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where the maximum operation is taken over the set of all ra-
diance functions on Y. Then the conclusion in (14) implies:

IN_(a) J(Xia,b) |y S BOOIN_(a)ly . (A7)

We say that Lftx;a,b) is norm contracting if:

0 < B(X) <1 ., | (18)

Variations of the Basic Theme

The operators v/ or & can be used as a basis for fur-
ther definitions of operators which work with radiometric
quantities other than radiance. Thus, following the patterns
established in Secs. 3.3, 3.6, we could redesign »/ so as to
map radiance into radiant emittance, or irradiance into radi-
ance, etc. These brief comments will suffice to make the
reader aware of the potential variations he himself may wring
from X and Z as the occasion may arise.

It should be noted in conclusion that the operators
k/(x;a,b) and 2 (X;a,b) serve the capacities of both reflec-
tance and transmittance operators depending on the relative
disposition of parts a and b over the boundary of X. Thus we
agree to call ¥/ (X;a,b) or «(X;a,b) a reflectance operator
whenever a = b, and call it a transmittance operator whenever
a and b are disjoint, i.e., have no points in common. This
convention attains its greatest conceptual utility when X 1is
very irregular and no simple directional conventions are pos-
sible, such as are available in the case of plane-parallel
media. Observe, that if X is a plane-parallel medium X(a,b),
then our present convention essentially reduces to that es-
tablished earlier for a plane-parallel medium X(a,b) with up-
per boundary a and lower boundary b. (See, e.g., (8)-(11) of
Sec, 3.6). - |

3.9 Apglications to General Spaces

The applications of the interaction principle will now
be extended to general optical media. We will begin with
some relatively simple but important extensions of the prin-
ciples of invariance to curvilinear media such as spherical,
cylindrical and toroidal media. Then the abstract versions
of these media--one-parameter carrier spaces--are considered,
and finally the illustrations culminate in the principles of
invariance for completely arbitrary media which are not repre-
sented explicitly as one-parameter media. Throughout this
section, the proceedings may best be viewed once again from
the two vantage points defined and discussed in the introduc-
tion to Sec. 3.7. In regard to these vantage points, Sections
3.4-3.8 and the present section begin to illustrate the effi-
cacy of the interaction principle, not only as a theoretical
tool, but as one which shows promise in fostering novel meth-
ods of numerical computations in radiative transfer problems.
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Example 1: Principles of Invariance on Spherical
Cylindrical, Toroidal Media

Our present goal is to use the interaction principle
to formulate the principles of invariance on three common
types of curvilinear media. Figure 3.25 depicts four in-
stances of a curvilinear inhomogeneous optical medium X and
one linear inhomogeneous optical medium. Part (a) depicts a
spherical medium in the form of a spherical shell with inner
radius a, and outer radius b. Adjacent to the schematic cut-
away of the spherical shell is a diagram showing a partition
of X into concentric spherical shells of radii x,y,z, with
asXxsy=<z=b., Similar descriptions can be made of the hollow
cylindrical medium X in part (b) of Fig. 3.25, the hollow tor
oidal medium in part (c), the rectangular parallepiped medium
in part (d), and the solid vertical cylindrical medium of
part (e). In the case of the hollow cylindrical medium, its
axial length may be finite or infinite. In the case of the
parallelepiped, it may be of infinite extent in one or both
lateral dimensions. In all five cases we may have a = 0.
However, for the present illustration, we consider for gener-
ality a =0,

We shall use as a prototype for the present formula-
tions, the four principles of invariance derived 1in Example 3
of Sec. 3.7 for the case of plane-parallel media., As in that
earlier example, we shall for brevity use the letters "a",
"x", "y", etc., as names for both the parameter of the asso-
c1ated surface and the surface itself. Each medium in Fig.
3.25 will be designated by the name "X(a,b)'", and subsets of
X(a,b) as "X(x,z)", etc,, just as in the plane-parallel case.
Each medium is irradiated over surface a and b by incident ex-
ternal radiance distributions; N_(a) for a, N, (b) for b, No
other sources are incident on or within X(a,b). The direction
conventions are also analogous to the plane-parallel cases:
we agree that at each point x on a parameter surface, the unit
normal k(x) is directed toward the direction of deereasing
parameter values.

Now, isolating X(a,y) and considering it black convex-
ified, we enumerate the sets of incident radiance distribu-

tlons.
Ay: all field radiance distributions like N (a)

Az: all field radiance_distributions like N_(y)
Enumerating the response rédiance distributions, we have:
‘Bi1: all surface radiance distributions like N:(a)
Ba: all surface radiance distributions like Nt(y)_

The four interaction operators Sj; are:
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s11 -- R(a,y)
siz -- T(a,y)
~s21 -- T(y,a)
sz2 -- R(y,a)

These four operators are instances of the standard
kfloperator /(X:a,b) in (6), where X 1s now X(a,y) and "b"
is replaced by "a'" where y is now a spherical surface 1n
X(a,b). For the standard reflectance operator R(a,y) we have,
explicitly:

[ ] tisyonxenix,e) aaEnaac

= (x') a

——y

where x is in spherical surface a,§ is in 5,(x), and X 1s
X(a,y). Similar constructions are made for the remaining
three standard R and T operators. The R-T notation has been
chosen so as to be uniform with the plane-parallel case of
Sec. 3.7.

