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®
drT _ . -
3, " TA+B (66)

while the gestalt of (27) is that of:

dT . 1A (67

dy
where A and B are known'operators.

This transition from homogeneity to nonhomogeneity of
an operator equation 1s the general earmark of a transition
from the representation of undecomposed to decomposed light
fields, in which the latter are represented by N*, This phe-
nomenon was already seen in I* and II®, and earlier still in
(46) and (47) (whose homogeneous counterparts are (5) and (6));

similarly with (51) and (9). A still earlier example of this
transition is the transfer equation for N* in Sec. 5.2,

The decomposed counterpart to (29) may now be written
down by inspection of (65), using (29) as a guide:

®
- 11‘_3@.:31 = [t(a) + R(a,y)o(a)]T (a,b)
a

+ [t"(a) + R(a,b)p(a)]T°(a,b) (68)

This differential equation may also be derived from
first principles after the manner of (65); the details are
left as an exercise for the reader. In analogy to (19), equa-
tion (68) shows that -3T*(a,b)/%a for a = b is given by

%
- 3T (8,0) = %) . (69)
Ja |
| A
Thus when a = b, T (a,b) = 0 and its 'rate of growth' is pre-
cisely the magnitude of the local diffuse transmittance opera-
tor t*(b). Thus the analogy between (19) and (69) is perfect,. :

7.2 Differential Equations Governing the Time Dependent R
and T Operators |

We now extend the formulations of the preceding section
to the time dependent case. The geometric setting and optical
properties of the medium are unchanged except that now all
functions in addition vary with time. The first step in such
an extension is the derivation of the time dependent version

of the local forms of the principles of invariance for a
plane-parallel mediunm. | |
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Time Dependent Local Forms of the
Principles of Invariance

We begin with the time dependent equation of transfer
(4) of Sec. 3.15. For every y, such that a<y<b and & 1n &,
and time t in an interval E = (to,ti):

1 DN(Y,8,%) - -q(y,t)N(y,E,t) +JN()’,E',1¢)U(Y;E';E;1:) de(g')

V Dt _
2 | (1)
| 4
where we have written:
"D" for v(*E'k)-E— + 2 . - (@)
Dt | oy ot

Hence (1) above differs from (1) of Sec. 7.1 in only one es-
sential respect: the presence of the time derivative term.
Therefore the transition to the time dependent versions of
(5), (6), and (9) of Sec. 7.1 should be a straightforward

matter. Thus, let Nu(y,t), and N_(y,t) be the upward and
downward radiance distributions restricted to £,, £_, Teéspec-
tively, at level y 1in X(a,b) and at time t in the time inter-

val E. E may be finite or infinite and is generally of the
form (tg,ti1), where to=1;. Furthermore we write:

"oly,t)" for —> [ [ Joly;E'sE;t) da(E)  (3)
| lgek| ‘E
+
in which € is in E_, and:
" . 1 ey s 1
t(y,t)" for I [ Jo(y;E'iE;t) da(E")- aly,t)
lE-k|’E, B3 (4)

in which & is in £,

and in both of which a<y=b, and t is in E. The requisite
pair of equations now follows directly from (1):

D N_ (y,t)
Dy

D .N_(y,t) ' -
= N (y,t)T(y,t) + N (y,t)e(y,t) (6)

= N+(Y,t)f(y,t) + N (y,t)e(y,t) (5)

(7)
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Equations (5), (6) are the required time dependent local forms
of the prineciples of invariance. As in the steady state case,
each is obtained from the other by an interchange of + and -
subscript signs throughout; the only salient difference be-
tween the time dependent and steady state sets is the time
derivative term, as can be seen from (7). If we write:

. -t(y,t) p(y,t)
"X(y,t)" for (8)
‘Q(Y:t) T(Y:t)
and: . |
, ,_ "N(y,t)" for (N_(y,t),N_(y,t)} , (9)
tS)'and (6) become:
DN(y,t)
——— N()’,t)K(Y:t) (10)
where we have written:
HD " : '
2 for 9. 1 3 C (11)
Dy 9y  |E+klv 3t
and
| -1 0
e for ( ) . (12)
0 1 | |

In applying D,/Dy to N(y,t), all operations proceed as usual

- except that in the case of the time derivative term the de-
rivative operator 9/9t acts (say) first and then C acts on
‘the resultant derivative. Equation (10) 1is the time dependent
version of (9). For brevity of notation we will subsequently
write: | |

tuv for | Ek] .

