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Under such conditions (which hold, e.g., when scattering is
isotropic) (30) becomes:

p + 2TR(a,®) + pR*(a,®) = 0 . (32)

The solutions of (30) or the special case (32) yield the form
for R(a,~). A numerical procedure leading to R(a,b) for a
range of finite b (from which R(a,») is estimable) will be
given in Sec. 7.6 for spaces X(a,b) in which scattering is
isotropic. We shall return to these heuristic operations with
the R and T operators in Sec. 8.7. The operations just per-
formed can be redone in the irradiance context and can be made
fully rigorous without the need for advanced mathematical tech
niques. See (35)-(38) and (39)-(42) of Sec. 8.7.

7.4 Algebraic Properties of the Invariant Imbedding Operators

The various invariant imbedding operators introduced in
examples 4-7 of Sec., 3.7 will now be studied in greater de-
tail. Our main purpose in the present section will be to dem-
onstrate the fact that the collection I';(a,b) of operators of
the form 7J(x,y), which we found in Example 4 of Sec. 3.7 to
constitute a partial group, may be used as basic building
blocks to systematically construct, via simple algebraic pro-
cedures, all other operators of the collections I's(a,b) and
l'v(a,b), and hence all R and T operators and their simple
combinations. The net result of these possible constructions
will be novel procedures for solving transfer problems in
plane-parallel and, indeed, general optical media. 1In other
words, we shall demonstrate that the operators 77(x,y) can
serve as the computational work horses on both theoretical
- and practical levels in the theory of radiative transfer and
thereby have them earn their right to reside among the giants,
the elements of I'y(a,b), which in turn serve to unify the
theory and to link the theory with the interaction principles.

Throughout this section, unless stated otherwise, we
shall work with an arbitrarily source-free plane-parallel medi-
um X(a,b), asb, with arbitrary incident radiance distributions
N_(a) and N,(b) over the upper boundary X; and lower boundary
Xp respectively. Generalizations of the indicated results to
general one-parameter media are immediate; generalizations to
arbitrary media can be patterned after the discussions of Sec.
25, Ref. [251]. Throughout the discussion all reference to
various regularity properties required for inverse operations,
differentiations, integrations, etc., has been avoided so as
tobbring_out the highly intuitive flavor of the operator al-
gebra. |

The Operator M(x,z)

The simplest interaction operator associated with a gen-
eral plane-parallel medium X(a,b), asb is that which maps (or
transforms) the pair (N+.(b),N_(a)) of incident radiance dis-
~tributions on X(a,b) into the pair (N.(a),N_(b)) of response
radiance distributions for X(a,b). It is a simple exercise in
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the use of the principles of invariance for X(a,b) to deter- .
mine this operator. Thus, from principle III, in Example 3
of Sec. 3.7, we have: |

N.(a) = N,(b)T(b,a) + N_(a)R(a,b)
and from“principle IV we have: '
N _(b) = N_(a)T(a,b) + N_(b)R(b,a)

The matricial form of this system of equations is:

T(b,a) R(b,a)]
R(a,b) T(a,b)

(N, (a),N_(b)) - (N, (b),N_(a)) [.

The displayed matrix of R and T operators is the requil-
site interaction operator. More generally, let X(x,z) be an
arbitrary plane-parallel subset of X(a,b), a=x=25 b, and
suppose (N+(z), N-(x)) and [N+(x), N_(z)} are, respectively,
the incident and response radiance distributions on X(x,z) as
they exist in the medium X(a,b) which is irradiated by an ar-
bitrary set N_(b), N_(a) of radiance distributions on 1its
lower and upper boundaries, respectively. (See Fig. 7.1.)

Then principle I in Example 3 of Sec. 3.7 yields for the case
X = y:

N,(x) = N_(2)T(z,x) + N_(x)R(x,z)
Similarly, principle II yields: for the case y = 2:

N (z) = N_(x)T(x,z) + N+(z)R(z,x) .
The matricial form_of this system of equations 1s:

(N : N " ﬁ \ T{(z,x) R(z,x) N
N, (x),N_(z)) = (N,(2),N_(x) i) T )

Let us write: _ |
| IT(z,x) R(z,x) |
"M(x,z)"  for [ ] o, (2)
R(x,z) T(x,z)

where a<x<zs<b. Thus M(x,z) is a 2x2 operator matrix which
is defined for depth variables x, z such that the preceding
equalities hold. Some experimentation with (1) will show why
this restriction (namely x <z) is necessary if we are to Te-
tain the useful convention of always writing radiance distribu-
tion pairs with the upward (+) distributions as the first mem-
ber of the pair. Another advantage 1in preserving the fixed
order of variables x,z in M(x,z) shows up in the detailed com-
putations below wherein it will always be clear whether an oOp-
erator on an upward or downward flow in X(a,b) is being repre-
sented. Thus in all that follows, M(x,z) with xSz 1s a use-

ful conceptual anchor whose components have simple physical
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significance. Let us denote by "G,(a,b)" the set of all op-
erators M(x,z), asxszs<b,.

The Connections Between M(x,z), Z7(x,z), and 77(z,x)

We now establish the connections between the operator
M(x,z) and the operators 77(x,z), 77(z,x) in the setting of an
arbitrary sub-medium X(x,z) in X(a,b). (Recall (78) of Sec.
3.7.) Once this connection is established, we will have an
effective means of computing 74/(x,z) and 77(z,x) in terms of
the standard R and T operators for X(x,z): and conversely,
the operator M(x,z) will be directly representable in terms of
the operators 77(x,z), 777(z,x). This latter representation
will be a prototype of more general representations of the
members of I's(a,b) and T'y(a,b) to be derived subsequently, and
will be instrumental in developing novel methods of solution
of 1ight fields in X(a,b), later in this chapter.

To establish the requisite connections we require the
partition of the identity operator I on I',(a,b):
I='C++C 4 (3)

1, o]
"c,"  for ["‘ 0] (4)
0 .

"C." for [ ] . (5)
0 I |

In C, and C_, I, is the identity operator on the set of all”
upward radiance distributions and I_. is the identity operator
on the set of all downward radiance distributions associated
with X(a,b). No confusion will result if in the subsequent
discussions we drop the signed subscripts from the identity
operators (their positions in the matrices provide adequate
identification). The general working properties of C, and C.
are obtained by direct computation:

where we write:

and

C* = C, (6)
C* = C_

CcC,_ =

A
CYe ()

We drep +,- on I, when direction is clear.

= 0
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) [a bl [a b}
- Yle 4 0 O
' [% ﬁ] [é i]
c _
| f c__d c d
~ (a,b)C, = (a,0)
- (a,b)C_ = (0,b)

Hence, viahSuitable pre- and post-multiplications by C, or C_,
various elements of a matrix of operators or of a vector can

~ be isolated as needed. _
Now, equation (1) holds for all incident radiances

(N+(2),N.(x)) on X(x,z). From the definition of the operators
._7W(x,z] and 7/(z,x) and the partition operators of I, we have:
N, (x), 0) = (N,(2),N_(2)) Z7(z,x)C,
. ~(o,N_(2)) = (N_(2),N_(2))C_ .
Adding; we héve: _ ' . ' _
(N, (x),N_(2)) = (N, (2),N () [Z(zx)C, + €] . (D)
Further:- ' | .
(v, (2),0) = (N, (2),N_(2))C,
(0,N_(x)) = (N, (2),N_(2)})Z7(z,x)C_ .
Adding, we have: S -
(N, (2),N_(x)) = (N,(2),N_(2)[C, + 726z, . (8
 Combining (1), (7) sad (8), ' -
(N, (2) ,N_(2)) [C,* Z(z,x)C_]M(x,2)=(N,(2),N_ (z)) [M(z,x)C +C_]
- This holds fdr.eﬁery incident light field oh X(x,z). Hence:

[c, + Mz, x)C IM(x,2) = [7ZA(z,x)C, + C] (9)

" whence

(10)

- M(x,z) = I:C-l- ¥ W(z,x)c_]'l[”{(_z,x)ci_ * C':l

On the other hand, solving (9) for 77(z,x), we have:
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22,0 [CMx,2) - €] = [c. - ¢ Mex, ]

whence:

M(z,x) = [C_ - CM(x,2)] [C_M(x,z)‘- c,]™? . (11
On taking in}érses of each side of (11):

A = [CMex,2) - ][, ] | . an

Ehii may be solved for M(x,z) to yield a companion formula to
(10): -

M”(x,z)* = [m_(x;z)c*. + C_'_]"‘[C*_ . 77(x,2)C_]| . (13)

Equations (10)-(13) afe the desired connections between
the operators M(x,z), 77(x,z), and 77(2,::) for levels x,z in
X(a,b) with x<z, |

- Invertibility of Operators

The inverse operators in the preceding representations
can be examined in detail so as to allow us to establish some
conditions sufficient to insure their existence. The inverses
generally encountered in computations with (10)-(12) are of
the fornm: | |

[C, + AC]™?
[ac, + c]
[c. - CcA]"Y

[c.a - c,]?