The interaction principle then states that:
o - v
N,(a) = N_(a)R(a,y) + N (¥)T(y,2) (1)
+ - -
N (y) = N_(a)T(a,y) *+ N_(y)JR(y,a) ‘ (2)

By repeating this process now for X(y,b) we arrive at the
analogous pair of statements:

NI (y) = N_(b)T(b,y) *+ N_(y)R(y,b) (3)
N*(b) = NI(b)R(b,y) + N(Y)T(y,b) . (4)

The similarity of (1)-(4) with (15)-(18) of Sec. 3.7 is un-
mistakable: the interaction principle unifies all these 1in-
stances. When we append the following two auxiliary equations:

N, () = N, () ' - (5)
N'(y) = N_(¥) (6)

the set (1)-(6) becomes autonomous, as usual. The remaining
discussion of Example 2 of Sec. 3.7 now holds--virtually un-
changed--including the definition (27) of iterated operators.
Now, however, we use the standard bf-operatOr. It is not nec-
essary to rewrite the principles of invariance I-IV of Example
3 of Sec. 3.7. They apply, as they stand to the present con-
text. The only salient change is in the basis of the R and T
operators: we now use the standard X -operator, as de fined
in (6) of See. 3.8, as a basis. As in the plane-parallel
case, the four principles of invariance are instrumental in
allowing one to solve for N, (y) for every Y, as=y=<b, assuming
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the standard R and T operators are known. These, 1n turn,
are obtained from solutions of functional equations of the

kind to be studied in Chapter 7.

Example 2: Invariant Imbedding Relation for
One-Paramenter Media

The comprehensiveness of the principles of invariance,
as extended from their classical plane-parallel settings by
means of the interaction principle, begins to emerge as the
five specific media in Example 1 are re-examined. In this
example we systematically extend the results of Example 1 to
their immediate logical 1limit. To do this, we ask: what is
common to all the specific instances of Example 1? The an-
swer 1s that these media are all constructed by assembling
layer upon layer of surfaces of geometrically similar shapes.
In part (a) of Fig. 3.25, we can imagine the hollow sphere to
be built up from spherical surfaces of radii y, asy=b, much
in the way an onion 1s built up layer by layer. Parts (b)
and (e) of Fig. 3.25 show that the cylindrical medium can be
built up from cylindrical surfaces or circular plane surfaces.
This two-way slice can be done for every instance shown in
Fig. 3.25, and many others not shown. In each of the five
instances displayed in Fig. 3.25, the medium X(a,b) may be
imagined to consist of a set of geometrically similar surfaces
Xy with asx<sb, i.e., with x a point in the interval {[a,b] of
real numbers. Thus we may set:

X(a,b) = {Xx: x € [a,b]] (7)

i.e., X(a,b) is equai to the set of all geometrically similar
surfaces X,, each being indexed (identified) by a single par-
ameter x drawn from an interval [a,b] of real numbers.

- The examples of Fig. 3.25 only begin to illustrate
first of all the great number of three-dimensional subsets of
Euclidean space which are one-parameter spaces and available
for study, and secondly the multiplicity of ways 1n which a
given solid can be represented as a one-parameter space (viz.
(b) and (e) of Fig. 3.25). Indeed, as can readily be verified
any solid of Euclidean three-space may be represented as the
union of a one-parameter family of two-dimensional surfaces,
and in many distinct ways! Despite this great variety of
shapes and sizes for each set X(a,b) and each source-free
subset X(x,a) of X(a,b), we can isolate X(x,2z), consider
X(x,2z) black convexified if it is concave, and enumerate the
sets of incident radiance distributions on X(x,z): |

Ay: all incident (surface) radiance distributions like N_(2z)
Az: all incident (surface)'radiance distributions like N: (x)
where we are now following the pattern established in Example
4 of Sec. 3.7 and using surface radiances throughout (see,

e.g., (21)-(24) of Sec. 3.7). The sets of response functions
of interest are
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By: all response (surface) radiance distributions like N*(y)
Ba: all response (surface) radiance distributions like N (y)

In the present enumerations, N,.(z) is the outward radiance
distribution over the parameter surface X,, a<z =sb. The unit

outward normal k(p) at point p on X, is in the direction of
decreasing parameter values,

The 1interaction principle then asserts the existence
of four interaction operators sj;: -

s11 -- J(z,y,X)
si2 -- R(z,y,X)
s21 -- AR(X,Y,2)
s22 -- J(x,y,z)

These four operators are not instances of the operators de-
fined in (6) of Sec. 3.8. Rather, they are exactly analogous
to the complete reflectance and transmittance operators (40)-
(43) of the plane-parallel case in Example 4 of Sec. 3.7.

The 1interaction principle now yields the two statements:

I. N,(y) = N_(2) J(z,y,x) + N_(x) R(x,y,z) (8)
IT. N_(y) = N _(2) X(z,y,x) + N_(x) T(x,y,z) (9)
which we can write aé: _ '

(N, (YD, N_(¥)) = (N, (2),N_(x)) 77 (x,Y,2)
where we have written:
T(z,y,x) K(z,y,x)]
A(x,y,12) 0‘(x,y,2)]
The preceding equation is the <tnvariant imbedding relation for
one-parameter media. It is exactly analogous to (36) of Sec.

3.7. On the strength of this analogy, we summarize the pre-
ceding results as follows:

"2 (x,y,2)" for [

Let X(= {Xx: > ¢ [a,b]}) be a one-parameter optical medium
where [a,b] 78 a closed interval in the extended real-number
system. For every y ¢ [a,b], there 28 a pair (N+(y),N_.(y))
of (real or vector valued) response functions on Xy. Let "7V
denote the set of all ordered pairs (N+(z),N.(x))} of ineident
functions, [x,z] «([a,b] with subsets 77, and 77. defined as
{N+(z): 2z ¢ [a,bl}and {N_(x): x ¢ [a,b]}, respectively.