Time Dependent Invariant Imbedding Relation

The next step in the present discussion can be made on
any one of several levels of generality. Since our present
goal 1s a set of time dependent versions of (18), (27), (28),
(29), of Sec. 7.1, the most immediate route is the development
of the time dependent principles of invariance, along with the
R and T operators they govern. We could develop the latter
principles very much after the pattern set in Examples 2 and
3 of Sec. 3.7. However, with only slightly more effort we
could outline the development of the time dependent version of
“the more general invariant imbedding relation, following the

~ pattern of miscellaneous Example (iv) of Sec. 3.17. This we now
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do, as it affords some further illustrations of the interac-
tion method of Chapter 3 as we make our way towards the pres-
ent goal. It will also allow us to illustrate once again how
the principles of invariance (now in time dependent form) are
derivable from the more basic invariant imbedding relation.

Following the three main stages of Sec. 3.18, for Stage
I, let X(x,z) be the isolated subset of the optical medium
~X(a,b). Let the current set of radiometric functions be ra-
- diance distributions defined over the plane surfaces Xy of
X(x,z), X<y =z and over a time interval E. Thus N+«(y,E) and
N_(y,E) are upward and downward radiance functions defined
on the general plane Xy over the time interval E.

The sets of incident radiometric functions are enumer-

_ated as:
A, : all incident radiance functions like N_(z,E)
A, : all incident radiance functions like N_(x,E)

The sets of response functions of interest are (x =y =z):
B, : all response radiance functions like N_(y,E)
B2 : all response radiance functions like N (y,E)

The interaction principle then asserts the existence of four
interaction operators sjj:

s11 -- < (2,yY,X,E)
s12 -- K(z,y,x,E)
's21 -- AR(x,Y,2,E)
sz2 -- J(x,y,2,E)
The corresponding interaction equations thﬂs'are:
N.(y,E) = N,(2,E) T(2,7,%,E) + N_(x,E) R(x,y,2,E) (13)
N (y,E) = N_(x,E) T (x,y,2z,E) + N_(z,E) &L(z,y,x,E). (14)

The requisite invariant imbedding relation then 1is:

.
r

; (N, OLE)LN_(3LE)) = (N, (2,E) N (x,E)) 77 (x,y,2,E) | (15)

where we have written:

j(errer) Q(Z’YIXFE)
"7 (x,y,z,E)"  for . . (16)
A(x,y,z,E) T(x,y,2,E)
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Integral Representation of Time Dependent
A and J Operators

We currently need to go further than the preceding op-
erator statement of the invariant imbedding relation. In par-
ticular we wish to obtain specific representations of the &€
and J° operators as integral operators over the time domain E.
Thus we must enter Stage II of the interaction method. To
set Stage II in motion, we choose an arbitrary time t in E
and hold it fixed until further notice. Next, consider opera-
tor J(x,y,z,E). Choose and fix a point p in Xy and fix a
direction § in £.. Then, by (13), for every N.(x,E}) in A;:

N_(p,&,t) = [N_(x,E)T(x,Y¥,z,E)] (p,E,t) (17)

is & non negative number--indeed, it is the radiance N_{(p,&,t)
induced by N.{(x,E). Thus in the present setting with fixed
p,E,t, the operator J(x,Y,z2,E) is a positive linear function-
al on A2, By Theorem A of Sec, 3.16 there 1s a measure
vw(x,¥,z2,*,p,E,t) on the set E such that:

Jr(x;er:E) - I[ ] du(x,y,z,*,p,E,t)} (18)
E

(where p,E,t are implicit in the notation on the left) so that
(17) may be represented as: |

N_(p,E,t) = [ N(x,t') du(x,y,z,t',p,E,t) , (19)
E

where N{(x,t') is the value of N_(x,E) for the variable t' in
E. The next step is to observe that the measure
W{xX,¥,2,*,p,%,t) is absolutely continuous with respect to the
time measure on E. This simply amounts to the physically
based assertion that: for every subinterval F of E, if F is
of zero duration, then: u(Xx,y,t,F,p,&,t) = 0. In other
words J (x,y,z,F) will not transmit any finite incident radi-
ance N_(x,F) where F is of zero duration. Thus the measure u
has the AC property and Theorem B of Sec. 3.16 asserts the
existence of a kernel function J(x,y,z,t',p,E,t) such that:

ui(x,y,2,G,p,&,t) = I ;TTx,y,z,t',p,E,t) dgt’ (20)
| G

for every subset G of E. Theorem C of Sec. 3.16 now lets us
write (18) as |

T (x,7,2,E) = [[ ] T(X,y,2,t',t) dt’ (21)
E .

where we have suppressed the p and § in going from (20) to
(21), since they were arbitrary, and we now wish to work on
the function level. In this way we arrive at the following
integral representation of (17). For each t in E:
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N_(x,E) T(X.y_;z,E) =I N_(x,t") J(x,y,z,t',t) dt'. (22)
. .