L]

"A" denotes either the // or M matrices so that a, b, c, and
d are generally operators on radiance distributions. To eval-
uate these inverses consider for example the first; we require
a 2x2 matrix with elements a, B, Y, 6 such that:

where:
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el FEILYE

From this are obtained the four equations:
o + by = 1
B+ bs =0
dy = 0
ds = I
which in turn determine the eleménts of the inverse:
a = 1
g = -bd"!
vy = 0
§ = 471 | .

Hence:
t I -bd-'}
C, + AC | = . 14
[ + "] 0 d*l ( )

The remaining three inverses are obtained similarly:

- a-* 0 ' |
[AC+_+ C{]-l ) [-ca" ;] o Y
. -a-! -a-1b ' |
[c_ - C+A] = [ . : ] (16)

[C'A ) C"'.-.l --?1 ) {-:-lc Z"l:‘ . . . ()

From an inspection of this collection of inverses it 1S
clear that their existences depend in turn on the existences

of the inverses of the component operators a and d in A.
When A is M(x,z), this requires the transmittance operators

T(x,z) and T(z,x) to have inverses. In most natural optical
media (oceans, atmosphere), the volume scattering function ©
and volume absorption function a are positive throughout the
media. This property of ¢ and a generally insures the norm
contraction property of I-T(x,z) or I-T(z,Xx) so that under

these conditions the inverses of T(x,z) and T(z,x) exist, Of
course in any specific instance, it 1s good practice to have
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the invertibility of the transmittance operators verified in
detail. In the present discussions our interest is solely in
the algebraic structure of and interconnections between the

various interaction operators, and the discussion proceeds on

the assumption that all required regularity properties are in
force.

Representations for the Components of 7/(x,z), 7/(z,x)

By means of the functional equations (11), (12) for
(z,x) and 77(x,z) we can find explicit formulas for the com-
ponents of these operators in terms of the four standard R
and T operators for X(x,z). Thus let us write:

s (%52) 77/+_(x,z)} for  7(x,z) (18)
7.+ (X2) 7 _(x,2)

- thereby defining, in context, four operator components of
2(x,2). A similar definition is made for 7/(z,x). Next we
observe that the two factors comprising Z7(z,x) in (11) may be
written:

T(z,x) —R(z,x)]

[C_ - C_,_M(x,z)] = [-0 :

and, by (17):

-1 0
[CM(x,2) - C]°" =
o [T-lcx.z)R(x,z) T-I(x,z)]

With these specific representations of the factors in (11),
we have:

T(z,x)-R(z,x)T" ' (x,2z)R(x,2z) -R(z,x)T"'(x,2)

72(z,x) =

T-!(x,2z)R(x,2) o T-1(x,2)

whence
M,.(z,x) = T(z,x) - R(z,x)T"'(x,2z)R(x,2) (19)
M, .(2,x) = -R(z,x)T-"(x,2) . ' (20)
M (z,x) = T '(x,z)R(x,2) ' ' (21)

. _(z,x) = T !(x,2) - . : (22)

Next, we use (12) to find the component operators of 7/(x,z).
The first factor in (12) is:
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| -1 0
C _M(x, - C, | = | -
[ Alxs) ] l: R(x,z) T(X,Z)]

The inverse operator is evaluated by means of (16):

T-3(z,x) -T-! (z,x)R(z,x)}

[C. - CM(x,2) ]~ g [ﬂo T

- Then (12) becomes:

' T-!(z,x) T-1(z,x)R(z,x) ' -
7”(2(,2) = . . .
-R(x,2)T"!(z,x) T(x,z)-R(x,z)T"*(z,x)R(z,X)_
whence S |
7 .. (X52) = T-1(z,x) - (23)
e (x,2) = TH(Z,0R(Z,X) (24)
., (x,2) = -R(x,2)T7"(z,X) - (25)

. _(x,2) = T(x,z) - R(x,2)T"'(z,x)R(z,x) . (26) '
The components of M(x,z) may be represented in two equiv-

alent ways, depending on whether (10) or (13) is used. Using
(10), the factors are, explicitly: | | |

7 ¢4 (25%) é}

. [W(z,x)c+ ) C-] ] lt??--c-(zrx) I

and from (14) with A = Z(z,x):
- BN LR AWCH L AR

Errata [7){(2,2{)0,, + C_]"- = | |
' 0 7%:2(z,x)

Then |

' 7,,(2,%) -7, (2,307, (2,072 (2,x) -7, _(2,)972(2,X)

M(x,z)= . _ | | o .

7)]:1(2,1{)74'_*'(2,:() | | 77(:.1.(3:3)

From this:

M....’.(Z,,x) - %_*_(Z,X)w+_(z,x)w[:1(z,x)- ] (27)
o (2,%) AT (2, X) 28

EFrrata T(z,x)

R(z,x)
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R(x,2) = Z21(z,x) 77 ,(z,x) - (29)
- T(x,2) = 7-1(z,x) , (30)
Alternatively, thg factors in (13) are:
- I 7%_():,2)
[C+ + 777(;{,2)(3_] = -
- ' 0 7 _(x,2)
and from (15): |
;i(x,z) 0

presac, ] el
' 7. (%,2) 704 (x,2) 1
Then

1754 (x,2) Wee(X,2)7), _(x,2)
M(x,z)= -

")7_4.(7{:3)”[;1 (x,2) _71?__ (x,2) "7?_4.'(3(:_7-)7)(;:.(3{:3)7%._ (x,2)

From this:

T(z,x) = 72} (x,2) o (31)
R(z,x) = 77 ..(x,2) 7, _(x,2) _ (32)
R(x,z) =_-27_+(x,2)2?;i(x123 (33)

T(x,2) = W__(x,2) -7, (x, 202 ;1 (x,2) %, (x,2). (34)

The connections between the two sets of representations
(27)-(34) of M(x,z) rest on the fact that 7/(x, z) and (z,x)

- are mutual inverses. The four component equations harbored by~_-7-

7/ (x,2)77](z2,x) =1

provide the necessary explicit link between the two preceding
sets of representations. It is interesting to observe that one
"may go from one set of representations to another by simultan-
"eously interchanging the arguments '"x" and '"z" along with the
subscripts "+" and "-'"., This interchange rule also works for
the sets (19)-(22) and (23)-(26), and also for the functional
equations (10)-(13) (leaving M(x,z) inviolate). The physical
basis of this rule is that such 1nterchanges applied to the
radiance vector (N,(z),N.(x)) and the matrices 71(x,z), 77(z,x)
effectively reverse the incident and response radlances and
the 0perators applied to them,
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The Isomorphism ¢ Between F:(a,b) and G.(a,b)

The algebraic links just established between the opera-
tors M(x,z) and 7%#(x,z) suggest a close overall structural re-
semblance between the members of the set G,(a,b) (i.e., all
M(x,z), with a<x=<2z2=sDb) and the members of the partial group
.. I'a(a,b) (i.e., all ?(x,z), asxsb, a=z=b). We can use
* this strong tie between the two sets to induce a means for
" multiplying together members of G (a,b) in a way that faith-

fully mirrors the natural multiplication of elements of
. T2(a,b). The practical utility of the newly formed multipli-
~cation process will become clear as this discussion nears its
- Close. o

X | Let us denote by "¢(Z(x,z))" the operator M(x,i)ffound
from 77(x,z) using (31)-(34), and let '"¢-! (M(x,z))" denote
- the operator 7#(x,z) obtained from M(x,z) using (23)-(26) e

G, (0,b)

_mix,z)= mix,y) miy,z)

(=¢'Mty.2 |

M{x,z) =¢ {m{x,2))

=M{x,y) * M(y,2)

. FIGS. 7.3 ,7.4 The meaning of the isomorphism between
52 Iz(a,b) and Gz(a,b).
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where, asx=2<b. In this manner we define in context a
function ¢ on part of T'2(a,b) {(call it the upper triangle of
l2(a,b) onto G2(a,b). (That is, we do not define ¢ for all
pairs Xx,z, but only those such that x<2.) This function is
one to one in the sense that to each M(x,z) in G, (a,b) there
is assigned at most 7 (x,z) in the upper triangle of T',(a,b)
for any choice of levels x,z in X(a,b), where Xx=<2z. The term
"upper triangle' of I';(a,b) is suggested by the fact that in
a cartesian coordinate plot of the pairs depths (x,z), those
pairs such that xs2,lie above the diagonal line. (See shaded
region in Fig. 7.3.) An alternate one to one mapping ¥ from
the lower triangle of I';(a,b) onto G2(a,b) is possible using
the systems (19)-(22) and (17)-(20). Either mapping ¢ or ¥
will suffice for our present purposes. We choose to work with
¢ as far as possible. With this choice of (12), (13) may be
rewritten as: |

M(x,2) = 67 (x,2)) = [M(x,2)C, + €] [, + 72 (x,2)C ]

2 (X,2) = cp"l_(M_(x,z)]“? [C_M(x’,z) - c+] [c_ - C_'_M(x,z)]" .