Then for every X,y,z2 with y e [x,z] «[a,b] there existes an in-
teraction operator 77(Xx,y,z) of 72 1into 77 such that:

(10)




SEC. 3.9 APPLICATIONS TO GENERAL SPACES | 329
where we have written:

. [T(z,y,X) ﬂ(z,y,X)]
"7(x,y,z)" for (11)

R(x,y,z) J(x,y,2)

win which ﬁ(z,y,x),é(x,y,z) are the complete reflectance op-
erators with domains 77 4, 77. and ranges /., 7., respectively;
J(2,Y,X),d(x,Y,2) are the complete transmittance operators
with domains *4+,7. and ranges 774+, 7/., respectively. In
addition, J(x,z,2) = T(x,z) 28 the standard transmittance op-
erator for X(x,z) and T(x,x,z) = 1, the identity operator;
KR(x,x,2) = R(x,2) s the standard reflectance operator and
A(x,2,2) = 0, the zero operator.

The preceding statement of the invariant imbedding re-
lation is essentially that given in Ref, [233]. It 1s now a
simple matter to deduce from (10) the semigroup properties.

7 (a,z,b) = J(a,y,b) T (y,z,b)
A(a,z,b) = T (a,y,b) R(y,z,b)

for complete transmittances (cf. (52), (53) in Example 5, Sec,
3.7). Furthermore, the principles of invariance for one-par-
ameter media are readily forthcoming from (10)--or the equiv-
alent set (8),(9). Indeed, setting x = y in (8):

(12)

I.  N_(y) = N_(z)T(z,y) + N_(y)R(y,z)
Setting z = y in (9):
II.  N_(y) = N_(X)T(x,y)} *+ N, (y)R(y,X)

Principles III and IV now follow from I, II, as in Example 3
of Sec. 3.7. The present instances of the principles are 1i-
dentical in form to those in Sec. 3.7 and therefore need not
be repeated in detail here. Furthermore, the representations
of the present complete reflectance and transmittance opera-
tors in terms of the standard operators are identical in form
to those given in (40)-(43) of Sec. 3.7 for the plane-parallel
setting. Furthermore, the properties (44)-(47) also are easi-
ly shown to hold for the present complete reflectance and
transmittance operators. The present forms of the standard R
and T operators are important enough to repeat here. Thus

for an arbitrary one-parameter optical medium X(a,b) we write:

‘(a0 for [ [ [ 18,0x",E"x,6) da(g)dA(x")
a & _(x')

if x is in a and & 1s in E,(x).

‘T(a,0)r for [ [ [ 18, (x,E7ix,8) d4R(E)dAKX")
a & (x'")

if x is in b and £ 1is in EZ_(x).
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"R(b,a)"  for J I [ 15,(X3x",8";x,E) ao (€ ')dA(x")
b E,(x")

if x is in b and £ 1is in Z_(Xx).

"T(b,a)" for J [ [ 1S, (X3x',873x,8) dQ(E')dA(x")
b 2,(x")

if x is in a and & 1is in E_(Xx).

Example 3: One-Parameter Media with Internal Sources

In this example we show how the interaction principle
may be used in the task of formulating the equations governing
the radiance distribution N(y) over a parameter surface Xy in
a one-parameter optical medium X(a,b) which has 1internal
sources generally distributed over an internal parameter sur-
face Xg, as s<b. To see at the outset the essential struc-
ture of the resultant equations, we assume that no other
sources are incident on X(a,b).

Figure 3.26 depicts the one-parameter optical medium
Xéa,b) with the incident source (field) radiance distributions
N¢(s) and N9(s) over level s in X(a,b). We imagine Nf(s) to
irradiate X{(a,s) and N9(s) to irradiate X(s,b). Thus, it is

FIG. 3.26 Taking into account internal sources in gen-
eral one-parameter media.
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as if the incident source radiance distribution NO(s)

(= (NQ(s),N9(s)) ) were placed (like a thin transparent 1lu-
minous vanilla filling) into X(a,b) after the latter had been
‘momentarily sliced open (like a layer cake) along Xg. It fol-
lows that the light field generated by this source may be
viewed as being distinct from N9(s). We assume N9(s) to vary
from point to point over Xg, and to be of arbitrary direc-
tional structure at each point of Xg. Thus in particular,
NO(s) could consist of a narrow pencil of radiation at one
point only, or it could be of uniform radiance over all direc-
tions at each point, etc. As usual X(a,b) is generally in-
homogeneous. The only requisite regularity in X(a,b) is 1its
geometric one-parameter structure (and even this can eventually
be relaxed); optical properties and radiometric properties are
left unconstrained--except for a modicum necessary to define
integration and to have the usual additivity and continuity

- properties on which to build the operator algebra.

The given internal source over Xg suggests a partition
of X(a,b) into two parts X(a,s) and X(s,b). In order to 1in-
voke the interaction principle we could employ the usual no-
tation "N*(y)'" for surface radiance of Xy, and "N”(y)}" for
field radiance over X,,, a=ysb; however, now that some spe-
cific examples have sKown how to systematically use surface
radiance, we shall 1limit our use mainly to that kind of radi-
ance. When ''N'" has no superscript, surface radiance 1s under-
stood, The outward and inward directions over Xy for radiance
distributions are as defined in Example 2.

Isolating X(a,b) and enumerating the sets of incident
radiance distributions on X(a,b} we have:

A;: all radiance distributions like Nf(s)

Az: all rédiance distributions like N?(s) .
Enumerating the sets of response radiance distributions:

B;: all radiance distributions like N+(y)

B2: all radiance distributions like N (y)

Then m = 2, n = 2, and the interaction principle yilelds four
interaction operators sjj such that:

si1 -- ¥ __(s,Y)
s12 -- ¥__(s,y)
s21 -~ Y__(s,y)
s22 -~ ¥__(s,¥) .

