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Operating on each side with DB(y):
Ng(2) = [ NOIDL () [tmn D)1 770y, 2)Dg(y) dua) .
A ' 3
Hence:

N (2) = | Ny Z7,5(7,2) du(@) (119)

for every a,B in A. Operating on each side of (119) with
{trn DB(z)] and integrating over A:

N(z) = [AN (t) du(p) =

N[ [ 110,00 755 (23 (txm Dy ()} au(e) au(®)

Since N(y) is arbitrary, we have from this and (115):

22 = [ [ 110,00 77,5 (7,23 [rm Dg(2)] du(a) du(e)
g _

(120)

which is one of the possible generalizations of the type to

which (92) belongs. ' This concludes the summary and overview
of a possible general method of constructing partial groups

I's(S) of operators on the subset S of the optical medium X,

The problem of generalizing T;(a,b) to I'2(S) will be consid-
ered once again in Sec. 7.11.

7.5 Analytic Properties of the.Invariént Imbedding Operators

We now continue the work, begun in Sec. 7.1, of deriv-
ing the differential equations governing the main invariant
imbedding operators. In particular we shall derive the var-
jous functional differential equations governing the opera-
tors #(x,y), 7/(x,y,z), and Z/(v,x;u,w). Since these opera-
tors are in turn 2x2 matrices of operators, each such differ-
ential equation is a potential plethora of differentlal equa-
tions for its component operators. Such a superabundance of
‘operator differential equations would constitute an embarrass-
ment of riches for the theory were it not for the insight
gained into such operators in the preceding section. Indeed,
our studies there showed that the operators of the form
27(v,x;u,w) could be studied in terms of those of the form
7(x,y,z), and the latter in terms of those of the form
777(x,y) . Hence the operators 77(x,y) emerge as tiie undisputed
victors in any contest of conceptual simplicity and inherent
power of representation. In summary, then, it was slhiown how
the members of T2(a,b) could represent, via simple algebraic
formulas, all the other invariant imbedding operalors of
T's(a,b) and Ty(a,b), plus the operators of Gz2(a,b), and even
the classical R and T operators. Hence the multitude of
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operators can be reduced, formally at least, to just those in
r;(a,b). This power of representatlon of the members of
I'2(a,b) will be used again in the present section to derive
the requisite differential equations for all invariant im-
bedding operators from those for ?7(x,y). From these differ-
ential equations, in turn, the operators may be systematically
constructed by various solution procedures using the inherent
optical properties of the appropriate media.

Throughout this section, unless otherwise stated, we
‘shall work with an arbitrary source-free plane-parallel medi-
um X(a,b), a=b, with arbitrary incident radiance distribu-
tions N.(a) and N4(b) over the upper boundary:xa and the
lower boundary X, respectively. As in the case of Sec. 7.4,
the present results are readily generalized to wider settlngs,
namely general one-parameter settlngs and general unparameter-
ized optical media. Also, as in the case of Sec. 7.4, the
exposition is primarily heuristic, with rlgorous developments
left for future study.

Differential Equations for Z7(x,y)

| Starting with the basic equatlon concerning the opera-
tor /(x, y) , namely:

N(y) = N(x)Z7(x,Yy)

introduced and studied in Ex. 7 of Sec. 3.7, we apply the
differential operator d/dy to each side of this equation,

where the dlfferentlal Operator occurs in (1) of Sec. 7.1,
Thus:

| M = ..a_ (N(x) W((x’y)] = N(x) (M) Y

dy oy

For the reader unfamiliar with analytic (i.e., differential,
integral, and general limit) operations on operators, we may
note here that the rules governing these operations are the
same in all essential respects as those for the everyday type
of function encountered in the domain of elementary calculus.
Hence for the purposes of the present discussion, the reader
will require no more advanced techniques than those encounter-
ed in such a domain, Needless to add, however, the physical
content of the ensuing statements are far from trivial and
are worthy of further analysis and appllcatlon

Contlnulng now with the derivation, we use (9) of Sec.
7.1 to reduce the preceding result to: |

dz L = Ny X(y) = N(x) $2Y)
y _ , dy

Using the basic equatlon for ZV(x,y) once again, we obtain:

N(Y) K(y) = (NGO (x,y)) K () = N(x) —”’—fii‘-il .
)4
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Under the present lighting conditions, N(x) is arbitrary so
- that: o -

(1)

which is our first main result and which holds for arbitrary
. x,y in X(a,b). This differential equation for 7#(x,y) harbors
“the four differential equations for its four components, which
are operator-valued functions. For future reference, these

arc.