The induction of the multiplication process on Gz(a,b)
is now carried out as follows. Let M(x,y) and M(y,z) be any
two elements of G2(a,b), provided that they have a depth level
in common (e.g., Y, as shown). It seems natural to require
that their "product"” be such that the usual matrix product of

the corresponding operators ¢-!(M(x,y)) and ¢~ (?7(y,z)) in
I'>(a,b) maps back, under ¢, to the required "product'. (See
Fig. 7.4). Thus we agree to write:

"M(x,y) aM(y,z)"  for 6o~ M(x,y))o-t M(y,2))] . (35)

By definition of ¢-! and the one to one properties of ¢:

7 (x,y) = ¢~ (M(x,y))

and:

o (y,z) = ¢ (M(y,2))

Hence:

o (7(x,y)) = M(x,Yy)
¢ (7 (y,2z)) = M(y,z)

Therefore an aiternate,way of expressing (35) is:

o (A (X, )% (y,2)) = o (7 (x,y)) % (?7(y,2)) (36)

This alternate form of describing the star product of elements
of Gz2(a,b) defined in (35) shows how the structure of multi-
plication in G2{(a,b) mirrors that of T'2(a,b). In modern al-
gebra the function ¢ which induces operations such as the op-
eration » is called an isomorphism, the etymology of the word
in this physical case being most appropriate (iso = same;
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morph = form). Under the introduction of the star product,

G, (a,b) becomes a partial semigroup, with an identity opera-
tor of the form M(x,x), and with the associativity property

‘and inverse properties holding.

The Physical Interpretation of the Star Product

| The star product on Gz(a,b) introduced above has a most
interesting physical interpretation. It is worthwhile to pur-
sue this interpretation as it will permit us to tie together
the territory covered so far in this section with that of
Section 7.3. Since M(x,y) describes the reflectance and trans-
mittance properties of X(x,y), and M(y,z) describes those of
X(y,z), we ask: What physical description, relative to X(x,2),
does the star product M(x,y)*M(y,z) represent? The clue to
this description is given by examining (35). The right side
of the definition is simply the image, under ¢, of “(x,z}.
Hence we see that: -

M(x,z) = M(x,y)*M(y,i) . -~ (37)

Therefore the star product of M(x,z) and M(y,z) is the bpera-
tor M(x,z) associated with the union (the sum) of the two con-
tiguous slabs X(x,y) and X(y,z) (as depicted e.g., 1n (b) of
Fig- 7.2)- ' L

Let us find the components of the star product
M(x,z)aM(y,z) directly in terms of the components of the fac-
tors M(x,z) and M(y,z). We begin the derivation with (35).
Thus, by (23)-(26): |

T-l(er) T"I(Y,X)R(Y,X)
¢-I(M(x:Y)]" | | | .
-R(X,Y)T-'(y,x)  T(x,y)-R(x,y)T"" (y,X)R(y,X)

Similarly:

- : T-1(z,y) T-!(z,y)R(z,Yy)
¢-1[M(er)]=
-R(y,2)T-'(z,y) T(y,z)-R(y,z)T"'(z,y)R(z,Y)

The product of these matrices is:

¢__1(M(K’IY))¢-1(M(Y:Z)) = ”{(x:z) oy )

and where:

7., (x,2) =_T"(y.x)Tf‘(z,y) - T (y,X)R(Y,X)R(Y,2) T2 (2,¥)
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-%ﬁ_(x,Z)= T} (y,x)T-} (2,y)R(z,y) + -
+T-1 (¥, X)R(y,X) [T(¥,2) -R(Y,2) T~} (2,Y)R(z,y)]

7l+('x,2)=-R(x;Y)T“(y.x)T"(z,Y) -
-[T(x,y) -R(x,¥)T" ' (¥,x)R(y,x) J [R(y,2) T} (2,Y)]

77..(x,2)= -ROGYITHY,X)T7' (2,Y)R(z,y) + .
+[TEY)REY T 67, %)R(z,)) ] [T(,X)-RO,2) T~ (2,Y)R(z,Y) ]

Each of these may be reduced cdnsidérably-if we use algebraic
formulas developed earlier. For example: | |

7700 (x,2) = Ty, 0 (1 = RO,XR(Y, 2T (2,7)
- = T—I(z!x) ’ | '

- when the last inequality is based on (18) of Sec. 7.3. (See

- also (8) of Sec. 7.3.) In a similar (but slightly more ardu-
- ous) manner the. remaining components may be reduced so that

they may be used in (31)-(34). The net result of the mapping

- back to M(x,z) from ?7(x,z) is: | - :

- M(x,2) ='M-(x;y)*H(y',z) = ._
_J.(z,y,.'x)'r(y,.x) o R(Z:IY)* Q(Z:er)T(Y:z):l-
R('x,y)fﬁ(x_,y,!z)T(y,_x) Uﬂ(xi.er)T(y’ z) .

(38)

- In this way the representation of the star product is rendered
into a mathematically self-contained form by means of the par
tition relations developed in 7.3. The representation is made
particularly meaningful physically by using the complete re-
flectance and transmittance operator for X(x,z), so that each
component of the product can be read directly in terms of re-
flectances and transmittances. We summarize (38) by saying
that: the star product of M(x,y) and M(y,z) is the mathema-
tical form of the partition relations (15)-(18) of See. 7.3
for the medium X(x,z), and therefore containe all the infor-
mation for determining the standard reflectance and transmit-
tance operators of the union X(x,y)UX(y,z) of two contiguouse
mzdia, knowing the respective operators of each component of
the union. |

The Lin!{Betwe_en'”?(a,x,b) and 77/(a,y,b)

Two invariant imbedding operators for X(a,b), such as
’7(a,x,b) and 7 (a,y,b), may be linked by the operator 7Z(x,y)
as follows. The definition of the invariant imbedding opera-
- tor yields the equations:
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(N, (), N_(0)) = (N,(b),N_(2)) (a,y,b)
(N, (x),N_(x)) = (N, (D),N_(a))Z(a,x,b) :

Since

(N,(Y),N_(¥)) = (N+(x),N_(x)]27(x,y) ,

it follows at once from these three equations that:

(N, (b) ,N_(a)) (7(a,x,0) 7 (x,y)) = (N,(b),N_(a)) 7 (a,y,b) .

The incident radiance distributions being arbitrary, we have:

27(a,y,b) = Z(a,x,b) 7(x,y) (39)

for every x, ¥y in (a,b). If the inverse of 7 (a,x,b) exists,

we find: |
| 27Cx:Y) = 27‘1(a’x,b)27(a’y,b) . (40)

which shows how Z7(x,y) is represented in terms of the third
order invariant imbedding operators.

It is interesting to view (39) not as representing a
static link between members of T';(a,b) but as depicting the
transformation of the interval [a,b] into the set TI's;(a,b).
This new view is obtained by first fixing level x, a=x=b.
Then for each choice of y in the interval [a,b] equation (39)
assigns to y the operator 77(a,y,b) in Ts(a,b). In this way
?W%x,-) serves as a mapping or transformation from [a,b] to

3 a,b). |

Building on the preceding viewpoint, equation (39) may
be envisioned as stating four ''principles of invariance” for
the complete & and J operators. Thus, unfolding (39) compo-
nent by component: - |

Tb,y,a) = T(b,x,a)7,, (x,y) + &K(b,x,a)77_,(x,y)
RA(b,y,a) = JT(b,x,a) 77,_(x,y) + A(b,x,a)77__(X,Y)
AR(a,y,b) = X(a,x,b) 74++(x;y)' + J(a,x,b) W/..JX.Y)
T(a,y,b) = R(a,x,0) 7, _(x,y) *+ T(a,x,0) 77_(x,¥)

In the present point of view the & and J operators act
the role the radiances did in the final statements (e.g., Ex.
3, Sec. 3.7) and the components of 7%(x,y) act like transmit-
tance and reflectance operators: those with like signs are
transmittance operators, those with unlike signs are reflec-
‘tance operators. This analogy is exact 1in the sense that an
operatorial theory for the & and < operators can be developed



SEC. 7.4 INVARIANT IMBEDDING ALGEBRA 49

which is essentially parallel to the radiometric theory for
N:+(y). This and still other analogies (some of which are
brought to light below), open up vistas in algebraic radiative
transfer theory which are beyond the scope of this work but
which are potential areas of basic research in the theory.