The fact that these four operators belong to the medium
X(a,b) is implicit in the notation. Occasionally it will be
desirable to explicitly denote this fact (see, e.g., Sec.
7.13) and we shall then write "¥,,(s,y:a,b)" for ¥.,(s,y);
"Y,._(s,y:a,b)" for ¥, _(s,y), etc. The interaction principle
then states that, for every pair of levels y,s in X(a,b):
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N, (¥) = NO(s)Y,, (s,y) + NO(s)¥_,(s,y) (13)
N_(y) = N2(s)¥, _(s,y) + N2(s)¥__(s,y) . (14)

In matrix form, (13) and (14) become:

N(y) = N°(s)¥(s,y) | (15)

where we have written:

"N(Y) T for (N+()’) ,N_()’)]
"™N%(s)"  for  (N2(s),N°(s))

¥Y,..(s,y) ¥, _(s,y)

His,y)T for  Hy (s,y) ¥__(s,y)

-

We next show how the four operators ¥..(s,y), ...,¥._(s,y)
can be represented in terms of the standard operators associ-
ated with the space X(a,b) and its subsets X(x,z). The deri-
vation of the representation will proceed in two parts. The
first part obtains a representation of ¥(s,s). The second
part obtains the representation of ¥Y(s,y) with s ¥ y.

~ We turn now to the case of ¥(s,s). Consider, for ex-
ample, the subset X(a,s). Isolating this subset and enumerat-
ing its incident functions and response functions under the
present hypothesized conditions, we have N9(s) and the surface
radiance N+(s) of X(s,b) as incident functions which both act
on the lower boundary of X(a,s). These are the only incident
functions on X(a,s). Hence by principle of invariance II in
Example 2 (with z =y = s, X = a) we have:

N_(s) = (NJ(s) + N_(s))R(s,a) . (16)

Similarly, for subset X(s,b) and principle I of Example 2
(with x =y = s, z = b): |

N,(s) =(N9(s) + N_(s))R(s,b) . (17)

From (16) and (17):

N,(s) = [N°(s)R(s,b) + NO(s)R(s,a)R(s,b)][I-R(s,a)R(s,b)]"?
_ (18)

N_(s) = [N](s)R(s,a) + N(s)R(s,b)R(s,a)][I-R(s,b)R(s,a)]""
' (19)
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Comparing (18) and (19) with (15) (in which s = y) and recal-
ling that N (s) are arbitrary, we deduce for the case®
ass<b:
R(s,a)R(s,b) [I-R(s,a)R(s,b)]? (20)
= R(s,a)[I-R(s,b)R(s,a)]? (21)
R(s,b) [I-R(s,a)R(s,b)]? (22)

= R(s,b)R(s,a)[I-R(s,b)R(s,a)] ! (23)

We now go on to the second part of the representation deriva-
tion for ¥(s,y) with s # y. For definiteness we first assume

asy<s<=b, as in Fig. 3.26. Then by the invariant imbedding
relation (10) applied to X(a,s) we have:

(N, LN () = (NL(S),N_(@)) ZZ(a,y,s) . (24)

Here, by our present source conditions and choice of notation,
we have:

N (a) =0 (25)
N,(s) = N,_(s) + NJ(s) . (26)
From (24)-(26) we have: .
N, (y) = (NJ(s) + N.(s)) T(s,y,a) (27)
N_(y) = (NO(s) + N,(5)) R(s,y,a) . (28)

U51ng (13) and (14) to give a representation of N.(s), (27)
and (28) become:

N,(y) = [NJ(s) + (NE(s)‘PH(s,s) + N(s)¥_,(s,8))] T (s,y,a)
= NO(s) [T (s,y,a) + ¥,,(s,s) T(s,y,a)]+
4+ N?(SJW_+(5,5);T(s,y,a) (29)
Further, |
N_(y) = [NO(s) + (NQ(s)¥,,(s,s) + NO(s)¥_,(s,s))] A(s,y,a)
= Ny (s) [R(s,y,a) + ¥,,(s,s)R(s,y,a)] +
+ NO(s)¥_, (s,5) R(s,y,a) ' (30)

*In the notation of Sec. 7.13, "¥4++(s,s)" becomes "¥,.(s,s:a,b);
"y,._.(s,s)" becomes "¥Y,_.(s,s:a,b)'", and so on, The abbreviated
notation is used whenever {a,b] 1s understood, as in the pres-
ent discussion. |
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We return now to (13) and (14) which are the alternative rep-
resentations of Ni{(y) in terms of the ¥Y-operator. Since

Ng(s) are arbitrary, a comparison of (29) and (30) with the
earlier representations implies that:

— a (1 +v,,(s,8)) T(s,y,a) (31)
-—u—-y (I + Y*+(s,s)]zzks,y,a) (32)
—_—5 _ Y_,.(s,s) T(s,y,a) (33)
— b Y . (5,5)R(5,y,3) (34)

®
for the case asy<s<=b,. Here "1" denotes the identity op-
erator for radiance distributions over Xg. With this set of
equations the representation of the operator ¥(s,y), s # vy,
1s essentially complete; for by interchanging '"a'' with "b",
and "+" with "-'" everywhere in (31)-(34), the case a=s<y=b
is obtained (see (39)-(42) of Sec. 7.13).

Two observations should be made on the nature of the
operator ¥(s,y), s ¥ y. First ¥(s,y) 1s not continuous at
the diagonal points (s,s) of its domain. This can be seen
from a study of its transmission component in (31). This dis-
continuity may be traced back to the equations (27) and (28),
and the meanings ascribed to the radiances N9 (s) and N+(y).

