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summarized in Sections 3.16-3.18 in such a way as to aid the
student of radiative transfer theory in attempting further
applications and development of the method.

Throughout all the examples of this chapter--regardless
of their level of complexity--runs a common thread of method:
the method of the interaction prineiple. This method begins
to form in Example 1 of Sec. 3.4; crystallizes in Example 2 of
that section; and then recurs repeatedly, in the manner just

outlined, through all the remaining illustrations of the
chapter. |

3.1 A Preliminary Example

We shall develop an example of the interaction princi-
ple in this section with the purpose in mind of fixing, on a
relatively simple intuitive level, the salient features of
the principle preparatory to stating the principle in its full
form.

Empirical Reflectances and Transmittances for Surfaces

A prerequisite for the development of the example 1is
the definition of the empirical reflectance of a small plane
surface S. Figure 3.1 depicts such a surface S with unit out-
ward normal k, which is irradiated at each point by radiant
- flux® through a narrow solid angle D', the flux passing
through a hypothetical collecting surface S' on its way to S.
The observed (empirical) field radiance of the incident flux
is N(S',D') and the observed (empirical) surface radiance--
arising from reflection of N(S',D') by S in a narrow solid
angle D--is N(S',D';S,D). We write:

!
"r(s',D';s,D)" for 2,DiS,H)

N(S',D")Q(D")

and call r(S',D';S,D) the (empirical) reflectance of surface

S for the incident and reflected directions D' and D, respec-

tively. Here S' is the projection of S on a plane perpendic-

ular to a direction £', the central direction of D'. The func-
tion which assigns to (S',D') and (S,D) the number r(S',b";S,D)
is called the (empirical) reflectance funetion for S. For

the purpose of the present example, we assume r(S',D';S,D) is

known for all pairs (D',D) of incident and response (reflected)

W

*For simplicity in exposition, throughout this work all radi-
ant flux quantities will be assumed unpolarized, unless spe-
cifically stated otherwise. For an outline of the task of ex-
tending all results below to the polarized context, see Chap-
ter XII of [251]. The interaction principle, however, holds
implicitly for the polarized case. For the relative mathe-
matical consistency of the assumption of the unpolarized
light field with respect to the complete theory of the polar-
ized field, see Sec. 13.11.
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(for reflectance)
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(for transmittance)
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FIG., 3.1 Setting for empirical reflectances and trans-
mittances of surfaces.

direction sets such that £'*k <0 and £+k> 0, respectively.
Here &' and € are arbitrary central directions of the sets D'

and D, respectively. These two conditions merely require D’
and D to lie on opposite sides of S, as in Fig. 3.1.

Now the essential property of the response radiance
N(S',D';S,D) is that it is additive with respect to D'. More
precisely, experimental evidence indicates that we may assert

the following property of N(S',D';D,S). In each case let the
sets D,D' of directions be circular, conical sets with cen-
tral directions £,E', respectively. Then:

(1) (D'-Additivity) If S is a surface in an optical
medium X and S is irradiated in turn by radiances
N(S:',D1') and N(S.',D.'), with N(S:',D,';S,D)
and N(S2',D2';S,D) as the respective observed re-
sponse radiances, then N(S;',D;';S,D)+N(S.2',D;2';S,D)
is the observed radiance of the S under simulta-
neous irradiation.

Furthermore:

(11) (D'-Continuity) Let the geometric setting be de-
fined as in (i). If Q(D') = 0 and £' # £, then
N(S',D'; S,D) = 0,

By letting D lie on the same side of S as D', these

two empirically-based properties of reflected radiant flux
are readily turned into the corresponding laws for
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transmitted flux (see dotted direction cone in Fig. 3.1). Ob-
serve that, by virtue of (i), r(S',D';S,D) is independent of
the magnitude of N(S',D'). It should be particularly noted
that (i) and (ii) are new laws which are independent of the
D-additivity and D-continuity properties of ¢ in Sec., 2.3.