See Problem X, Sec. 141, Ref. [251]. |

Representations of 7#(x,y,z) by Elements of T,(a,b)

In view of the success in representing the basic opera-
tors M(x,y) by means of the imbedding operator (x,y) (See
(10)-(13)) we are led to seek still further representations
of interaction operators by members of the partial group
I'.(a,b). We shall find that the set TI'2(a,b) is an extremely
powerful set of operators in the sense that virtually all op-
erators in modern radiative transfer theory are representable
by suitable algebraic combinations of members of I':z(a,b). In
the next few paragraphs we shall assemble some evidence 1in
this direction. The formulas so gathered will be employed in
Sec., 7.5 to find various differential equations governing the
interaction operators, equations which should suggest novel

solution procedures in radiative, neutron, and generally
linear transport theory. |

' On the one hand the light field at level y in X(a,b) is
obtained from arbitrary incident light fields at levels x and
Z, Xsy=sz, by the relation:

(N, (), N_ () = (N, (2),N_())Z(x,y,2) .  (41)

On the other hand those on levels x and z are related
by that on level y by using the following operators:

(N, (2),0) = (N,(0),N_(N)) Z(y,2)C,
(0,N_(x)) = (N,(¥),N_() 7y, x)C_
Adding these equations:
(N, (2),N.(x)) = (N, (")L,N.N)[Z (y,2)C, + 7 (y,x)C_]
and using (41): _
(N,(2),N_(0) = (N,(2),N_(0)) 7(x,y,2) [ (7,2)C, +2(y,x)C]

which, in view of the arbitrary nature of the incident distri-
butions, yields the desired representation:

Z((x,y,2) = [Z21(y,2)C, + 272(y,x)C_|' | . (42)

It is interesting to speculate what would happen 1i1f we
allowed the variables x,y,z in (42) to take on any three val-
ues in the depth interval [a,b]. The derivation of (42) by
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~convention (but not essentially) is performed only for the =
depths x, y, z, in the usual order x*y sz within X(a,b). But.
since the operators Z/(y,z) and ?#(y,x) are defined for all |
pairs of depths, and since the inverse of the indicated linear
combination of these operators should exist just as often as
those in more orthodox settings, there now is a way, as indi-
cated by (42), of formally extending the domain of deflnltlon
'of the invariant 1mbedd1ng operators.

A'Canstruttive Extension of the Domain 6f 27(x,y,z)

The precedlng observatlons of the potentlal exten51b£hnr
of the domain of definition of the invariant imbedding opera-
tor 7/(x,y,z) is reinforced by recalling equation (39), in
particular the interpretation of the equation as 1mp11c1t1y :
~defining a mapping which, in effect assigned to each y in the
interval [a,b] an Operator Z?(a,y,b), as explalned above.
Suppose then we write, ad hoe:

n“ii(x,u’z)n'- for ‘W(x’y,z)z/(y;u), . » | (43)

It follows that, as long as we have x=u=z, the operator
7 (x,u,z) is, by (39), simply ZZ(x,u,z). But the product of
the operators in (43) is certainly compatible for any u, given
each factor associated with that u. In this way, then, we can
formdlly extend the domain of 7#(x,y,z) so that the parameters
~.may fall outside of the subinterval [x,z] in [a,b]. Once the
extension 1is fully and unambiguously made, the bar above "z7"

--_1n (43) may be dropped in pract1ce.

The extension just made 1is a aonstructtve extension of
ﬂ(x,y,z) in the sense that, given 77(x,y,z) and Z%(y,u) there
is a definite construction procedure that may be followed in
this case, a simple matrix product effecting the extension.
It should be recalled, of course, that Wf(x,y,z) is in "al-
ready extended" form as it is cut directly from the more com-
prehensive mold of the generalized invariance imbedding rela-
tion. (See the dzscu551on of (76) of Sec. 3.7.) Thus we may
.51mp1y write:

"Axy, )" for  GYizy) C (44)

where X,y,Z are any three levels in X(z,b), and study
71(x,y,2), so formed, as a special instance of the generalized
invariant imbedding operatlon Thus (43) without the bar over
7{ is in the last analysis simply a consequence of the semi-
group property (84) of Sec. 3.7. Further, if one returns to
the derivation of (42) or repeats its derivation, now using
the definition (44) for 7(x,y,z), the same functional rela-
tion (42) would be obtained, and the speculations on the ex-

tension of (42) to general parameters x,y,z, now have a 5011d
affirmative basis.
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Representation of ?Av,z;u,y) by. E'leménts of r's(a,b) and I's(a,b)

We begin the derlvatlons by representlng A(v,z; u,y) as
a product of two simpler operators by means of the semigroup
relation (84) of Sec. 3.7.

2 (v,z3u,y) = 22(v,X;u,X) 7’/(x z,x,y) . (45) '

'in which we have set x = w. With this simple identification
of x and w we have managed to represent 7%/(v,z;u,y) as a prod-
uct of two operators of the extended type m(x,y,z) Thus, |
the first factor (v,x;u,x) in (45)is simply an extended in-
variant imbedding oPerator Z(v,x,u) as defined in (44). The
other factor appears to be the inverse of such an extended
operator. Indeed, using the semigroup relation (84) of Sec.
5.7 once aga1n, 1t is clear that:

7(x,2;X,Y) 77(z,x,y,x) . | (46)
Hence: ' .
'ﬂ7(x,z;x,y) = 2771 (2,X;Y,X)

' - 7V (2,x,y) . ' (47)

It remains only to return to (42) and make the appropriate
substitution of variables to obtain the de51red representation

of 7/(v,z;u,y). Thus from (42): |
2(v,x;u,x) = Z(v,x,u) = [”((x,u)c+ + W(K,VJC_]“- (48)

Once again from (42)

7’/(2 X;Y:x) - 7}7(2 X,y) = [W(X’Y)C "'”f(xrz)c:l . (49)

In view of (47), equation (45) therefore becomes:

AWV, z5u,y) = [77(x,u)C,+ W{(X.V)C_] -1 [ﬂ(x,y)cn MCx,Z)C_]_

(50)
which is the requisite representation of an arbitrary member
of 'v(a,b) by members of I';(a,b), and which holds for every
u,v,X,y,2z in [a,b], provided, of course, that the inverse
operator in (50) exists in a given setting. An alternate form

of (50), using the generallzed invariant imbedding operator,
is:

'7’((v,=;u,y)_ = 7%(v,x,u) %7 ! (z,x,y) . (51)

In equations (50) and (51) the depth variable x is free to be
chosen anywhere in [a,b]. Observe in (51) how the first fac-
tor, as a'generalized'invarlant imbedding operator, maps
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(N+(u),N_(v)) into (N,.(x),N_(x)), and then how the 1nverse
factor maps the latter radiance distribution into
(N.(y),N_(z)). The composite mapping of these functions is
precisely that performed by 7Z/(v,z;u,y). Thus one could al-
most write down (51) by sight if the various ranges and do-
mains of the operator are kept in mind. It is of interest to
compare (51) with (40) which yields a representation of
Z1(x,y) in a similar vein to that of #(v,z;u,y) above in (51).

The representation (50) may be used to yield at once,
under suitable confluence of the variables u,v,y,z, the entire
family of interaction operators considered so far in this sec-
tion. This is left as an exercise for the interested reader.
The derivation of the following alternate representation of
72 (v,z;u,y) by extended members of I';(a,b) is also left to
the reader: | |

(52)

The Connection Between ¥(x,Y) andTZV(s,y)

The interaction operators for media with internally
distributed sources of radiant flux differ fundamentally from
those designed to describe radiative transfer in source-free
media. The origin of this difference was pinpointed in the
equation (31) of Sec. 3.9 for the operator ¥,,(s,y); and the
subsequent discussion of this operator showed that it was dis-
continuous at the point (s,s) of its domain, a property not
possessed by operators of the source-free kind. The operator
¥(s,y) introduced in Example 3 of Sec. 3.9 (of which ¥,,(s,s)
is one of four components) is specifically designed to de-
scribe light fields in a media which have internally distrib-
uted sources. Since we have apparently reached in this sec-
tion a culmination point in the discussion of source-free
media, it would be of interest to relate the operator Y(s,y)
to the basic operator 77(x,y) for source-free media.

