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NR(t), The natural representation of the radiance field in
this setting is then defined as the sum.nﬁo NB(t) of the
radiances associated with all the Pjh(t). A radiance func-
tion obtained in this manner in an optical medium will be shown
to be a solution--the natural solution--of the equation of

- transfer for that optical medium. |

5.1 The n-ary Radiometric Concepts

In this section we shall define those radiometric con-
cepts associated with the scattering order decomposition of
a light field which will be needed in the developments of the
present chapter. Throughout this section we work with a gen-
eral source-free optical medium X in the steady state irra-
diated by a steady incident radiance function N, defined on
the boundary of X. The medium X is generally inhomogeneous,
of arbitrary shape and extent, and with general volume atten-
uation and scattering functions defined throughout. The in-
cident radiance associated with Ny penetrates into X and gen-
erates radiant flux of arbitrarily great scattering orders,
which we now proceed to analyze.

n-ary Radiance

The systematic construction of the radiance functions
associated with the families P, (t) of photons described in
the introductory section starts with the incident radiance N,
on the boundary of X. 1In particular, the radiance Ny(xqp,&)
defined for a boundary point x, and the direction £ at xg
can be extended to each point x of X by writing:

"N°(x,£)" for No (X528 T (%4, 8) (1)

where x = x, + rf{. The meanings of these terms are shown in
Fig. 5.1. ?n this way we can construct a radiance distribu-
tion NO(x,+) at each point x inside and on the boundary of X.
We call NO the initial (residual or unecattered or reduced)
radiance function within X. NO represents radiance which,
relative to the radiance No incident on the boundary of X,
has undergoine no scattering operations within X. |

“When some of the flux which comprises the initial radi-
ance distribution NO(x+) at x undergoes a scattering opera-
tion there is generated first order (or primary) scattered
radiant flux. The amount generated per unit length in the
direction £ at x is represented by writing:

"Na (x,£)" forij[No(x,E')c(x;E';E) dQ (g’ ) (2)

]

This may be written succinctly in operator form using the
path function operator R of Sec. 3.17:

Ny = N°R . . - (3)
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"FIG. 5.1 Geometric details for computing n-ary radiance.

In other words, the operator R acts on N° to generate N}:
alternately, we may say that R maps NO into N,. The amount
of primary scattered radiance accumulated over a path G’r(x,s)

in X is then represented by writing:
) r |
"N!(x,E)" for N}(x',E)Tr_r.(x',E)dr' . - (4)
0

This may also be written succinctly using the path radiance
operator T of Sec. 3.17:¢

N! = NlP . ' (5)

The general pattern of construction of the radiance functions

comprising the scattering order decomposition of the light
field should now be clear. Thus, for every integer n= 0,1,2,

..., We agree to write:
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N*le gor NPR 6
and

n+l,,

"N for N1 'le o

The function NP is called the n-ary path function and NI is the
n-ary radiance funetion in X relé&gve fg ﬁ%. By means of

(6) and (7) we can construct the (n+l)-ary radiance function
on X once we know the n-ary radiance function on X, for n > 0
thus: | -

N Dl = (NPR)T

= N (mT) (8)
for every scattering order n > 0, The composition RT of the
two operators R and T occurs often in our studies of radia-
tive transfer theory. We shall then write, for brevity:

nglv  for mr - (9)

The reader should verify that:

[i]o(x';s';E)dQ(E')]Tr_r.(x',E)dr' .(10)

|

Now, using the notation for 8, (8) may be written:

Nttl oo Nmel | a1

and if n is an arbitrary integer greater than 0, then it
follows that we can apply the statement (8), or statement
(11), once again to obtain: |

Nt oL o lglysl 2)

If n-1 > 1, then we_can apply (11) again, with the eventual
conclusTon that ND*1 js represented as the result of operat-
ing on N© with sl at total of n+l times in succession. That
is, if we write: | |

1

ntle for s's” (13)

lls

for every integer n, n > 0, then 1it is an easy application
of the principle of complete induction to show that:
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N = NOs" (14)

for every scattering order (nonnegative integer) n. The
sense in which (13) and (14) are to be understood is the
obvious one: Operate on NO and S! to obtain N'; then once
N! is obtained, operate on N! with §' to obtain N*; and so
on until NB is obtained. The total combined integration
operation of obtaining n-ary radiance N from the initial
radiance NO is summarized by the operator S defined recur-
sively in (13). | .