47, (x)

d = (X, y)t(y) + 7y, _(x,y)p(y) : (2}
d77_, (x,Y) -

- — = 7, (x,y)t(y) + 7 __(x,¥)e(Y) (3)
y

o7 __(J(,Y) | | . - o
—- 74....,.():,)’)'9()?) + 77, _(x,y)T(y) - (4)

-y
97 _ _(x,Y¥)
oy
Observe how (2),(4) and (3),(5) are autonomous and indeed are
copies of (5),(6) in Sec. 7.1. Hence (72.,,,7+.) pair with
(N+,N_) as do also (Z .+, 7 --). The initial value of
(7 +4,77,_.) is (I,0), while that of (77 .+, 7/ _..) is (0,I).
A companion equation to (1) (its adjoint) is obtained
when the differentiation is performed with respect to x rather
than y. To obtain the companion equation observe that:

0 = _d.... I = -2- [M(Y’X)W(X:Y)]
dx dX '

= ?.”%Z.ﬁ'}ﬂ(x,y) + (y,Xx) E—”—(Jam N
X o X

= 7)., (x,y)e(y) +7y__(x,Y)r_(y) . (5)

tHlence: o
AX,Y) = pix,y) UK rix,y) (6)
0X |

90X
~ Applying (1) to the derivative on the right in (6) we have
3ZXY) = - 71(x,y) [y, )R (X)) (,Y)

| | 3Xx
whence:

O (X,¥) = - (x)77(x,Y) - (7)

3X




SEC. 7.5  INVARIANT IMBEDDING ANALYSIS 71

Equations (1) and (7) are reducible to nxn matrix equations
using angular discretization techniques such as those to be
described in Secs 7.7, 7.9 and 7.10. The initial values are
of course in each case 77(x,x) = I, the identity+matrix. The
four functions taken in the above pairs comprising 27, are
- called the fundamental solutions of the equation of transfer.
As we have already seen in 7.4, by judicious linear combina-
tions of these solutions, we can obtain all the useful scat-
tering properties (e.g., R, T, A, ) of an optical mediunm.
The tactic used above to find (6) is a special case of
~the general procedure for finding the derivative of the in-

verse A-! of an operator, knowing the derivative of A, Thus,
if A is differentiable and depends on x: -

| | | . . -1
0= L1 =9 (aary = A pn ppdAL
dx dx - dx _ dx
whente; .
A - At G4, . (8)

dx dx
This formula is based on the standing assumption that the in-
verse of A exists so that the product AA-! is defined, and
that A and A"' are in some sense differentiable. FEquation
(8) is a general form of the formula:

igl—/Zl= - Lﬂ: -y"l izy"l
dx y? dx - dx

encountered in elementary calculus for the derivative of the
numerical valued function 1/y in terms of that of y. Now,
~however, we generally are not permitted to join together the
two inverses A~! in (8) since operator multiplication is gen-
erally not commutative., |

Differential Equations for Z(X,¥,2)

By means of the representation of 77(x,y,z) in terms
of (y,z) and 27(y,x), as given in (42) of Sec. 7.4, we can
find the differential equations governing #7(x,y,z). There
are generally three such equations, one arising from differen-
tiation of Z%(x,y,z) with respect to each of the three dis-
tinct depth variables x,y,z within [a,b]. Throughout the de-
rivations, then, X,y,z will be distinct variables, unless
specifically noted otherwise.

Thus, differentiating each side of:

7 (x,y,2) = [ZA(y,2)C, + Z7(y,x)C_]™" (9)

with respect to x and using (8) and (1):
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9_7{7_(%2’_& = 7?(3(,)',2) -5-- (77 (y,2)C, +7’/(Y,X)C ]7’7(:&,)',2)
X | X
= -7 (X,Y,2)77(y,X) 7((x)C %(x,y,Z) | .
Now, the general relation:
M(x,v,z) = N(X,Y,2)77(y,V) (10)

follows from the definition of 727(y,v) and (44) of Sec. 7.4
along with the general relation (84) of Sec. 3.7. Compare

(10) with (39) of Sec. 7.4. Using (10), we have, in particu-
lar:

'W(XIY:Z)’”{()’:X) = W(X,X,Z). y

which allows us to write:

BAX,Y52) = - 79(x,x,2) K (X)C_ 2(x,y,2) | . (11)

g X

We defer dlscu551on of (11) until its two companions have
been derived. Toward this end, differentiating each side of
(9) with respect to y and this time using (8) along with (7):

L”ﬂi‘iﬁl = - (x,7,2) [XDD 2 (y,2) C-X(Z2 (y,x) €77 (x,Y,2)
y

m(x,y,z)k () [Wf(y,z)c + ﬂ(y,x)c A77(x,y,2)

7 (x,y,2)X (V) [?7(x,y,2) ]~ 7?7(3(,?,2)

Hence:
r——“-"_————‘“"‘_"__—____‘—'_"

A (XY22) = py(x,y, ) KO) | - (12)

‘ Y |

Finally, differentiating each side of (9) with-reépecﬁ to z:

B_Z]—QBC_’LLZ—)- = -77(x,y,2) [77]()7,2)}‘( (z)C+]77/(X,y,Z)
yA . |

which may be simplified, using (10), to

3(x,y,2) - .-77/(x,z,z))((z)c+777(x,y,z) . (13)
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Now for a brief discussion of (11), (12), and (13).
All three equations show how to construct 2(x,y,z) given the
relatively simpler operators 77(x,z,z),A<(z), C+ (in the case
of (13) or 777(x,x,2),4A(x), C. (in the case of (11)). For
example, in the case of (11), part (a) of Fig. 7.9 shows that
by starting with the basic slab X(y,z) (shaded) and building
it up to level x as shown, we can compute 7277(x,y,z) for every
X, such that x=y =z, All that is needed to start the calcu-
lation is information on 77/(x,y,z) for the special case x=y,.
This information, in view of (44)-(47) of Sec. 3.7, is tanta-
mount to knowledge of the standard operators R(y,z) and
T(y,2z). Of course, one must know in addition the local trans-
mittance and reflectance operators for the required range of
x above the level y. A similar observation holds for (13)
whose geometric significance is depicted in part (c¢) of Fig.
7.9. Finally, Eq. (12) strikes the middle road between (11)
and (13) and shows how “77(x,y,z2) can be obtained by working
inward from either boundary of X(x,z), and initially knowing
w(x,x,2) or 7/(x,z2,2), as the case may be. The former of

>

(Y N N N L 1L ‘-'IJ

asSaebaar b
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FIG. 7.9 Three ways in which to generate 1invariant 1im-
bedding operator Z/(x,y,z). ' -
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these cases is shown in (b) of Fig. 7.9.

It is instructive to unravel some of the information
contained in these equations. We begin with (12) which yields
the following four differential equations for the complete re-
flectance and transmittance operators:

-.23E1§;Z;£l.= T(z,y,x)1(y) + K(z,y,x)p(y) (14)
; M__(%LY_L_WZ)_ = ﬁ(x.,y,z)l‘_()’) + T(x,y,z)p(y) (15)
DK (2,7,%) LLk) = (Y000 ¢ R (2,y,)7(y) (16)
-3-2—513‘-;)’—&3- = K(x,y,2)e(y) + T(x,y,z2)r(y) . (17)

Observe how (14), (16) are fundamentally similar to (5), (6)
of Sec. 7.1, while (15), (17) are likewise autonomous and sim-
ilar. Recall also the discussions of (1), (7) above. These
earlier equations are no more fundamental than the present
equations. Indeed, (14)-(17) may be used as the basis for
all two-point boundary value problems by adopting the set of
(two-point) fundamental solutions defined in (38)-(40) below.

Next, since the situations depicted in parts (a) and
(c) of Fig. 7.9 are basically alike, we shall give only the
details of unravelling Eq. (11), which goes with part (a) of
the figure. The result is readily obtained by first noting

that:
[T(z,x,x) ﬁ(z,x,x):l [T(X) p(xq[o (T‘
TLR(X,x,2)  T(x,x,2)] [-e(x) T(x)]L0 1

E[T(z,x) 0] I:O p(x)]
“IR(x,z) I|l0 T(x)

0 T(z,x)p{x)

'mxrx! Z)X(X) C..