We now momentarily abrogate the standing condition a-
bout source-free media X(a,b) made at the outset of this sec-
tion. We postulate instead a source of flux arbitrarily dis-
tributed over level s in X(a,b), a=s sb. The source is rep-
resented as an arbitrary radiance distribution NO(s), whegre
NO(s) is conceptually partitioned into the pair (N9(s),N2(s))
of upward (+) and downward (-) radiance distributions. Then:

the radiance distribution N(y) (= (N+(y),N_(y)) at any level
y in X(a,b) is given, according to (15) of Sec. 3.9, by:

(N, (7)L,N_(7)) = (NQ(s),N2(s))¥(s,y) -

What we must do next is to use the operator “(s,Y),
which is designed for use in source-free contexts, to relate
the radiance distribution at level s to that at level y. It
is important, therefore, to renew acquaintance with the manner
in which the source radiance function N®(s) is viewed in radi-
ative transfer theory. A re-reading of the opening paragraph
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of Example 3, Sec. 3.9 will serve this purpose. We see that
the source is pictured very much like a thin transparent lay-
er of pure light sandwiched between the media X(a,s) and
X(s,b). For true internal sources, we require a<s <b, and
this is the condition used throughout the earlier and the
present discussion. Furthermore, the presence of the source
is detectable in practice by an effective discontinuity of
the.radiance readings of a radiance meter as the meter passes
through the layer containing the sources, However, 1n levels
y of X(a,b) distinct from level s, the general properties of
the llght field are identical with those of any source-free
medium. Therefore, to relate N(y) to the light field at level
s # Y we may use 7(s,y) provided we feed into 27 (s,y) the
total incident light field as it is measured at level s.

This means that the input radiance distribution for 7/(s,y)

is to be N9(s) + N(s), where N(s) is the resultant light field
at level s generated throughout X(a b) by the source NO(s).
Therefore:

(N, (") ,N_(0) = '(Nf(s)_ + N+(s),NE’(s)--+ N_(s))7(s,y) (53)

and this equation holds only for y # s. By setting y = s in.
(53) we obtain a contradiction. Hereln, then, lies the sali-
ent difference between W/(s,y) and ¥(s,y) in general media:
7(s,s) = I, but ¥(s,s) # I; thus ¥(s,s) is that irreducible
core of T(s,y) whose task it is to take specific cognizance
of the presence of the obtrusive layer of light at level s.

With the metaphysics over, we can now proceed to the-
final steps that relate 7/(s,y) to ¥(s,y). Equatlon (53) may
‘be written:

(N (¥),N_(y)) = [(N (s),N_ (5)) * (N, (8D, (5))]7/7(5’”(54)

Setting s = y in ¥(s,y):

(N, (s),N_(s)) = (N2 (s),N2(s))¥(s,s) (55)

which, when used in (54) in conjunction Wlth the equatunm:(ISJ
and (35) of Sec. 3.9, yields (C; for [y- s]< 0):

(NJ(s),N2(s))¥(s,y) = (NJ(s),N2(s)) [C,+ ¥(s,s)] ZI(s,Y)

Since N9(s) is arbitrary, we obtain the desired connection in

the form:
¥(s,y) = [Cy* ¥(s,s)] Z(s,y) (56)

where we use C4y for s<y and C_ for s>y in accordance with
%hﬁ jump property of ¥(s,y) at s = y. C_, are defined in (4),
S).
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- A'Star Product for the Operators ¥(x,y,z)

~ We end the present section on three ascending general

notes, of which the present discussion sounds the first: we

"wish to extend the concept of the star product of the opera-

‘tors M(x,z), as developed in (35), to the invariant imbedding
operators 27(x,y,z). This product, which we found to be the

‘algebraic essence of the partition relations (15)-(18) of
~ Sec. 7.3, serves to show how to combine the interaction prop-
erties of two contiguous media X(a,b) and X(b,c) to find the
corresponding interaction properties of their union X(a,c).
We now attempt to do the same for the complete reflectance
‘and transmittance operators of any two adjacent media.

: Figure-7;5'depicts'the present setting. We imagine a
plane-parallel optical medium X(a,b) to be the union of two
arbitrarily overlapping sub-media: X(a,z) and X(x,b}. Let y

- be any level in X(a,b) such that xsy=z, The problem before

us is: to represent X(a,y,b), J(a,y,b), and 27(a,y,b) in
terms of a suitable algebraic combination of the complete &
and Y operators associated with X(a,z) and X(x,b). The pres-
ent problem is geometrically slightly more general than 1its
counterpart posed in Sec. 7.3 for the R and T operators in
‘the sense that we require not contiguity of X(a,z) and X(x,b)
~ (so that necessarily x = z), but merely intersection of the
media (so that x=z). ' -- -

The incident radiance distributions N_(a) and N_(b) on
X(a,b) generate a light field at general levels Xx,y,z in
X(a,b) which may be computed several ways depending on which
medium one envisions the levels to be in, i.e., as light
fields in X(a,b), or in X(a,z) or in X(x,b). Thus Ni(y), as

E ------ -w_-—i—-_: x
; --nlii-___ﬁ—_ y -lttlllliE

z Wiillilllllii
........ #. b

FIG. 7.5 ‘The setting for the star product in I';(a,b).
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--_radlénce dlstrlbutlons in X(a,b) aie given by o
N, ) = N_(a) R(a,y,b) + N,()T(b,y,8)  (57)
N.(y) = N_(a)J(a,y,b) * N, (b)&?(b,y,a) (58

“which follows at once from the invariant 1mbedd1ng relation.
for X(a,b). On the other hand, the distribution N+(y) con-
sidered as being in X(a z), 1s given by:

N,O) = N_(8)R(a,7,2) + N (DT (y,0) 9
and N;(y), considered as being in X(x,b) is glven-by. o
N_(y) = N.(x)T(x,y,b) + N (B)R(b,y,x) ~  (60)

'whlch are the results of applying the invariant imbedding op-

erators of X(a,z) and X(x,b), resPectlvely Now: the dlStrl“,  .'

butions N,(z) and N_(x) appearing on (59) and (60) can be
found by solving the system: | o

N,(2) = N_(x)R(x,z,b) + N, (b) J(b, z,x) (1)
N_(x) = N_(a)T (a,x,z) + N_ (z)ﬁ?(z,x a) ' (62)
which is derived similarly to (59), (60) by con51der1ng level
X as occurring in X(a,z) and level Z as accurrlng in X(x b).
. The solutions are: o

N (z) =

m]'_N (a)JTa,x z)a(x z b)+N (b).T(b 2,x)} [I-ﬁ(z x a)ﬁ(x,z b):l"'1 _
' (63)-'.' '

N_(x) =
=[N_ (a).T(a X, Z)+N (b)T(b,z x)@(z,X.a)] [I ﬂ(x,z b)ﬂ(z X, a)]";—_:-

‘These equations should be compared with (9), (10), (25) and
(26) of Sec. 3.7 and (49), (50) of Sec. 3.9 for structural
51m113r1tles. L

Next consider the two alternative ways. of describlng
N+(y) in (57) and (59). If these two expressions for N+(y)
are equated and if N,(z) as given in (63) is used, then since
N,(b) and N_(a) are arbitrary, we derive the follow1ng two :
operator equat1ons as a result: -

- ﬂ(arY:b) ®

=ﬁ(a,y,z)+7(a X z)@(x Z,b) [I K(z,x,a)ﬁ(x z b):]”r*-f-'.___f'ﬁf-(z,y,a)

o (68)
J'(b,y,a) = I(b,z,x) [I-&A(z,x a)acx,z b)]":r(zmal (66)-;
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These two equations constitute a rather interesting generali-
zation of (15) and (18) of Sec. 7.3. For by letting y = z in
(65) and (66) we have: |

.g(a,z,b) = J’(a,x,z)ﬁ(x,z,b) [I- ﬁ(z,x,a),ﬁ(x,z,b)]-l |
(67)