It should be noted that < (x,y,z,t',t) just found is the time
dependent version of the complete transmittance operator de-
fined in Sec. 3.7 and is itself an operator which, under suit-
able regularity conditions, can be represented as an integral
operator over Z_ and over the upper boundary Xy of X(x,z),
and which acts on downward incident radiance distributions
over Xy. Since this particular type of integral representa-
tion has been used in the steady state studies throughout
this work, there are ample examples of such operators which
the reader may turn to, so that we may go on with the main
line of discussion. o

In a similar way we define the remaining three complete
AR and J operator kernels and derive the remaining three in-
‘tegral forms of the operations in (13) and (14):

N,(z,E) J (z,y,x,E) = [ N,(z,t") T (z,y,x,t',t) dt' (23)

F .

N_(x,E) &(x,y,2,E) = [N_(X.t')ﬂ(xw,z,t',t) dt' (24)

.N+(Z!E)ﬁ(zi)rsxr£) = f N.;.(zit')-ée(Z:Y!x:t':t) dt' . (25)
| E

This type of integral of N. with the &R and ¢ operators oc-

curs so often, let us agree to write: |

"E(Dg(®)" for | £(t)g(t) dt - (26)
where £ and g are any functions or operators such that for
~every t the "product” f£(t)g(t) is defined over E. The "prod-
uct” could be the customary multiplicative numerical type, OT
matrix type, or general operator type. With this convention
we may write the invariant imbedding relations (13) and (14)
as: | |

N,(y,t) = N_(2,t')J(z,y,x,t',t) + N (x,T)X(x,y,z,t",t) (27)
N_(y,t) = N,(xr?')y(x:)'rzrdf'rt) + N,,(Z,'f')@(z,}’,x,f',t) (28)

and SO (27), (28) can be written succinctiy as:

[N+(y,t),N_(y,t)] = (N+(z,'f'),N_(x,'f')]%(x,y,z,'f',t) '-
' (29)
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Time Dependent Principles of Invariance

From the time dependent invariant imbedding equations
(27), (28), we can deduce the four time dependent principles
of invariance for plane-parallel media. First, 1in analogy to
(44)-(47) of Sec. 3.7, we write:

"T(x,z,t',t)". for ZTTx,z,z,t',t) (30)
"R(x,z,t',t)" for éka,x,z,t',t) | (31)

and require: ' ' |
'1jrtx,x,z,t',t) = I (32)
(R (X,2,2,t",t) = 0 | (33)

Definitions (30) and (31) define the time dependent versions
of the standard reflectance and transmittance operators for
X(x,z). If we had derived these standard operators directly
from the interaction principles (after the manner of Ex., 3,
Sec. 3.7), then (30) and (31) would have become derived equal-
ity statements (as in the case of (44), (45) of Sec. 3.7).

In the time dependent setting we impose two further conditions
on R and T which are useful in numerical work, as well as theo-
retical manipulations, namely: |

R(x,z,t',t) = 0O for t -t'=0 - (34)

and
T(x,z,t',t) = 0 for t - t'<|z-x|/v . (35)

Conditions (34) and (35) are causality conditions, Whose
physical significance is readily seen. For concreteness in |
the present formulations, we will specify the time interval E
of the general derivations above, as the interval (-«,t),

where t is an arbitrary fixed time throughout a glven discus-
sion,

With these conventions and observations, we can write
down the four time dependent principles of invariance for
X(x,z) and X(a,b), a<x=y=z<b, after the manner of Ex. 3
and Ex. 4, Sec. 3.7, as follows:

Letting x = y in (27) and using (30), (31)

N, (y,t) = N,(z,') T(z,y,¥',t) + N_(y,E)R(y,2,E',t) |.

Setting z = y in (28) and using (30), (31):

II. N_(y,t) = N_(x,T)T(x,y,T',t) + N, (y,TIR(y,x,E',8) |,
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Using I twice, first let y = a, z = b; then y = a, with z
arbitrary: |

N, (b,t')T(b,a,t’',t) + N_(a,t')R(a,b,t',t)

N,(z,t')T(z,a,t',t) + N (a,t')R(a,z,t',t)

Using II twice: first let y =Db, X = a; then let y = b with
X arbitrary: |

N_(a,f‘)T(a,b,f“,t) + N+(b;f')R(bra:f1:t)

N_(x,E'")T(x,b,T',t) + N (b,T')R(b,x,t',t)