0 R(x,z)p(x)+Tt(x)

In view of this, (11) reduces to :

2 | 0 T(z,XJp(X):l [T(z,y,X) é?(z,y,x)]
X Z = . ¢
3 = lo R(x,z)e(x)+t(x)] | Rx,y,2) T(x,¥,2)

whence:
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: ﬂfr-bﬂ- = T(z,x)p(X) R(X,¥,2) (18)
X

- .a_‘?_%il.x_l = T(z,x)p(x) 7 (x,Y,2) | (19)
X

- ?.&iil_zl = (R(x,z)p(x) + t(x))ﬁ(x,y,Z) (20)

dX

. AV(x,¥,2) . (R(x,2)p(x) + T(X)) T (x,Y,2) . (21)

IX

- The various physical interpretations of these equations
are instructive and the reader may gain understanding of the
dynamics of scattering problems by translating each of the
preceding equations into words or appropriate mental images.
For example, (18) describes how steadily flowing upward radi-
ance (imagined incident at level z) changes at level y in
X(x,z) when material is added to X(x,z) at its upper boundary
Xx. Thus (refer to part (a) of Fig. 7.9) when a thin layer
'1s added to X(x,z) at level x, the normally transmitted radi-
ance (represented by T(z,x)) is now locally reflected in the
new layer (represented by p(x)) and then globally reflected
(as represented by A (x,y,z)) down to layer y in X(x,z).

Further elucidation of the dynamics of scattering-ab-
sorbing media is forthcoming from the present differential
equations for “7(x,y,z) by observing how the differential
equations for R and T, as derived in Sec. 7.1, may be derived
anew 1n the present setting. As an example, consider Eq. (18)
of Sec. 7.1. That equation describes, in essence, how re-
flected radiance at level a in X(a,b) changes when an incre-
mental layer is added to X(a,b) at level a. In terms of the
present equations such a change in R(a,b) is the sum of the
changes in &A(a,y,b) when a and y are simultaneously varied
for the special instance when a = y, i.,e., when the deriva-
tives of .A(a,y,b) with respect to y and a are added together
for the case a = y, Thus, from (15) and (20):

_ (3£ﬁkx,z,z! . aﬁﬁix,z!z!:) -
IX Yy ~
= ﬁ(xr}'rz)‘t()') + J(K,Y,Z)p()’) + (R(x,z_)p(x)-l-'r.(x)]ﬁ’(x,y,z)

(22)

Letting y approach x, the right side of this equation becomes,
after rearrangements: | S

p(x) + t(x)R(x,2) + R(x,z)T(x) + R(x,Z)p(x)R(X;Z)J-

Furthermofe, the left side of (22) is related to R(x,z) by'
the equation: |
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OR(X,2) . 1ip | [aé?gx,_,z,zg . aﬁ?(xzz,z)‘J | 5
+X X oy |

which follows from:

R(x,z) = 1lim ﬁ(x,y,z)'. X
y7X

These 1limit equalities devolve on (45) of Sec. 3.7 and the
usually available continuity of .&£(x,y,z) and its derivative.
Combining these results, (18) of Sec. 7.1 is obtained from
(22) but now as seen in the light of a superposition of
changes of the complete reflectance function &(x,y,z).

The remaining three equations of Sec. 7.1 may also be
viewed from the new vantage point of the invariant imbedding
relation. For instance, Eq. (27) of Sec. 7.1 may be obtained,
in essence, from (14) and (18) via the observation that:

3T(2,X) _ 1in [3 T (z,¥,X) . Bg'gz,zax!:l (24)
X y+X Yy 90X - |

which follows from:

T(z,x) = lim J(z,y,X)
y7X |

These limit equalities devolve on (44) of Sec. 3.7 and the
usually available continuity of J(z,y,x) and its derivatives.
On the other hand, Eq. (28) of Sec. 7.1 is obtained directly
from (19) after passing to the limit y+z and suitable rear-
rangement of coordinate variables. Finally, (29) of Sec. 7.1
follows directly from (21) in a similar way. The reason for

the direct derivations in the latter two cases stems from the
observation that: | - | ~

R(z,x) = lim K(z,Y,X)
y*Z
and
T(x,z) = lim J(x,Yy,z)

y*z

and that the derivatives in (19) and (21) are with respect to
x.

