measure the
match-depth-difference d for a vertically upward line of sight.
" Then from an analysis based either on the kind of reasoning
by the young theorist in the dialogue above or by simply ap-
pealing to (72) with €& = 180°, we could deduce that, analo-
gously to (85): - ' ' .
' _ 1 R'l .
a-K = g iIn [-——-] Errata (86)

From this and (85), we find:

(87)

and

(88)

If such a device is used, it should have sectors (or perhaps
annuli) on each disk of different whites and grays (when the
diver looks upward the darker disk must be farther from him
at match time). It is also suggested that the divers wear
goggles which transmit in some given small band width of the
spectrum around which the K and o values are to be determined.
A readily used band width would be centered on the blue-green
or yellow-green peaks of transmittance of most natural waters.
" Some care must also be given to the adaptation of the diver's
eyes to the general level of illumination in which the visual
match is best made. The importance of levels of illumination
in underwater visibility tasks will be illustrated as a mat-
ter of course in Sec. 1.9. S
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jTheoryIOf Absorption Measurements in Natural Hydrosols

_ It is probably a contlnual source of fasc1nat10n for
hlghway patrolmen to examine the daily tallies of vehicles
that pass over certain continuous road segments on superhigh-
ways or relatively desolate roads located between consecutive
toll houses, and occasionally to be rewarded with a positive
net influx of cars across a given segment. That is, when
- they subtract from the recorded number of vehicles enter1ng
the segment for each day the number of vehicles leaving the
- segment that same day they occasionally find a positive dif-

~ ference! From a purely phenomenological point of view, this
means that some vehicles have been absorbed in their passage

- through the given stretch of highway! Of course, if the tal-

ly is correct, this could mean for example that there exist
stalled vehicles somewhere along the segment, and a patrol 1is

usually dispatched to 1nvest1gate

The principle of detection of the absorption of photons
in a given layer of a natural hydrosol is exactly analogous

to the toll house tally procedure for wayward vehicles des-
cribed above. In Fig. 1.58 a laterally extensive layer of
water between two levels y and z in a stratified optical me-

dium is monitored by irradiance meters measuring H(y,+) and
H(z,*). The total influx of irradiance to the layer is

H(y, )+H(z,+), and the total efflux is H(y,+)+H(z,-) Thereé
fore the net influx of irradiance is - .

[HQy,-)*H(z,%)] - [H(y,+)+H(z,-)] = A(y,-)-A(z,-)

H(%'ﬁ‘!f’> “”'Iihh+ﬁ _ Y l
. — : — e — 1
- - | ' - bit layer o
H(Z,"') H(Z,-) qr irrary ay .

Z

FIG, 1.58 The prlnc1p1e for determining light absorption
in a layer of natural hydrosol. .
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By the same general reasoning leading to (2) we find
that (as in the case of the one-D model) in all real natural
" hydrosols wherein there are no internal sources of radiant
flux, this difference is positive, indicating that some frac-
tion of the entering photons is continually being absorbed
within the layer. The nature of the absorption is two-fold:
1f a tally 1s being kept only of photons of a given color
(frequency) then the absorption in this case includes scatter-
ing with change in color. Secondly, absorption could mean
- the transformation of radlant energy into non-radiant energy.
In practice both of these mechanisms are operative. The
difference H(y,-)-H(z,-) is a direct measure of the amount of
radiant flux absorbed by a column of unit horizontal cross
section bounded by the upper and lower planes of the layer of

- water. If a is the volume absorptlon coefficient of the (ho-

mogeneous) layer, then this quantlty 1s d1rect1y measurable
by means of the relatlon - o

(89)

provided a probe is sent down to find the values h(z') of the
scalar irradiance between depths y and z. The reader may
check that (89) follows directly from (16) of Sec. 1.3. Hence
(89) 1s an exact formula for homogeneous media with a strati-
fied light field. A discussion of (89) and a systematic der-
'1vat10n of the related formulas below is given in Sec. 13.8.

A local version of (89) comes from (16) of Sec. 1.3
dlrectly -

(90)

- To use (90), one need only measure h(z) at depth z, and also

"H(z,+) in a small neighborhood of depths_about depth z, so as
to be able to compute the derivative of H(z,+) at that depth,
This method is exact for all inhomogeneous stratified media.
An instrument to measure a, and which is based on the prin-
ciple represented by (90), has been deV1sed by Tyler [299] at
the Visibility Laboratory.