A careful re-reading of the derivations will show that for
every level y, N,.(y) is the surface radiance of the boundary
Xy of the subset X(y,b) of X(a,b). A similar reading holds
for N_(y). Hence, as we approach the surface Xg from below
we at first see N4(s), the surface radiance of Xg; then,
abruptly, the source radiance NP(s) is added as we continue
to move upward through the surface. In symbols, by (27), and
for y=ss:

lim (N, (y) - N.(s)) = N%(s) . (35)
y+s -

Since we have concentrated the origin of the source
radiance N¥(s) on a surface Xg, it is small wonder then that
the outward (or inward) light field receives a jolt across Xg
as we move upward (or downward) through level s. This jolt
is duly recorded in ¥,.,(s,y) in the manner shown in (31) (for
y<s) to wit: | |

lim (Y . (s,y) - ¥, ,(s,s)) =1
y*s

The second observation is that the use of the concept
embodied in ¥,,(s,y) can be extended by postulating a contin-
uous distribution of source radiance over a parameter inter-
val (s-e,s+e), € > 0, or simply defining continuous functions

In the notation of Sec. 7.13, "¥,,(s,y)" becomes |
"y,..(s,y:a,b)", "¥,_(s,y)" becomes "¥,_(s,y:a,b)", and so on.
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Ng(s) for all s, a=s=<b and adjusting them to represent giv-
en physical situations as needed. The latter treatment is

more general. The resulting operator equation will then be
of the form:

b
N(y) = I NO(S)Y(s,y) ds . (36)
a

The interaction method then yields the integral operator:

b -
! [ 1¥(s,y) ds (37)

as a matter of course and the detailed decomposition of the
new 2x2 matrix ¥(s,y) of operators proceeds analogously to
that of the original ¥Y(s,y) above. The basis of this new in-
tegral operator will not be discussed here. The interested
reader will find the general theorems leading to (37) in Sec.
3.16. Furthermore, readers interested in the discrete space
version of (36) are referred to Chapters IX and X of Ref.

[251]. A representation of (37) will be obtained in the ir-
radiance context in Sec. 8.5.

We shall leave it as a simple exercise for the reader
to show that, i1f there are a finite number of distinct exter-
nal or internal sources N3(sj), i = 1,...,n, of radiant flux
of the discontinuous kind N§(s) considered above, then by vir-
tue of the interaction principle, the resultant light field
at level y within X(a,b) is given by

Il
_ N(y) = ZNO(Si)W(Si:)’) ’ 1. (38)

1=]
where we have written:

"N(y)" for (N_(y),N_(y)}
"No(Si)" for (NE(Si)’N?(Si)] »

and where each ¥(sj,y), i = 1,...,n is a 2x2 matrix of opera-
tors of the same structure as ¥(s,y) in (15), and where for
every 1, l1=1i=n, the components ?++(si,y),...,?__(si,y) are
as defined in (20)-(23) and (31)-(34). If n = 1, then (38)
reduces to (15).

The net result of this example is the demonstration
that the problem of the internal sources of radiant flux in
an arbitrary one-parameter medium can be reduced to a straight-
forward, albeit nontrivial, calculation using only the stand-
ard reflectance and transmittance for the medium (cf. Example
4 of Sec. 3.7). These standard reflectance and transmittance
operators, in turn, are governed by certain differential equa-
tions which, when solved, yield the standard reflectance and
transmittance functions for each given medium in terms of the
inherent optical properties of the medium. These differential
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equations will be developed 1in Chapter 7.

Example 4: Principles of Invariance for General Media

What is the geometric limit of validity of the princi-
ples of invariance? Can the principles of invariance be writ-
ten down for radiance distributions in highly irregular media
such as clouds, lakes, ponds, and wind-blown regions of the
sea and other irregularly bounded natural hydrosols? The pur-
pose of this example is to show that the answer to the latter
question is in the affirmative. Once a few preliminary geo-

metric conventions have been dispatched, an application of
the interaction method yields the requisite principles of in-

variance,

Figure 3.27 depicts a general connected optical medium
X. One may envision X as a cloud or a part of some natural
hydrosol. As usual we assume no internal sources or reflect-
ing boundaries. The boundary surface Y of X may be concave
or convex. | |

In order to invoke the interaction principle we must
have some idea of our goal. Let us re-examine a simple geo-
metric setting in which the principles of invariance were de-
rived. In such a simple case we know what the goal looks like.
Fig. 3.20--the setting for Example 2 in Sec. 3.7--1s a good
starting point. We ask: what are the bare essentials of the

k(x)

NZ (a} “

...-+(X)

"Ni(y)

k(x) e ()
+x

...-(x)

FIG. 3.27 The directional and spatial conventions for
applying the principles of invariance to arbitrary optical

media.