The present laws are intended to characterize a particular
type of interaction of radiant flux with matter, whereas the
earlier laws were intended to characterize certain intrinsic
radiometric (principally geometric) properties of radiant flux
regardless of its interaction with matter, These two proper-
ties permit a limiting process to culminate in rigorously de-
fined reflectance and transmittance functions for surfaces.,
The details of such definitions will be considered in (6)-(9)
of Sec. 3.3. For the present we use (i) and (ii) as they
stand to help solve the following radiometric interaction
problem.

The Problem

Two plane surfaces, S: and Sa2, in a vacuum are mutual
point sources. In addition, they are mutually visible and
are irradiated by sources of radiance N;° and N2° over solid
angles, Doi1 and D¢, respectively, as shown in Fig. 3.2.
These incident radiances initiate an interreflection process
between S; and S; with resultant surface radiances N(S;,D;2)
and N(S2,D2:1). Here D32 is the set of directions from a point
in S to every point in S2. Since S; and S; are mutual point
sources (1.e., each is a point source as seen from the points
of the other), D,, does not vary appreciably as location is
varied over S,, and so may be assumed constant over S;.

FIG. 3.2 Setting up an interaction calculation for sur-
faces S; and S,.
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Similarly D2: is the set of directions from a fixed point of
S2 to every point of S;; and D2; has the same general property
as Dj2. With these preliminaries out of the way, we can now
state the present problem: Given: S: and S22, as above, with
knoun empirical reflectance functions, T, and Y2, and initial
irpadiations, N19,N;°. Required: the steady state empirical
radiances N(S,,D12) and N(S2,D2:).

The Present Instance of the Interaction Principle
To facilitate the present discussion let us write:
"Ni."  for  N(S1,Di2)
"Na, " for N(S:,D2:1)
"r212" for ri(S12',-D12;S:1,D12)
"ry21" for r2(S2:1',-D21;S2,D21)
"roi12" for r1(So1',D01351,D12)

“"Tea21" for rZ(SOZt:DUZ;SZ:D21)

where S,:2', e.g., is the projection of S, on the plane normal
to the direction from x; to x2. Similarly, for S2:', Ser',
and Se2'. In the case of S¢:', e.g., imagine an external
source point x,. The set -D;2 consists of all negatives of
directions in Di12. Thus if & is in D;,, then -D;, contains
-£. Now by virtue of the definition of empirical reflectance,
the D'-additivity property (i) above, and the fact that the
intervening space between S; and S; is a vacuum (so that the
radiance invariance law can be used) we have:

Nyg= N?Tnlzﬁol + No1ra3282 (2)

N21* Ngr021902 + Ny2Ty2102), (3)
where we have written:
e 1t : .
Qoi for Q(Doi), | 1,2
and

"Qij” for Q(Dij), i) = 1,2

For later purposes it is convenient to make one final
set of definitions. We write:

" O it . S
i; for roijgoi i,] 1,2
ziji ~ for ;53854 1.3 ® 1,2 .
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Then (2) and (3) become:

Nio = NJZ%2 + N21Z212 _ (4)

N2, = Ngzgl + N12Zy21 (5)

Equations (4) and (S5) together constitute the algebraic
core of the statement of the present form of the interaction
principle. In the present case we have two relatively small
plane surfaces which are interacting radiometrically. Each
surface Si (i=1l or 2) is irradiated by two incident parcels
of radiant flux in the form of the empirical radiances, Nj©
and Njj, and Sj itself has a resultant surface radiance Njj.
To the sets of such incident radiances, Ni® and Nji and re-
gponse radiances Njj associated with Sj (i=1 or 2}, there cor-
respond four interaction operators (numbers in this case),
namely E{l and Ljijs 8uch that (4) and (8§) hold. The main
role of *7the iﬂteraction principle in the present case
would be to assert the existence of these operators and to
yield the interaction equations (4), (5).