It is important to notlce two essent1a1 features of (90).
First, observe that scalar (rather than ordinary irradiance)
is used to normalize the derivative; second, the net irradi-
ance is used in the derivative. Now it turns out that of
these two features, it is the first that is of critical im-
portance and which gives the formula its distinctive power in
‘natural hydrosols. To see this, recall from the preceding
discussions that the reflectance R, for green light is quite
-~ small in clear deep medla, the k1nd found in most ocean1c
work, for example Hence in: - -
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_ H(z,+) - H(z,+) - H(z,-)
and in: IR
' h(z) =._h(z,+)' + h(z,-)

~we can ignore with a fair measure of 1mpun1ty the terms H(z +)
and h(z +). In that case, (90) becomes

a(z) 1_ ngzz-]
. h(z,-) dz

Furthermore, by virtue of the dlstrlbutlon factors D, deflned
- in the two-flow model ‘we can write: =

h(z,-) = DH(z,-) . (91)

In addition, 1f we estlmate H(z,-) by means of the ex-
ponentlal law: |

H(z,-) = H(O ~)e "K2

(where K is obtalned elther via the one-D model, as in (9) of
Sec. 1.3, or emplrlcally), then (91) ylelds

a g —— [- KH(Z.-)]

D H(z,-)

T o - _ o
S ~ . ()‘
- This points up the crltlcal 1mportance of the sealar irradi-
~ance h(z) in (90); for if we used H(z, +)+H(z,-) in its place,
then we would have (90) y1e1d up the estlmate

 3 = K ' (wrong)

which is clearly false. Indeed the factor D_. is often on
the order of 1.0-2.0 in natural optical media with values
clustering about 1.3 for blue-green light, so the use of H ra-
ther than h to normalize the derivative in (90) could lead to
errors anywhere from 0 to 100 percent in the estimate of a(z),
but mostly on the order of 30 percent.

From (90) we can also obtain a crude but occasionally
useful estimate of the rate of absorption of radiant energy
per unit volume of a layer of water. First:

o _dﬁ 2,+)
- dz

1s the exact formula for the requ1red depth rate of absorp-

tion, i.e., of net influx of irradiance to a unit layer at
depth z. It is simply the product of a(z) at depth z with

~h(z) at depth z. Now if we again drop off H(z,+) and h(z,+)
as being small compared to H(z,-) and h(z,-), we have

= a(z) h(z) - (93)
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dH(z!-)

- -a(z) h(z,-)
= ' -a(z)D .H'(Z;')

-KH(z,-) - -KH(O -)e ~Kz

- R

~as the depth rate of absorptlon of radlant flux per unit vol-
ume at depth z. The last approximation comes from (92) and
by means of the exponential law for irradiance. It should be
noted that (93) is exact only for stratified media. If one
wishes to compute exactly the rate of absorption of a small
volume of water in a general light field in a generally in-
‘homogeneous optical medium he may use (1) of Sec 13.8 and
the general instructions given there. '

~ As an illustration of (90) as a means of estimation of
the volume absorptlon coeff1c1ent, consider the sample light
field glven in Table 1.

'fTABLE}1
_Irradiance and Scalar Irradiance in'

Lake Pend Oreille, Idaho. (Relative values)

z(meters) | H(z,-) = H(z,+) | h(z,-) h(z,+)

721,000 15, 899,000
| 329,000 6,04 413,000
109,000 2, 141,000

13,100 B '- . 8 '_17’200
1,660 39 | 2,190
221 s | 289

These data were obtalned by Tyler,.Rlchardson, and Holmes
from radiance distribution measurements in Lake Pend Oreille,
Idaho [306]. Radiance filters were centered on 480 * 64 mu.
Observe first that D_ at 4.24 meters is 1.25, and that its
value at 53.71 meters is 1.31. This shows, 1nc1denta11y, the
general magnitude of D. found in most natural waters for blue-
~green light. Similar values may be found at the other depths.
"By computing the slope of the H(z,+)-plot derived from the
tabulations above, and using the computed h(z) values, it was
found via (90) that the lake was essentially homogeneous with
an a on the order of .117/m. The K for this medlum was found
to be .169/m, and o = 442/m '

We can invert the formulas (89) and (90) to find the -
rate of absorption of radiant energy in a given medium, given
the volume absorption function and some radiometric samplings
of the medium. For example in infinitely deep media in which
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‘scalar irradiance decreases aCCOrdlng to the exponential law,
we can estimate the total rate of absorption as follows. 1In
(89) set y = 0 and z = =, so that H(o,-) = 0. This leaves:

g '
_ o 0 |
Using the exponential law for h(z):

H(0,-) =ah(0)[ e K2' g,
_ S e
That is: . - _
H(0,) = § heO) (99

ThlS formula holds actually for any depth z below the surface.
(Simply multiply each side by e-Kz,) 1If z is used in place
of 0, then H(z,-) in (94) is a measure of the radiant flux
absorbed by the entire medium below the level z.

_ As an illustration of (94), suppose that h(0) = 250
watts/m? on some sunny day just below the surface, for the
wavelength band 480 + 64 mu. The total rate of absorption
throughout the lake per square meter of lake surface 15 there-
fore: .