T(b,z,a) = T (b,z,x) [I-QR(z,x,a) R(x,2,b)]"" (68)

and these representations may be plowed back into (65) and
(66) to yield the following compact forms of (65),(66):

R(a,y,b) = R(a,y,z) + A(a,z,b) T(z,y,a) (69)
7 (b,y,a) = < (b,z,a) J(z,y,a) . (70)

and

The latter equation is simply the semigroup property (52) of
Sec. 3.7 for the 7 operator. However, (69) is a relatively
novel equation, much in the way (15) of Sec. 7.3 was a new-
comer to the semigroup scene in that setting. Equation (69)
will be used at crucial points of the investigation in 7.13.
" The analogy between the present derivation and those leading

to (15) and (16) of Sec. 7.3 appears to be a throughgoing
one, on the strength of which we can write down the remaining
two correspondents of (16) and (17) of Sec. 7.3:

J’(a,y,b) = j(arxrb)j(x!Y:b) - | | (71)
R(b,y,a) = Rb,y,x) + ARb,x,a) T(x,y,b) (72)

where

J(a,x,b) = TI(a,x,z)[1-A(x,z,b) A(z,x,a)]* (73)
AR (b,x,a) = T(b,z,x) R(z,x,3) [1--AR(x,2,b)R(z,x,a)] " (74)

The requisite star product for the invariant imbedding
operator 7/(a,y,z) and 7(x,y,b) associated with the sub-
media X(a,z) and X(x,b) may then be defined as follows. We
write: | |

" (a,y,z)* 7(x,y,b)" for 7(a,y,b) (75)

where 77(a,y,b) in (75) is constructed from the operators of
7(a,y,z) and 77 (x,y,b) using (69)-(72) in which X (a,z,b),
J(b,z,a), J(a,x,b), and A(b,x,a) are as given in (67),(68),
(73) and (74), respectively. Thus: .

77(a,y,b) = 77(a,y,z)* 7 (x,y,b) =

J(b,z,8) T (z,y,3) R(b,y,%) +a(b,x,a)1(x,y,b)]
Ra,y,z)+A(a,z,b)T(z,y,2) J(a,x,b)J(x,y,b)
N (76)

This star product will be used subsequently in the
study of irradiance fields in interacting media (cf. (91) of
Sec. 8.7).
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FIG. 7.6 The star product of invariant imbedding op-
erators can be defined for arbitrary media.

Recall that the depth variables x and z in (75) are
arbitrary, subject only to the condition x=sy=z, i.e., that
the media X(a,z) and X(z,b) overlap, and that y be chosen in
the intersection of these media. Equation (76) is to be com-
pared with (39), |

The power of the present algebraic approach to radia-

- tive transfer theory can be appreciated in some detail if we
now turn to the general invariant imbedding relation (51) of
Sec. 3.9 and observe that all activity we have gone through
to reach (76) can be repeated for the general medium X of
examples 4 and 5 of Sec. 3.9. Thus if we have a medium X
with two overlapping submedia A and B of a one-parameter medi-
un as in Fig. 7.6, and more generally, if we have two media

X and Y which intersect in a region z as in Fig. 7.7, then we
can form a star product of the invariant imbedding operators
of X and Y to obtain the invariant imbedding operator of their
union XUY, in exact analogy to (76).

In view of these observations, the possibilities for
further exploration of the ‘algebraic theory of radiative
transfer are clearly mounting in number and in depth. The
possibilities branch off into topological and algebraic direc-
tions which, if kept bound together by suitably defined con-
cepts, will raise the theory of radiative transfer the re-
maining distance to its logical haven: a possible general
theory of linear transport processes. Such a pursuit is un-
fortunately beyond the scope of the present work, and we rest
the matter here. | R |
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FIG. 7.7 A genEral'setting_for'the star'prbduct of
interaction operators in general optical media. - -

Possibilities Beyond M(v,x;u,W)

In this the penultimate note of the present section,
the possibility of operators more comprehensive than those in
r'v(a,b) will be considered. We shall show that such possibil-
ities of arbitrarily great comprehensiveness are easily con-
structed. However, in a sense, such generality is no longer
needed now that operators like Z/(x,y) harnessed 1n parallel
have been shown to have sufficient computational power (cf.
(50), (51) and (52)) to do everything 2(v,x;u,w) can do.
For simplicity, we shall remain in the setting of one-parame-
ter media during the present discussion.

To see what direction we may take in generalizing

2 (v,x;u,w), let us return to its definition in (56) of Sec.
3.7. Recall that the primary motivation for 772(v,x;u,Ww) was
the need for an operator which would take as input the pair
(Ny(u),N_(v)) of radiance distributions on arbitrary levels
of u and v in X(a,b) and yield as output the pair (N, (W),N_(x))
on still two more arbitrary levels w, x in X(a,b). In this |
way we achieved a comprehensive, symmetric setting for all
classical operators. In particular, these choices of 1input
and response distributions constitute the natural generaliza-
tion of the classical type of inputs and responses of M(x,y)

(c£. (2) above) and the general invariant imbedding operator
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2 (x,y,z). Having thus extended the input and output types
to a reasonably general kind (there is still room beyond here
too--consider, e.g., partitioning £, and £_. into many and
sundry pieces) we turn to consider the effect of an increase
in the number of levels. Thus, suppose we ask for an operator

which takes as input the Zm component radiance vector:
(N+(UI),N_(V1);N+(02),N_(V2); cee 3 N+(um)rN_(Vm)] (77)
and yields as output the 2n component radiance vector:

(N, (W) )N_(x) 3N, ;) ,N_(X,) 5 v 5 N+(wn),N_(xn)) (78)

where “li +osUy and v ye eV aTe 2m arbitrary levels in o
X(a,b) and WiseeesWp %nd X ,...,xn are 2n arbitrary levels in
X(a,b). N,(uij) is as usuai the upward radiance distribution

over level uj. Similarly with the other radlances. Then the
interaction principle supplies an operator 5

:Zf(v',x e 3 VisXq3Uo,Wos wus ulwl) (79)

Wthh is a Zm x 2n matrix of 0perators of Wthh 2mn are -
J-1like and 2mn are &X-like (which we need not dlsplay here)
and which clearly reduces to “7(v,x;u,w) by setting m = n = 1,
We shall now show that the operator (79) can be represented

as a linear combination of generallzed invariant imbedding
operators of the form 7/ (vi,Xj;uj . Then, in view of (50),
the algebraic representation of %79 in terms of members of
the partial group I';(a,b) will stand established.

The key to the desired representation of (79) rests in
the following two partitions of identity operators:

- L C. [trn C, ] (80)
i=1
1l

InL = gl D:i [trn Dj] . (81)

¥here Ci 1s a 2m x 2 matrlx and Dj is a 2n x Z matrix of the
orm: |

0 0
) j ;
I |= Ci' 2n I | = Dj (82)
0 0

end'where "0" denotes the 2 x 2 zero matrix and "I" the 2 x 2
- 1dentity matrix considered earlier (e.g., in (3)). The
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notation ''trn Ci" denotes the transpose of Cj, i.e., 2 x 2m

matrix obtained by turning C; on its side so that the identity
operator I, in Cj 1s the ith matrix counting from the left as

usual. That (30) and (81) represent, respectlvely, the
2m x 2m and the 2n x 2n identity matrices is readily estab-
lished, and is left as an exercise to the reader. Observe
also that [trn Ci]Ci is the 2 x 2 1dent1ty matrix I, for

every i,
The operators C; have the useful proPertles that:
(N, (u;),N_(v;)) = acC;
(N_’.(Wj),N__(Xj)) = b Dj
for 1si<m, 1<j<n, and where "a" and "b'" denote (77) and

(78), respectively. We shall continue to use these abbrevia-
tions "a'" and "b" in the remainder of this discussion.