3(b)
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geometric setting there? First of all examine the medium:

it is a plane-parallel medium; its boundary consists of two
planes a and b. Thus if we are to emulate this for the case
of X we should also divide the boundary of X into two parts

a and b. Furthermore, the plane-parallel medium X(a,b) 1in
Fig. 3.20 is partitioned into two parts: X(a,y) and X(y,b)
by the internal plane y. The corresponding activity in X of
Fig. 3.27 would be a partitioning of X into two parts: A and
B by an internal hypothetical surface y. By combining these
two requirements, we take the first step in the present deri-
vation: the arbitrary optical medium X i8 partitioned into
.twa parts A and B by an internal surface y; this also parti-
tions the surface of X into two parts a and b, the exterior
boundaries of A and B, respectively. Therefore the total
boundary of A 1s the union of a and y; that of B is the union
of b and y. There 1s one final geometric essential in Fig.
3.20 to be taken into account., That is the matter of direc-
tion. Our present goal is to emulate the classical plane-
parallel case as far as possible. Hence we establish the
directionality conventions depicted in Fig. 3.27. The vector
k(x) at each representative point of a,y, and b 18 an "out-
ward" (or "upward"” or "forward") direction (the appropriate
adjective is governed by the context within which one encoun-
~ters X). As long as one 1s consistent in choice of directions,
the following principles can be recast using any reference
system an investigator cares to choose. The choice of direc-
tions depicted in Fig. 3.27 is internally consistent and co-
incides with the plane-parallel conventions in the limit as

X approaches X(a,b), i.e., when a,b, and ¢ are laterally ex-
tended and continuously deformed to become parallel planes.

With the foregoing partitioning and orientation of par-
tition elements of the medium X established, we can specify
the incident radiance distributions over X. Incident radiance
distributions over part a of X will be denoted by "N-(a)",
outward radiance distributions over a w111 be denoted by
"Ny(a)". On the internal surface y, "Ni(y)" will denote out-
ward surface radiance distributions, "N (y)' will denote out-
ward field radiance distributions, etc. Over b, incident ra-
~diance dlstrlbutlons will be denoted by ”N+(b)” etc. As
usual, N¥(y) is a function which assigns to each point X on
surface y and direction £ in E,(k(x)) the surface radiance
Ni(x,E) of y directed into part A. At the same point and
same direction N;(y) has the value N;(x,£), and by (32) of
Sec. 2.5, NI(x,&) = Ni(x,&).

The geometrical prerequisites are sufficiently estab-
lished to permit us to apply the interaction method to X. In
particular part A is isolated and we enumerate the sets of in-
cident radiometric quantities:

A1 : all incident radiance distributions like N _(a)
Az: all incident radiance distributions like N_(y) .
The sets of response radiometric quantities are:

B,: all response radiance distributions like N:(a)
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B2: all response radiance distributions like N (y)

In the present casem = 2, n = 2, and the interaction princi-
ple yields the four operators Sjj

Syp -~ g/(A;é,a)
S12 -~ 2/(AiasY)
s21 -- of(A;y,a)

s22 -= &/ (A;y,Y)

The four operators t/(A;a,a) yo s os ;/(A;y,y) are instances of
the /-operator (6) of Sec. 3.8 (and hence the appropriate
black convexification of A has been achieved). The interac-
tion principle also yields the two interaction equations:

N,(a) = N_(a)/(A;a,a) + N_(y):/(A;y,a) (39)
NT(y) = N_(a)1f(Asa,y) + N, (") L (A5y,y) . (40)

In a similar way the interaction method is applied to
the subset B of X, with the following interaction equations
as a result: |

Ni(y) = N;(b)k/(Bib,y) + N ()L (Bsy,y) (41)
N'(b) = Nj(b)/(B;b,b) + N.(¥)x/(Biy,b) . (42)

The auxiliary equations for the present formulation are:
NI (y) = NL(y) , (43)

N'(y) = NI(Y) . (44)

The set of six equations (39)-(44) 1is autonomous. We can use
(43) and (44) to reduce the set of six equations to four in
terms of surface radiance only, and so the superscripts are
no longer needed. Thus, with incident source radiances N_(a)
and N, ,(b), we have:

N,(a) = N_(a)sf(A;a,a) + N _(y):S(A;y,a)  (45)
N_(y) = N_(a)s/(A;a,y) + N, (y) s (A;Y,) (46)
N,(y) = N_(b) o/ (B;b,y) + N_(¥):S(Biy,y) (47)
N_(b) = N, (b) s/ (B;b,b) + N_(y) 5/(B;y,b) . (48)

Equdtions (45)-(48) are the requisite principles of invari-
ance for X under the present partition into parts A and B.
The middle two equations are autonomous. Their solutions are:
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N, (y) =
- [N+(b)J(B;b’y)+N_(a)j(A;a,y)J(B;y,y)] [I-xJ(A;YJ)JJ(B;Y,y)]“

(49)
N_(y) =

= [N, ) N, OIWB3b LAY ) ] [1B3y, sy ) ]
(50)

A comparison of these solutions with (25),(26) in Example 2
of Sec. 3.7 is instructive. Furthermore, the remaining part
of the discussion of that example concerned with computation
details pertains also, in essence, to the present situation.

Example 5: Invariant Imbedding Relation in General Media

By writing the solution N#(y) of (49),(50) in Example
4 in matrix form, the invariant imbedding relation for the
general medium X of that example is obtained. Thus, we write:

"R(a,y,b)" for xS (A;a,y)(B;y,y) O(a,y,b)
"AR(b,y,a)" for 3/(B;b,y)(A;y,y) O (b,y,a)
"JT(a,y,b)"  for f(A;a,y)O(b,y,a)
"J(b,y,a)" . for /(B;b,y)®D(a,y,b)
"O(a,y,b)" for [I - &S(A;y,y) S (B;y,y)] !
"O(b,y,a)" for [I - S(B;y,y)tAAy,y)]!