117

169

H-(O,.-)--.=-_' x 250

= 173 watts/m?

- The Tremaining power, namely 250-173 = 77 watts/m? goes on to

initiate and sustain the scattered light field within the
body of the lake.

As another 111ustrat10n of (94), suppose that measure-
‘ments of H(y,-) and h(y) are made at some depth y in a deep
homogeneous medium, and also that K is known for the same

wavelength interval. We can then estimate a as follows.
From (94) - o

= X _H_(Z,') - o (95)
“h(z)

v
W

For example, from Table 1,'etfdepth 28.96_meters,-we have'
H(28.96,-) = 13,100 - 298
= 12,802 watts/m? FErata

Also, N
- ~ h(28.96) = h(28-96 +) + h(28.96,-)

830 + 17 200
- Errata

18, 030 watts/m
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Hence: | . .
| | q = .169 M
' -~ 18,030
= ,120/m .

‘which agrees'to'within 003/m w1th the estimate .117/m for a
- obtained by light field measurements using (90).

We conclude with some observations on the radiant ener-
gy content of natural hydrosols, a concept which is closely
related to the absorption concept presently under discussion.
Recall the general relation between scalar irradiance h(z)
‘and radiant den51ty u(z) as glven in (5) of Sec. 1.1:

U(Z)u;h(Z) - . : (96)

Here v is to the speed.of light 1in homogeneous water:
v =2.25 x 10° m/sec .

By integrating h(z) from the surface (z = 0) down to depth z
in an infinitely deep medium we find:

z Y - - I
U(z) = I u(z) dz = ;I h(z) dz = vl(z [l-e-Kz] (97)
R '0_. - "Jo o .'_ | |

provided h follows the exponential law. This gives the amount
of radiant energy U(z) in a vertical column of unit horizontal
cross section with upper end at the surface and lower end at
depth 2. Observe that by'(89)-this also can be written

U(z) 31_LQL:l_:JEL£L:l [1 e'K%]. (93)
For very ehallow medla, (98) ylelds - - |
u(2) —5%21 B ey
For very deepmedia(QB)yields _ . o |
' (=) - % - (100)

In the present medlum, (Lake Pend 0re111e) which is very deep,
with K = 169/m and h(0) = 250 watts/m? (say), we find

U() g'__;__;_EEEL_______
2,25 x 10® x .169

='6;67x-10“ j’oules/mz
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_ 'Hence over a region of one square kilometer (10° m?)
the present medium contains below the surface about 7 joules

" of radiant energy in the blue-green wavelength interval in
scattered or directly transmitted form. Observe by (98) that
nearly 95% of this radiant energy is stored within the first
three diffuse attenuation lengths below the surface, 1i.e.,
within 3/K = 3/.169 = 17.7 meters of the surface. Equation
(98) shows how U(z) can be estimated if the net influx of ra-
diant energy over the depth interval [0,z] is known, along
with the volume absorption coefficient a. Further discussion
gflﬁight storage phenomena in natural waters is given 1in Sec.

<< Table of Contents '_ - o | -_<<_.Tit'IePag_e >> ' Next Page >>

1.5 Some Properties of ArtifiCial Li;ht Fields in Natural
- Waters ' | ' -

_ Artificial light fields in seas and lakes are produced
by men seeking to illuminate natural underwater environs to
carry out search or detection procedures, to study biological
processes, or to establish techniques of underwater communi-
"cation by means of residual and scattered radiant flux. To
facilitate these activities some knowledge is desirable of the
general quantitative relations between the optical properties
of a medium and the light fields produced in that medium by
various artificial sources. Such sources commonly range from
those that produce highly collimated beams to those that pro-
duce conical beams of varying spread, up to uniform point
sources. In this section we shall discuss several interesting
empirical relations developed for artificial light fields.

. Useful models of artificial light fields, which can com-
pletely elucidate the empirical findings presented below, may
be based on the diffusion models discussed in Chapter 6, 1in
particular in Secs. 6.5-6.7. However, we shall concentrate
in this brief survey of artificial light fields only on the
diffusion model (27) of Sec. 1.3, as it affords a simple yet
- adequate base on which to rest the empirical formulas.

The Pure Absorption Case

_ ' To see what the difficulties are in describing artifi-
cial light fields in the sea, suppose for the moment that sea

- water or any other natural hydrosol only absorbed radiant
- flux, and therefore did not scatter it. Suppose that a spher-

ical source S of radius r,, as in Fig. 1.59, has a uniform in-
herent surface radiance No. Then the apparent radiance N, of
this source's surface is: - . '

. S ey - .
Nr f Noe o - (1)
where a 1s the volume absorption coefficient of the medium.
The radiant flux output P, of the source is:

P_ = (4nrl)mN, (2)
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