n-ary Scalar Irradiance

Now that the n-ary radiance functions have been defined
it is a relatively easy matter to define the n-ary counter-
parts to all the radiometric concepts. For example, by re-
calling the integral representation of scalar irradiance h(x)
at a point x in the optical medium X (cf. Sec. 2.7), 1.e.,
the definition in which we have written: | |

Hh(x)" for N(X,E)dg(g) ’

mgﬂ,

we are then led to write analogously:

Cop(x)t for [ NT(x,£)da(g) _ (15)

mg\

for every nonnegative integer n. We call h(x) the n-ary
scalar irradiance in X relative to N°.

n-ary Radiant Energy

The connection between scalar irradiance h(x) and radi-
ant density u(x) at each point x of X was seen in Sec. 2.7 to

be:
h(x) = v(x)u(x)

where v(x) is the speed of light at x in X. Furthermore the
definition of the radiant energy content U(x) of X was de-

fined by writing:

"Ug(x)" for [u(x)dV(x) .
X |
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This leads us to write analogously:

”Un(x)” for ‘J[un(x)dV(x) (16)
X

for every nonnegative integer n where, in turn, we have
written: |

"u" (x)"  for h"(x)/v(x) (17)

for ever‘\{ nonnegative 1integer n. Combining the definitions
of-h, u® and U%, we have the following representation of UM

U™ (x) - fv—(-lg [[N“(x,a)dn(s) ]dV(x) _ (18)
X | 2 | |

for every nonnegative integer n, and where the n-ary radi-
ance NN is represented in terms of the initial radiance N©
throughout X by means of (14).

General n-ary Radiometric Functions

The n-ary radiance and radiant energy functions con-
structed above will not be the only n-ary radiometric con-
cepts used in the present work. For example the two-flow
equations of Sec. 8.4 are studied by means of n-ary irradi-
ance concepts. It 1s a simple matter to extend the type of
definition exhibited for h? and UM to an arbitrary function C
obtained from the radiance function by an appropriate linear
operator &£ associated with C; that is: |

C=NJL . (19)

For example, the operator <£ in the case where C is scalar
irradiance was: |

L - [[ 1dR (£)

Then in general we write analogously:

)

|

g,

"C for N, | (20)

for every nonnegative integer n. We call CB the n-ary radi-
ometric funection of C, in X, and relative to NO, It follows

from (14) and (2) that:
c? = N%s"p) . (21)
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is the representation of the n-ary radiometric function CR
associated with the general radiometric concept C. In par-
ticular, we write: |

ncrt  for N*&L (22)

where N* is the path radiance (the scattered) component of N,
as it occurs in (5) of Sec. 3.13. C* is the diffuse radio-

metric funetion of C in X and relative to NO, Together, C*
and CN are the decomposed radiometric functions. Radiometric
func;ions which have not been decomposed are call undecom-
oged.
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5.2 Equation of Transfer for n-ary Radiance, Diffuse
| Radiance, and Path function
' The equation of transfer for n-ary radiance will now
be derived. The equation is an elementary consequence of
relation (11) of Sec. 5.1. To see this, suppose we fix at-
tention on an arbitrary path (Pr(x,£). Then holding the ini-
tial point x and the direction § of the path fixed, and dif-

ferentiating NP along the path with respect to path length r,
we have: | | |

a% . & o)

T | |
3 H%f [[Nn_l(x',ﬁ')ﬂ(x';ﬁ';&;)dn(g') T. .. (x',£)dr’
0

iy
-y

| T - aT__ .., (x',8)dr’
+ f [IN“'I(x',E')a(x';E';E)dﬂ(ﬁ')] ‘—r:r—d?-‘__
o L/ '

At this point we observe that, by (3) of Sec. 3.1l:

| dTr-r'(x"E)
T

- fN“'lcx.s')a(x;e';e:)cm(z')

- *G(X:E)Tr_rr(x':ﬁ)

Then using (6) and (11) of Sec. 5.1 we arrive at:

(1)

which is the requisite equation af'transfhr for n-ary radi-
ance with n > 1. Observe that the equation of transfer for
N is not an integrodifferential equation for NT; rather it
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