Solution of the Problem

- The interaction principle formulation (4), (5) of the
present problem leads to the solution of the problem by means
of the theory of simultaneous algebraic equations., Thus, mul-
tiplying each side of (4) by L,23:

0.0
Ni2Z3i23 = NiIjaZ,121 + Naalzaali2a

and using this representation of N;;I;2: in (5):
N2; = NPIZ; + (N?Z?ZEIZI + N21Z212Z121)

whence:
0.0 0.0
N + Li9L
N, = N2l2z1 NiZiz22:21
1 - Z21221212

The radiance Ni12 can be found by permuting the symbols "1
and "2" in this equation. The complete solution of the system
(4), (5) is then:

0O 0.0
NiZpz *+ Nalai2212
Ny, = 1212 + Nzl

(6)
1 - 1212212
0.0 0.0
Nz: - szzl + le ) 1 (7)

1 - 1212212
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Discussion of Solution

A sufficient condition that N;2 and N;; are determin-
able via (6) and (7) is that the product ;212212 1s less
than 1. We shall now show that a sufficient condition that
this latter property holds is that at least one of I;,; and
L2312 is strictly less than 1. An examination of these defini-
tions of L;2;: and Z2;:2 shows that this condition may be based
on a particular form of the principle of conservation of en-
ergy. To see this in the case of I;,,, we need only system-
atically unfold the definitions leading to it. Thus, I;;2 is:

Ta212812

The quantity rz,2 is:

r1(S12,-D12;S1,D12) .

This in turn is the value of the empirical reflectance func-
tion for S,. By (1), and the fact that this value of r, is
independent of the magnitude of the irradiating flux, we can
select any incident radiance, say Nj2 over -D;2, and let NI,
be the response (reflected) radiance over D2. Then:

If A(S12) is the projected area of S; on a plane normal to
the direction from x; to x, (see Fig. 3.2), and P(S;,-D;2)
and P(S;, Di12) are the radiant fluxes associated with Nfz,
then the incident radiant flux is given by:

P(S1,-D12) = N;ZA(S;Z)le

and the surface (response) radiant flux is given by:

P(Si1,D12) = N:zA(S;z)le .

Here we have used the fact that Q(-Dy2) = Q(D3i2) = Q;2, and

also the operational definition of surface radiance (Sec. 2.6).
Hence: |

P(S1,Di2
P(S1,-Di12)

¥
ry(S12,-D012:;8:1,D12)0,2 =

At this point we choose the energy conservation prineiple in
the form which states that: <if P~ is the total radiant flux
ineident on a given surface S and PY is the total radiant flux
leaving the surface S and P* and P~ are independent of time,
then P*<=P~., We shall assume this statement is true. From
this we deduce in particular that:

- T1(S12,-D1238:,D12)812 =1,
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soO that:

A similar inequality now follows for I;2:. These inequalities
are the most we can say, without further qualifications, about
any reflectance (or transmittance) operator occurring in the
theory of radiative transfer. Thus in a particular geometri-
cal s8ituation we must explicitly poetulate or demonstrate

that at least one of Lyay and La12 tn (6) and (7) is strictly
less than 1; and as our analysis has now made clear, this is

a sufficient condition that (6) and (7) uniquely determine

Related Problems and their Solutions

The solutions (6) and (7) of the problem considered
above can be used to solve related problems centering on the
radiometric interaction of S; and S;. Suppose, for example,
we require the surface radiance of S; in some set D,g of di-
rections other than D,;. Here '"8" is associated with point

xB8 which may be any point in the surrounding medium either in
or not in S, or S,. Toward this end we write:

"N, g" for N(S;,D, B)
!
"rz18" for r1(Si12,-Di12;S1,Di18)

|
"ro18" for ri(Sei1;De1;S1,D18)

Then by the D'-additive property (i) above and the radiance
invariance law we have:

Nig = N?TOIBQGI + Naaraigfi2

Ig an exactly similar manner we arrive at the surface radiance
of S,: |

o
Nag ® NaToagllor + Niarya28Q2y

Once again we can contract these solutions into a fixed

form which clearly reveals the underlying unity of the inter-
action concept. Thus by writing:

" O 1 ] | »
ziB for roisgoi , 1 = 1.2
and
k | H
Eije  for  Tise%ii L i, = 1,2

the preceding equations become:
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0.0 '
Nig = NiZ;g * N21Z2:8 (8)

0.0
Nag = NaZzg + Nialiag (9)

where N1 and N2, are as given in (6) and (7). For the pur-
poses of later comparison with the general statement of the
interaction principle we observe that: to the incident radi-
ances Ni®and Nji on Si (i = 1 or 2) and response radiance Nig
there correspond four interaction operators (numbers in this
cage), namely 293 and Lijg 8uch that (8) or (9) hold. The
index B in (8) and (9) %and in the equations below) may be re-
placed by distinct indices, if desired. In other words, sur-
faces S, and S; may give off radiances in distinct directions,
which may be computed by (8), (9) by replacing index B8 in (9),
say, by a new index Y.