Now, we know how to relate (N;(uji), N_(vji)) and
(Ne(wj), N, (x )). Such relating is the speC1f1c task of

zy(vl,xJ,ul,wJ) Thus: _ _
(N+(wj), N_(xj)] = (N+(ui),N_(vi))27(vi,xj;ui,wj) . (84)

(83)

- In other words (84) states that:

b D = a Ci”’ij (85)
where we have written, ad hoe:
”Z?ij". for 27(vi,xj;ui,wj) . (86)
Equation (85) therefore suggests that we start with:
b=a%2 |, (87)

where "2 " at present denotes (79), and insert the 2m x 2m
identity operator Iy, in the form (80), between a and # in

(87) to obtain: m

b=a ) c;[tm ;) 77 . (88)
i=1

Once this is done we operate on each side of (88) with Dj to
obtain:

bD. =a z Ci{[trn Ci] /4 Dj} : (89)

J i=1

It is clear from (89) and (85) and the fact that these equa-
tions hold for every incident radiance vector a, that:

ﬁ(ij = [trn C.] X D, . (90)
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In this way we see the 2x2 operator matrix #7j; is a special
case of 7. Going on with the present analysis of (87), we

operate on each side of (89) with trn Dj and sum over all j.
Thus: - |

n ' n m. -
b=b/,D.1| D.| = . /. . R :
jzl J{trn_ jl = a jgl :'LZ=1C177/13 [trn DJ] (91)

_Again, since a is arbitrary, we have, from (87) and (91):

(92)

By means of this equation, we see that # is representable as
an mxn block matrix with 77;; as the element in the ith row
and jth column.

Equation (92) is the desired representation of # in
terms of 74;:, i.e., in terms of the members of T'y(a,b).
Thus we see %hat3”(may be represented by a suitable algebraic
combination of elements of I';(a,b), using (50).

Possibilities Beyond T'; (a,b)

We conclude this section with some observations on the
possible direction in which the notion of the partial group
r(a,b) for a plane-parallel medium X(a,b) may be extended.

An immediate extension of I';(a,b) may be made to a
one-parameter three-dimensional optical medium in which "a"
and "b" are indices of the two-parameter surfaces bounding
the general curvilinear medium X(a,b). The resultant alge-
braic structures are isomorphic, (i.e., algebraically ident1-
cal) to that of the plane-parallel case and so will not be
explicitly considered.

An extension of I'2(a,b) beyond one-parameter media
would be to an arbitrary connected medium X in which "x'" and
"y'" in /(x,y) now denote two arbitrary points of X or possi-
bly small subsets of X. We shall call x a point in either
case in what follows. This extension is of great physical
interest and we pause to examine it using formal operations
in just enough detail to see how the generalization may go.

Let X be an optical medium in three-dimensional Euclid-
ean space, i.e., the space which represents an ordinary every-
day world. Within X we can simulate portions of the earth's
atmosphere, or its seas and lakes. Let N® be the incident
radiance function on X and N the associated response radiance
function on X. Then the interaction principle supplies an
interaction operator 77(x) which maps N© into N:

N = N°Z7(X) . - 093)
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The reader will recall that N is a function which
assigns to each x in X and § in % the radiance N(x,§) at x 1in
the direction £. Thus, from N we can obtain the radiance

~distribution N(x) at point x. Let E(x) be the operator which
assigns to point x in X the radiance distribution N(x) at
point x as induced by the radiance function N. Thus:

N(x) = NE(x) : | (94)

In other words, E(x) 1s a continuous (or generalized)
version of C; or D; introduced in (82). Conversely, from
knowledge of N(x) it each point x of X, we can reconstruct N,
Let "trn E(x)'" be the operator such that:

= [ [1EG) [trn E(O] dV(x) (95)
X

where I is the identity operator (transformation) on the vec-
tor space V(X) of all radiance functions defined on X. (The
use of vector space concepts was introduced in an earlier
discussion; see Example 15 of Sec. 2.11.) We shall not go
into the details of construction of the operator trn E(Xx).

It will suffice to note that it is intended to be analogous

to the transpose operators discussed in (80) and (81) and may
be constructed using theorems A,B,C of the interaction method
~in Sec. 3.16. Using this partition of I in (93) we have:

N = N°I 7(X) = [ N°E(x) [trn E(x)] 7#(x) av(x) . (96)
X | -

Applying the operator E(y) to each side of (96) we have:

N(y) = NE(y) = IN°E(X) [trn E(x)] Z#(x) E(y) dv(x). (97)
. X
Let us write:

" (X;x,y)"  or "#°(x,y)" for

[11 e B 72700 B aVEn) (98)
X | .

Then (97) can be written as:

NGY) = NO(x) 770 (x, ) (99)

N°(x) = NYE(x) . ~(100)

We shall now assume that the operator 779(x,y) is one to one

for every pair (x,y) of points in X, in the sense tgat two
‘distinct incident radiance distributions N;°(x), N2 (x) al-

ways are mapped into distinct corresponding response radiance

where:



SEC. 7.4 INVARIANT IMBEDDING ALGEBRA 63

distribution functions Ni(y), N2(y) using (93). By distinct
radiance distribution N;, N, it shall be understood that for
some set £, of directions in E, [_. [N;(x,E)-N2(x,E)] dQ(&)>0.
Matters can usually be arranged ~° so that an optical medi-
um X can be partitioned into pieces Xj over each of which the
operator 79(Xi;x,y) is one to one. Hence no essential loss
in generality will be engendered in what follows if we assume
7M°(X;x,y) is one to one over an arbitrary optical medium X,
The one to one groperty of 77°(x,y) is used to insure that
the inverse (Z°(x,y))"! of 7°(x,y) exists. For, once this
inverse is available, we can directly relate any two radiance
distributions in X. Thus, from (99) used twice: |

N(y) = N°(x) 7°(x,y)
N(z) = N°(x) 7°(x, z)

whence:

NOY) (Z7°(x,y)) ™ = N(z) (7°(x,2)) "

whence again:

N(z) = N(yY) (7 °(x,y)] " 7° (x,2)

which holds for every x in X, so that if we_write:

Ayt for  [MOxuM]T 7O,z (101

1 N2 = N 7y, 2) - (102)

for every pair y,z of points in X. In this way we generalize
the invariant imbedding operator 77/(u,x) of Sec. 3.7 to a wid-
er geometric setting, i.e., to one in which x and y are not
surfaces, but possibly points or subsets of X. We retain the
‘notation "77(x,y)'without fear of confusion with the simpler
concept in the present discussion. Recall that x and y are
now pointe or subsets of X rather than depth parameters for
surfaces. We shall denote the set of all 77(x,y) with x and

y in X, by '"T2(X)." .

It follows at once from (10l1) that the operators
(x,y) in T'2(X) form a partial group in the sense explained
in the discussion around equation (79) in Sec. 3.7. Hence
I'2(X) is a proper generalization of TI';(a,b).

Several directions of further development of (102) are
possible at this exploratory stage of the analysis., For ex- -
ample, using Stage II of the interaction method we can repre-
sent 7/(y,z) as an integral operator over £, Alternatively,
we could partition 7(y,z) into a 2x2 matrix analogously to
the partition in (18) for the plane-parallel case, and develop
a theory for 77(y,z) analogous in every detail to that be-
tween (18) and (92) above, but now for the general medium X.
Since this is representative of a nontrivial extension of the
invariant imbedding group TI;(a,b) to more general settings,
we shall now explore the initial details of such an extension,

we have:



64 INVARIANT IMBEDDING TECHNIQUES ~ VOL. IV

In the plane-parallel case we had the terrestrially-
based coordinate system as a frame of directional reference
for the partition of 77(x,z) as shown in (18). In the present
case there is no preferred or pre-existing coordinate frame
from which to launch the construction of the present counter-
parts to 777....,.()(,2), }}/.1.'.(1(,2), }}f--l-(xrz): and 7?__()(,2).‘
Therefore for the first stage of the present extension we
simply assign to each point x in X a partition Z,(x), EZ2(X)
of £ into two parts. This partition can follow any rule, so
that Z;(x) need not be a hemisphere. Once the partition is
specified at each x in X, the radiance distribution N(x) 1is
restricted to E;(x) and Ez2(x) resulting in N;(x) and N:(x),
respectively--in complete analogy to the N4+(y) and N_(y) of
the plane-parallel case. This partitioning of N(x) at each X
in X into the pair (N1(x),N2(x)) in turn induces a cleavage
of 77(y,z) into a 2x2 operator matrix such that:

77(11()’12') 77712()’:2)
277(y,2) = . (103)
77721(Y:z) 7)722()’:2) .

The details of this partitioning of “7(y,z) are very much like
those used to establish 7#9(y,z) from 7%(x) above or Mij

from 77 in (90), except now (95) is replaced by a formula-like
(80):

2
I = Y C.[trn C.] (104)
i=1 1 1 | -

where C;, i = 1,2, is the operator which assigns N; (y) to
N(y), so that the Ci are like C+ and C_ in (4), (5). Indeed,
the partition (103) is obtained in precise analogy to (92)
for the casem = n = 2, Hence we may refer the reader to
equations (80)-(92) for the general outline of the details.