Then (49), (50) may be put into matricial form:

(N, ()N (7)) = (N,(b),N_(a))7(a,y,b) (51)

where we have written

J(b,y,a) AL(b,y,a)

"/7(a,y,b)"” . for
A(a,y,b) J(a,y,b)

"(52)

We could have obtained (51) directly by means of the inter-
action method and deduced the form of (#(a,y,b), J(a,y,b),
etc., as in Example 4 of Sec. 3.7. We took the present route
for the purpose of illustrating the manner in which (51) was
first obtained (cf. Sec. 23, Ref. [251]). At any rate, the
invariant imbedding relation is seen in its most general form
in (51) and its basic role in radiative transfer theory is
Clear: the invariant imbedding relation (§1) relates a given
ineident boundary radiance distribution on X to a requisite
internal radiance distribution in X.
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The specific evaluation of (52) is contingent on actual
knowledge of the Y -operators for X. Functional relations
for the L/-operator on a general medium may be found in I'-
II' of Sec. 25 of Ref. [251]. The development of a practical
general solution procedure in specific media of the functional
relations I'-IV', especially relation I', constitutes one of
the present outstanding (i.e., unsolved) applicational prob-
lems of modern radiative transfer theory (see Problem VIII,
Sec. 141, Ref. [251}]). |

Example 6: Reflecting Boundaries and Interfaces

Hitherto we have examined all manners of radiometric
interactions of surfaces with surfaces (Secs. 3.4, 3.5) and
solids with solids (Secs. 3.7 and the present sectlon) In
this example we shall illustrate how the mixed radiometric in-
teraction equations for surfaces and solids are derived using
the interaction method. We shall consider a medium X with
reflecting boundaries and an internal reflecting interface,
but with no internal sources. Fig. 3.27 will serve to estab-
lish the geometric situation within X, We consider external
sources incident on X over boundary surfaces a and b. In par-
ticular N°(a) and N9(b) are the two external sources.

When the radiometric problem at hand is analyzed into

its essential components, it is seen that the medium X may be
considered to consist of five interacting parts:

boundary
medium

interface
medium

o W< P

*

boundary

The interaction method then indicates the following
desideratum: Each of these five subsets of X is required to
be isolated and black-convexified, if concave; its sets of
incident and response radiometric functions enumerated; the
assoclated interaction equations written down; and the requi-
site auxiliary equations stated which will make the resulting
system of interaction equations autonomous,

We begin by isolating the boundary part a. We first
black-convexify surface a (see Sec. 3.8). This has the effect
of reducing its interaction equations, (14)-(17) of Sec. 3.5,
to a form identical to those of plane surfaces. In particu-
lar, the i1nteraction equations for part a are:

N, (a) = N°(a)r_(a) + N (a)t,(a) (53)
N'(a) = N (a)t_(a) + N,(a)r,(a) (54)

which follow from (14), (15) of Sec. 3.5 in which the second
two terms (the self-interaction terms) are zero by virtue of
the black-convexification. The notation "N9(S)" is now re-
placed by "N9(a)"; "N9(S)'" by "N,(a)"; etc.



SEC., 3.9 APPLICATIONS TO GENERAL SPACES 341

Next, the medium part A is isolated and then black-
convexified. In isolating A we are to imagine it separated
from the boundary parts a and y as if we were carefully sepa-
rating the meat of a two-slice piece of orange (A + B) from
the peel (a + b) and interslige membrane (y) (see Fig. 3.27),
Thus let us write, ad hoe, '"N_(A)" for the outward surface
radiance of medium part A--i.e., without boundary part a.
Similarly, "N_(A)'" will be the inward field radiance distri-
bution over medium part A, just below the boundary part a,
etc. We shall, however, retain the notation " (A;a,a)'" for
the interaction operator which describes the responses of the
medium part A (i.e., the boundaryless A). The interaction
method then yields the two equations (cf. Fig. 3.27):

N,(A) = N](A)Y/(Asa,a) + N_(A) /(A;y,a) (55)
NT(A) = NJ(A) /(Asa,y) + N (A) 3 /(A;y,Y). (56)

Next, the interface part y is black-convexified if
necessary (i.e., if non planar) and generally treated exactly
in the manner of boundary part a. The resultant interaction
equations are {(cf. Fig. 3.27):

N (y) = N_(y)r_(y) + N_(y)t,(y) (57)
N'(y) = Nt (y) + NI, (y) . (58)

The operators r:+(y),t+(y) are instances of those defined in
(10),(11) of Sec. 3.3.

The medium part B is isolated and black-convexified
exactly in the manner of medium part A. The resultant equa-
~tions are (cf. Fig. 3.27):

. ] _ |
N,(B) = NI(B)&/(B;y,y) + N, (B)s</(B;b,y) (59)
N'(B) = NI(B)/(B;y,b) + N, (B)s/(B;b,b) . (60)
Finally the bbundary part b is then isolated and black-
convexified, if necessary, and generally treated in the manner
of boundary part a. The resultant interaction equations are
(cf, Fig. 3.27): _
NI(b) = N (b)r_(b) + NO(b)t,(b) (61)
+ -
N (b) = NJ(b)t_(b) + N(b)r (b) . (62)
The interaction method 1is brought to its final stage by append-
ing the appropriate auxiliary equations. For the present prob-
lem, we have (cf. Fig. 3.27):
4= -
N, (A) = N[ (a) (63)
NT(a) = NI(A) , (64)

which couple sets (53),(54) and (55),(56). Further:
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N, (y) = N,(A) (65)
NT(A) = N.(Y) - (66)

which couple sets (55),(56) and (57),(58). Further:
' N, (B) = N, (y) (67)
N'(y) = NI(B) (68)

which couple sets (57),(58) and (59),(60). Finally:
NI (b) = NJ(B) _ - (69)
N'(B) = NI(B) (70)

which couple sets (59),(60) and (61),(62). The set of 18
equations (53)-(70) is autonomous. Using the eight auxiliary
equations (63)-(70) (all instances of (32) of Sec. 2.5), the

set reduces to a less complex set of ten equations, which,
written uniformly in response surface radiance form are:

N,(a) = N2(a)r_(a) + N_(A)t (a) (71)
N_(a) = N2(a)t_(a) + N_(A)r, (a) (72)
N,(A) = N_(a)sf(A;a,a) + N_(¥)sS(A;7,a) (73)
N_(A) = N_(a)&/(Asa,y) + N_(y) sAA;y,y) (74)
N,(y) = N_(A)r_(y) + N (B)t, (y) (75)
N_(y) = N_(A)t_(y) + N, (B)r (¥) (76)
N,(B) = N_(7)<S(Biy,y) + N, (b):S(B;b,y) (77)
N_(B) = N_(y)s/(B;y,b) + N, (b)s/(B;b,b) (78)
N,(b) = N_(B)r_(b) + NO(b)t,(b) (79)
N_(b) = N_(B)t_(b) + NJ(B)Tr _(b) . (80)

Of these ten equations, the eight "interior' equations, 1i.e.,
(72)-(79) form an autonomous system. Hence the problem of a
general optical medium with two reflecting boundaries and one
reflecting interface, requires the solution of eight simul-
taneous integral equations. As in the case of earlier exam-
ples in this section, the solution of the present formulation
is contingent on knowledge of the various operators r:(a),

r+(b), ti(a), ts(b), J(A';a,a),...,)J(B;b,b’.
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Example 7: The Unified Atmosphere-Hydrosphere Problem

The atmosphere of the earth and the surface of the
earth (over both land and sea) form a system of radiometri-
‘cally interacting optical media. In this example the inter-
action equations for the atmosphere and the hydrosphere are
obtained as an autonomous system using the interaction method
of formulating radiative transfer problems,

x The formulations of Example 6 are readily adapted to
the present task. It remains to specify the physical meanings
of the five parts a,A,y,B,b of space X in that example. Con-
sider Fig. 3.28 which 1s a schematic cross section of the
earth, Let "A'" denote the atmosphere, and '"B' the hydrosphere,
i.e., natural waters. Let "y" denote the air-water interface.
Let "b" denote the bottom of the hydrosphere; at those places
where B is solid earth, then b shall coincide with y. Finally,

'""a'' denotes the transparent upper boundary of A,

With these choices, the system of equations (71)-(80)
reduces to seven equations: (73)-(79) with N_(a) = N2(a) and
No(b) = 0. For the solution procedure of this problem using
the techniques of discrete space theory, see Sec. 71 of Ref.
[251]. (Whenever media of differing indices of refraction
are considered, it is implicitly understood that radiance
functions are divided by the n?* of the medium in which they
are defined, see (4) of Sec. 2.6.) Because of the lateral ex-
tensiveness of A and B, the problem of solving the set (75)-
(79) can be considered within the domain of the plane-parallel
case 1f attention is restricted to a region such as that en-
closed in the dashed radial lines of Fig. 3.28.
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FIG. 3,28 A schematic diagram for the unified atmos-
phere-hydrosphere problem. -
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Example 8: Several Interacting Separate Media

The quantitative evaluation of the radiometric inter-
action of separate clouds in the atmosphere, or separate por-
tions of lakes, oceans, or other natural hydrosols forms an
interesting and difficult radiative transfer problem. The
methods of discrete space theory have been used to develop a
systematic means of computing the &/-operators of such irreg-
ular types of media (see, e.g., Chapter X, Ref. [251]). For
actual computations, the latter formulation may use the es-
timates of the &/-operators as supplied by the methods of
Chapter X of Ref. [251].

<< Table of Contents << Title Page >> Next Page >>
53.10 Derivation of the Beam Transmittance Function |

In this and the following four sections the interaction
principle is used to derive the basic inherent optical prop-
erties and the integral equation of transfer for radiance in
general optical media. In the present section the beam tran-
mittance function is derived which in turn will yield the
first of the inherent optical properties in Sec. 3.11, namely
the volume attenuation function. | | |

Let X be a general source-free oantical medium. Con-
sider a point x in X and a direction £ at x. These together
determine a natural path in X--a path for a light ray through
X with direction §. By specifying a length r, a path segment

r(x,&) is determined within X. For simplicity of exposition
we shall introduce the beam transmittance concept in a medium
X in which the index of refraction is constant. Then¢f§(x56)
1s a sensed, straight line segment in X with initial point x,
terminal point x+rf and length r. We shall write '"z' for
Xx+gr. The requisite steps for the definition in a completely
general medium with variable index of refraction will be
Clear from the following derivation. |

Our goal is to define the beam transmittance function--
the well-known function of radiative transfer theory which
assigns to an initial radiance Ny(x,£) at point x of /#,(x,£)
the residual radiance NQ(z,£) at z after traversing &(x,8).
This residual radiance,Ng(z,E) may be described as consisting
of photons which have travelled the entire length of éor(x,a)
without having undergone scattering or absorption. Were we
not in possession of the interaction principle, we would sim-
ply define the beam transmittance of #(x,E) as the ratio
N?(x,&)/No(z,E). Such a definition 1is quite acceptable and
implicitly assumes the terms '"scattering" and "absorption' as
understood, using their meanings as grounded in other depart-
ments of physics such as electromagnetic theory, and thus re-
quiring no further elucidation. However, we choose not to use
the words ''scattering' and '"absorption'" at this stage of the
exposition. Instead we ask: c¢an the basic idea of '"'beam
transmittance' be communicated without presupposing the phys-
ical notions of scattering and absorption? If this is possible
then the theory of radiative transfer, at least in this area,
1s kept self-contained and freed from unnecessarily using
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