An Alternate Form of the Principle

We now abruptly change our conceptual orientation in
Fig. 3.2 from that of two radiometrically interacting surfaces
S; and S2 to that of a single subset S of the optical medium
irradiated from without by radiant flux. This change in ori-
entation can be encouraged by imagining S; and S, in Fig., 3.2
to be encircled by a closed dashed curve and to think of the
curve as holding a single subset S of space (that is, S is a
disconnected subset which happens to consist of two separate
surfaces, S: and S;). This subset S is irradiated at two
places by incident radiances N;©9 and N9, and the response of
S is imagined in the form of two streams of flux characterized
by Nig and Nzg. This conceptual compression of S; and S, into
a single radiometrically responsive entity can be expressed
symbolically as follows. We first write the system (8) and
(9) in matrix form (replacing "B'" in (9) by "y", for general-
ity):

L) 0 L 0
o .0 B 218
(N1g,Nzy) = (Ni,N2) + (N21,N12)

Further, from (6} and (7) we can write:

O
0 Yi1 Y2

| 0
(N21,N12) = (N;,N2) o 0
| Ya:1 VY22

where, in turn, we have written:
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. 0O
"y,"  for — 212
- (1-Z1211212)

| o
"'i’?;" for ——t21
(1-2,21Z2312)

0 .
uy?ln fOT ,,_ELLEL&L__

(1-2;2122312)

0
for —=21%212

(1-Z;21Z2,2)

Then going one step further and writing:

o (V?z ??z)
A Al for
o
¥, Y32
and: | o
213 0
wyQ v gor
BY ( o )
0 Lay
and:
La1g O
.H\PB " for ‘ | .
Y 0 Liay

we arrive at the following alternate representation of the
system (8) and (9): |

O O
(N1g,N2y) = (N?,N?)(¥ay + ¥ Ygy) .

Let us write:

TP L Y o O
@BY for ?BY + ¥ ?BY

and thereby arrive at the desired form of the system (8), (9):

(N1g,Nay) = (NT,N2)eg, : (10)

The significance of (10) may be discerned as follows: for the
given subset S we have shown that to an arbitrary pair of in-
cident radiances (NY,N%) and response radiances (Nig,Nay

there corresponds a unique interaction operator (a 2x2 matrix
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o
of real numbers in this ocase), namely &

holds. BY

Equation (10) constitutes an alternate form of the in-
teraction principle to that displayed in (4), (S) or in (8),
(S). This alternate form is designed to give an indication
of the potential internal complexity of an object S to which
the interaction principle may assign an interaction operator.
It is not too great an extension of ideas from the setting of
(10) to the setting of an arbitrary finite number of inter-
acting surfaces., However, the systematic study of such sys-
tems of interacting surfaces or solids is the domain of dis-
crete space radigtive transfer theory and lies far beyond our
present concerns., For those interested in pursuing this mat-
ter further, we observe that the complete theory of such sys-
tems is developed in Ref. [251].