Differential Equations for the Time Dependent
R and T Operators

The differential equations for the time dependent R and
T operators may be derived by imagining a powerful short pulse
of light pumped into X(a,b) at its upper boundary Xz. The
directional structure of this incident radiance distribution
may be arbitrary as also its dependence with location on Xg.
We shall assume that this is the only source of flux in X(a,b)
and that N_(a,t) is such that N.(a,t) = N.(a,to)d(t-to)to=t,
where t, is the time at which the pulse 1s incident on Xj.
The subsequent operations with Dirac-delta functions are gov-
Tgan by the usual conventions which may, e.g., be found in

5]. |

We begin by applying the-dperator D./Dy (for time vari-
able t) to principle I in which we have set z = b, and have
used the fact that N,.(b,t') = 0 for every t's t:

DN_(y,t) D.N_(y,T") _ ~_ D_R(y,b,T',t)
— % R(y,b,t',t) + N_(y,t') —————
Dy Dy Dy
(36)

Next the operation 1im , is applied to each side of
(36). The left side of y*a  (36) yields, by means of (35):

N+(a,t)1(a,t) + N_(a,t)p(a,t) =
= N_(a:to)[R(arbrtort)T(a:t) + 5(t't0)p(ast)]

The second equality is derived from principle III and the
adopted form of N_(a,*). By (5) and (6) we have, on applying
the operator D./Dy (for time variable t) to N.(y,t'):
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DN_(y,t')  ON_(y,t')

Dy 9y
p ON_(y,t')
= = —————— - N_(y,t")r(y,t') - N_(y,t")o(y,t")
TRY ot'
so that:

1im __________D-N..(Y!t') | ' '
' - R(a,b,ty,t')p(a,t)]

where §'(t'-ty,) is the symbolic derivative of the Dirac delta
function with respect to t'. Finally: -

Lim DROGBELDapcabiene) L 1 aRGabatt

y+a Dy _ da UV ot

Assembling all these results and using them in (36), rearrang-
ing (36), and cancelling the arbitrary function N.(a,+), the
~resultant operator equation is obtained:

I aR(a’b’to’t),+ 1[- BR(a,b,to,t)+ 3R(a,b,t _,t) )
Ja UV Bto ' ot

= 6(t-t )pr(a,t) + 1(a,t )R(a,b,t ,t) + R(a.b,to,t)t(a,t) +

+ R(a,b,t_,T')p(a,tT')R(a,b,T",t)

Now starting with principle II and applying in turn the opera-
tion D,/Dy and the limit operation lim_ .., and then making use

of (5), (6) and principle IV, we have y+bf in a similar way:

~ 3T(a,b,t,,t) +'JL-ar(a,b,to,t) =
b uv ot

s T(a,b,to,t)T(b,t) +.T(a,b,to,f“)p(b,f“)R(b,a,?“,t)
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The third differential relation follows from principle

III by applying the same general procedure used to establish
I' above:

III® aR(a,b,to;t)

ab

The fourth differential relation follows from principle IV by

applying the same general procedure used to establish II'
above: | B

Ty 2T(a,b,t_,t) ; 3T(a,b,t t)

L
- e —

ga Hv 3t0

= t(a,t_)T(a,b,t ,t) * R(a,b,t ,T')p(a,T')T(a,b,T",t)

Discussions of the Differential Equations

| The set of equations I'-IV' above is the desired set of
differential equations for the time dependent R and T opera-
tors for plane-parallel media. These operators are homogene-
ous with respect to time--i.,e., they depend on the difference
|z-x| of depth parameters--only if the medium is separable,
where ''separability'" by definition means that o/a is independ-
ent of depth (so that o may be separated into two factors:

one spatial, the other directional). When the medium is homo-
geneous--or more generally, separable--then there are precise-
ly two R and T operators associated with X(a,b). However,
when X(a,b) is not separable, then there generally are four

R and T operators for X(a,b): a reflectance-transmittance
pair for flux incident on X, and a pair for Xp. Thus in non-
separable media, R and T exhibit polarity, i.e., we have
R(a,b,t',t) # R(b,a,t',t) or T(a,b,t',t) # T(b,a,t',t) for
some t',t in E., The general order of solution of the preced-
ing equations is the same as the steady state case; thus one
may solve the above system in either the order I',IV}II',III'
or I',IV',I11',I11I'. Furthermore, the pair I',IV' is the auto-
nomous pair of the set of four equations in the sense that
they determine R(a,b,t',t) and T(a,b,t',t) for X(a,b); and by
interchanging "a'" and "b'" throughout and wherever necessary,
the algebraic signs of the spatial derivatives, they also de-
termine R(b,a,t',t) and T(b,a,t',t). Hence I’ and IV' may be
used for the determination of all four R and T operators for
X(a,b). Numerical procedures for the solutions of 1'-IV' may
be constructed for the set in either undecomposed form or in
decomposed form (cf. Sec. 7.1) of the T operators.
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