With this decomposition (103) of ?Zﬁy,z),_equation
(10Z) may be written: |

77 11(y,2) ;2712fY:z)
(N; (2),N2(2)) = (N1(y),N2(y)) ' *

21(Y,2) 7722(Y:Z)
| (105)

As a specific instance of (105), let &?(y,z) be a smooth di-
rected path in X connecting point y to point z (in that order).
Once (y,z) is specified then any poilnt X along it is located
by a single parameter--the distance of x from y along the
curve, and the tangent to the curve is given the usual sense
at X. See Fig. 7.8. At each point x of &(y,z), let E(x) be
the tangent to the curve. Then let Zy(x) and Z2(x) of the
general discussion above be =+ (E(x)), E_(8(x)), ?espectlve}y,
where 5,(E(x)), it will be recalled (Sec. 2.4), is the hemi-
sphere of £ consisting of all directions &' such that

Eteg(x) 20, and E_(E(x)) consists of all &' such that
EteE(x)=0. With these assignations of E;(X), Z,(x), the
formula (105) takes the form:
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= _(x)

FIG. 7.8 Extending the 7/(x,y) operators to general
geometries. |

- 2..s2) 77, _(y,2)
(N, (2),N_(2)) = (N, (),N.(N) | , (106)

777, (y,2) W{__(Y,Z)

where N,(x) and N_(x) are now the restrictions of N(x) to
2. (E(x)) and Z_(&(x)), respectively. Thus (106) is formally
indistinguishable from its plane-parallel counterpart; fur-
thermore the algebraic properties of 7(y,z) in (106) are
identical to those of its algebraic counterpart and (106) re-
duces to the stratified plane-parallel case when & (y,z) is
the straight path from level y to level z and such that

&#(y,z) is perpendicular to the parallel planes of X(y,z) in
X(a,b). As we shall see in Sec. 7.11, (106) reduces the type
of solution procedures used for light fields in a general me-
dium X to those used in plane-parallel media, with arbitrary
lighting and optical conditionms. | |

In the preceding explorations of the possibilities be-
yond lz2(a,b) there is a general pattern forming for one such
family of extensions. We conclude these explorations with a
summary and review of the incipient pattern for the case of
an arbitrary subset S of a medium X. The formation of the
extensions begins with an invocation of the First Stage of
the interaction method. This yields the generic equation:

N = N°Z/(S)



66 INVARIANT IMBEDDING TECHNIQUES . VOL. IV

where S may be all of X or a proper part of X. Furthermore
‘N may now be radiance functions for polarized light, and may
depend explicitly on scattering with change in wavelength, ;
etc. Hence X may be more than three-dimensional. Let us as-
sume X is n-dimensional. (See opening remarks, Sec. 99 of |
Ref. [251].) Using the technique of decomposing the identity
operator, as in (80), (81), (95), or (104), the basic equa- .
tion (107) can be systematically taken apart leaving an op-
erator which forms a mémber of a new partial semigroup I'2(S).
~ The ways in which (107) may be so analyzed are manifold. The
examples cited above show that the partition of the identity .
operator may be over spatial variables (as in the case of
(80), (81), and (95)) or over directional variables (as 1in
the case of (104)).  The work of Ref. [251] shows how the
partition of the identity operator may in other contexts be
over the location space of a discrete optical medium (Sec. 90,
Ref. [251]) with the resultant generation of the local opera-
tor YO analogous to Z27° in (98). In addition, the technique
of partitioning the identity operator ‘is applicable to the
polarized radiance context (Sec. 114, Ref. [251]) and also
the heterochromatic radiative transfer and even the general
Markov-process context of general radiative transfer of equa-
tion VII, (Sec. 119 of Ref.[251]). With these examples in
mind let us assume a quite general partitioning of the identi-
ty operator I on the vector space of radiance functions on S,
thus: o I | |

1= J [ 1C(x) [trn C(x)] dV(x) S (108)
. S . ' | I

where now x is a point of the subset S of the n-dimensional

space X, and V is the volume measure on X. (The various di-
mensions of X may arise from the various parameters needed to .
describe N--location variables, direction variables, polari-
zation parameters, wavelength parameters, etc.). The opera-
tors C(x) are analogous to E(x) in (95). Therefore we write:

"N(x)" fOTZ hccx) | o N  _ (109)-

in complete analdgy to'the.earlier'special,cases of N(x).

- Next we insert I, in the form given by (108), between
N© and 77(S) in (107) to obtain: - _

‘N = N°1 /(X)) = I NOC(x)' [trn C(x)]Z(S) dV(x) . (110)
| g | |

By (109) we have: _ _
N°(x) = N°C(x) (111)
and in analogy to (98) we write: '

"7°(Six,y)" or  "A°(x,y)"  for

Ix[ ] [tra C)]Z2(S)C(y) dV(x) . (112)
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Therefore, upon operating on each side of (110) with C(y) we

have: |
| N = Nx)Z%(x,y) | . (113)

Assuming the integral operators'ZVO(x,y) to be one to one for
every X and y in S we define:

"'7/f(y,2)" for [Z°(x,y)]1 71 °(x,2) (114)

in analogy to (101). The collection T;(S) of all operators
Z#(y,2), with y,z in S is seen to be a partlal group as in

the earlier instances; so that for every y,z in S:

| N(z) = N(y)?/(y,z_)_ ' (115)

which holds for an arbitrary radiance field N in S.

Further partitions of the identity can now be made on
the vector spaces of radiance distributions with elements
N(x), x fixed in S. For example, if x is simply the spatial
variable then further partitioning of the direction space or
wavelength space can be made if desired. Thus in general,
let Da(x) and DB(x) be operators such that:

1) = [ (1 D,0x) [tmn D (1)) du(a) (116)

is the partition of the identity operator on the vector space
of functions N(x) at x in X. The space A is the space (either
discrete or continuous) which is being partitioned and u 1is
the measure, and could be direction space or wavelength space,
etc. Let us write:

"N (x)" for N(x)D,(x) | - (117)

and

"7;7(;8(8;5’)’)" or _"MaB(x’y)" for H[trn DQ(X)]W(X,)’)DB(Y) .
(118)

The functions Ng(x) with o in A; and 77 g(x,y) are generali-

zations of Nl(x), and 77 ;;(x,y) in (105? where now the space
A 1s quite arbitrary. % also the discrete example (85) of

[118] . Then to see how far these generalizations can go, we

return to (115) and observe that we may write:

N(z) = N(y)YI(y)?/(y,z)

[ NOID, ) [txm D (N1 770y, 2) du(e)
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Operating on each side with DB(y):
Ng(2) = [ NOIDL () [tmn D)1 770y, 2)Dg(y) dua) .
A ' 3
Hence:

N (2) = | Ny Z7,5(7,2) du(@) (119)

for every a,B in A. Operating on each side of (119) with
{trn DB(z)] and integrating over A:

N(z) = [AN (t) du(p) =

N[ [ 110,00 755 (23 (txm Dy ()} au(e) au(®)

Since N(y) is arbitrary, we have from this and (115):

22 = [ [ 110,00 77,5 (7,23 [rm Dg(2)] du(a) du(e)
g _

(120)

which is one of the possible generalizations of the type to

which (92) belongs. ' This concludes the summary and overview
of a possible general method of constructing partial groups

I's(S) of operators on the subset S of the optical medium X,

The problem of generalizing T;(a,b) to I'2(S) will be consid-
ered once again in Sec. 7.11.
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7.5 Analytic Properties of the Invariant Imbedding Operators

We now continue the work, begun in Sec. 7.1, of deriv-
ing the differential equations governing the main invariant
imbedding operators. In particular we shall derive the var-
jous functional differential equations governing the opera-
tors #(x,y), 7/(x,y,z), and Z/(v,x;u,w). Since these opera-
tors are in turn 2x2 matrices of operators, each such differ-
ential equation is a potential plethora of differentlal equa-
tions for its component operators. Such a superabundance of
‘operator differential equations would constitute an embarrass-
ment of riches for the theory were it not for the insight
gained into such operators in the preceding section. Indeed,
our studies there showed that the operators of the form
27(v,x;u,w) could be studied in terms of those of the form
7(x,y,z), and the latter in terms of those of the form
777(x,y) . Hence the operators 77(x,y) emerge as the undisputed
victors in any contest of conceptual simplicity and inherent
power of representation. In summary, then, it was slhiown how
the members of T2(a,b) could represent, via simple algebraic
formulas, all the other invariant imbedding operalors of
T's(a,b) and Ty(a,b), plus the operators of Gz2(a,b), and even
the classical R and T operators. Hence the multitude of
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