, 8uch that (10)

The Natural Mode of Solution

We conclude this preliminary example of the interaction
principle by displaying an alternate mode of solution of the
problem of the radiometric interaction of the two surfaces S,
and S; considered above. Our purpose is to show that this al-
ternate mode of solution and the interaction principle mode
of solution are equivalent. As our developments proceed into
the next chapter, we shall also see that each mode of solution
possesses a valuable conceptual kernel which is capable of ex-
tension to quite wide domains of application in radiative
transfer theory in general, and hydrologic optics in particu-
lar. This alternate mode of solution we call the natural
mode of solution, for it appears to be conceptually the sim-
plest and most natural approach to interreflection problems,

The natural mode of solution may be described quite
briefly as follows. We imagine a hyper-fast camera filming
the radiometric interaction of two surfaces, S; and S;. The
filmed episode begins the instant the incident radiances N;°
and N0 simultaneously impinge on S; and Sz, respectively.
In a playback of the filmed episode in slow motion, we see
part of N;© reflected from S; and start to travel toward S,.
This reflected flux eventually reaches S; and part of it is
redirected back toward S;. In the meantime N;© has been re-
flected at S; and part of the reflected flux moves on to S,;,
there to be reflected and to have some flux begin to return
to S2. As the film continues, the sources N;9 and N29 con-
tinue to steadily pour flux on S; and S;. After a while S,
is being irradiated by photons, some of which come directly
from N;0, some of which are making their first arrival from

'Sz, and some their second arrival from S;, etc. By and by

the fluxing and interfluxing reaches a measurable steady state

(while, in principle, however, there will always be some in-

terreflection number which has not yet been attained). The
following argument develops the symbolic representation of
this steady state interreflection process.

Retaining the notation of the preceding discussions,

-let us go on to write: |



204 INTERACTION PRINCIPLE VOL. Il

1 .
"N;,"  for NJIy,

and
wNa .t for  NO59, :
Further, for every j = 2,3,..., we write:

94 1 -1
"Ngz" for Ngl L£212

| 8 ] j " j-l
N2, for Ny, I;21 -

By recalling the moving-picture allusion it is easy to see
that N,J is interpretable as the surface radiance of S, in
the directions of S, consisting of radiant flux having under-

gone precisely j reflections. Again, by means of the analogy,
we are led to write: |

(11)

(12)

The numbers N;2 and N; obtained in this way are called the
natural solution of the present problem of the radiometrically
interacting surfaces S; and S,. That N;, and N2, are indeed
solutions of the steady-state interreflection problem associ-
ated with S; and S, will now be shown., By starting with the

definitional identity arising from. (11):
J
Niz2 = lez ’
J=1

we deduce the following chain of equalities:
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| j
Niz2 = :E:sz
j=1

1 J
= Ny, ¢ :Z:le
| je2

1 : 1
= Ny2 + Z(Ngl Z212)
Jj=2

. L+ )
1 )
= Nys + :Z:Nzl L212

j=1
= NTZ¥2 + N21I212 (13)

The last gquality follows from (12) and the preceding defini-
tion of Ni1i2 . By comparing (13) and (4) we see that the nat-
ural mode of solution implies the interaction mode of solu-
tion. Evidently the steps in (13) are reversible, so that
the interaction mode of solution implies the natural mode of
solution. Thus the two modes of solution are equivalent in
this case. Since the interaction mode of solution clearly
represents the solution of the interreflection problem of S,
and Sz, the natural mode of solution therefore is also, by
virtue of the preceding equivalence, a solution of the inter-
reflection problem. This equivalence actually holds in very
general settings and has been established in detail for these
settings, in Ref., [251]. We shall have occasion to study and
use once again this equivalence of the two techniques later
in the present work. Finally, we observe that the sums in
(11) and (12), being reducible to a simple geometric series
withorati002621321z and initial term of the form |
(Ngzij f szjizjij) (1.1, j=2 fot (11); i=2, j=1 for (12)),
are readily evaluated; these sums are given by (6) and (7).
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3.2 The Interaction Principle

? - With the preliminary example complete, we turn now to
’ the statement of the central principle of radiative transfer
- theory: |

The Interaction Principle: For every X,S,A,B, m and
n, tf X t8 an optieal medium and S 18 a subset of X,and A
(= (A1,...5, Ap)) i8 a class of sets Aj consisting of inoident
radiometrice functions on S,and B (= (B1,...,Bn)) 218 a classe
of sets Bj; congisting of response radiometric functions on S,
and m and " n are pogitive integers, then there exists a unique

8et5{sij: i=l,...,m, j=1l,...,n} of linear (interaction)
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