Differential Equations for Z(v,Xx;u,w)

OQur starting point for the present derivations may be
either (50), (51) or (52) of Sec. 7.4. We choose the repre-
sentation (51) of 7/(v,x;u,w) so as to build directly on the
results (11)-(13) just obtained and to gain some practice 1in
the semigroup properties of the 77-operators. In the present
notation, (51) becomes:
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2 (v,x;u,w) =‘27(Vry’u)2?*l(x17:w) | (25)
We generally expect four distinct differential equations to

govern each member of I'y(a,b). Thus, assuming u,v,w,x,y,z to
be pairwise distinct variables, we have first of all:

Q7I(V,X;u,wW) _ o (v,y,u) 7171 (x,y w-)
3V oV |

By (11):

32((V2¥,8) = _py(v,v,u) X(V)C_ Z(V,y,u)

oV

Hence:

This is the first of the requisite differential equations.
Next, from (25):

: -1,
3 (V,X3u,wW) 2(V,y,u) S (X,y,w)
9X oX

But from (8) and (11):

m_(x,y,¥) . (X, y,w) [2(x, X, WIN(X)C Z(x,y, W) 1A (x,y,w) .

0X

Hence the second requisite differential equation is:

QA (V,X;u,w)

aX

= Z1(V,x;u,w)  (x,x,Ww) X (x)C_ (27)

This equation may be simplified by recalling (76) of Sec. 3.7
which states that: |

7] (x,x,W) = 777(x,X;W,X)
and also the semigroup property (84) of Sec. 3.7:

(v, x;u,Ww) Z7(x,x;w,x) = 77(v,x;u,X)
= 7Z7/(v,x,u)
so that (27) becomes:

OPTWNLX5U,W) o« g (v, x,u) X (x)C_ = RZNLXU) ¢ (23
| 0X



78 _ INVARIANT IMBEDDING TECHNIQUES VOL. IV

- 0f the two preceding differential eQuations, (27) 1is the nat-
ural form of the requisite differential equation (the opera-
tor sought occurs explicitly on both sides of the equation).

From a conceptual and computational point of view, (28) shows
that, as far as dependence on the variable x is concerned,

7] (v,x;u,w) behaves essentially like the members of I',(a,b)
or Py(a,b) (cf. (1) and (12)). | |

Next, from (25):

3”/!?9(;1194! - éﬂlgle,u! M"(x,y,w)
au ou |

By:(13): | |
E_Zﬂ%iﬁl = -7/(v,u,u) X (u)C, 7Av,y,u)
- qu | | .

so that:

| M = -M(v,u,u)?((u)C+7’)(v,x;u,W) . (29)

Ju

Finally, from (25) once again:

3m£v'x4u!w! ﬂ 7 (V,y,u) aﬂ'lgxlz:w!
oW | oW

From (8) and (13):
w = -nrt (X:Y:ﬁ) ("”[(X,W,W)K(W) C.'_”(x,y,W))?ﬂ-l (X,Y,W)-

ow

It_then follows that:

(30)

This equation, as (27), can be simplified slightly if we use
the fact that: | | |

Z21(V,x;u,W) 29 (X,W,W) = 77(V,W;u,w)
' = PNV,

Hence (30) becomes:

M = W](V,W,U))‘((W)C+
w
- 3(V,W,0) ¢ (31)

oW
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This equation and (28) show that, as far as the response var-
iables x, w are concerned, 7/(v,x;u,w) behaves essentially
like the members of I:(a,b) or I's(a,b) (see (1) and (12)).
These observations could have been obtained directly using
(52) of Sec. 7.4; however, the plausibility of (28) and (31)
has now been reinforced by taking the preceding route.

Differential Equations for M(x,y) and ¥(s,y)

It is interesting to derive the differential equatioﬁs
for the simplest of operators M(x,y) and the most complex of
-operators ¥(s,y) encountered so far in our studies. Simpli-

city and complexity are measured here in terms of the osten-
sible algebraic structure of the components of M(x,y) and

¥(s,y). As far as the simplicity and complexity of their dif-
ferential equations are concerned, matters are reversed, as

we shall now see. Thus for ¥(s,y) we use (56) of Sec. 7.4
.and find that: |

.*a?gs,zg = [1 + ¥(s,s)] 3 (s,Y)
3y S iy |
= [+ ¥(s,s)] 77(s,y) 2 (y) | »  (32)

whence:

| awgs,zz

= ¥(s, X |

s ¢y  (33)

This result shows that the dependence of ¥(s,y) on y is essen-
tially that of 7(x,y) on y. The integration of (33) starts
from the initial given operator ¥(s,s). The derivation of

the differential equation showing how ¥(s,y) varies with s is
somewhat more complex and left to the reader. The differen-
tial equations for the ¥Y-operators will be considered again in
Sec. 7.12 wherein they will be represented in terms of com-
plete reflectance and transmittance operators.

| Turning now to the derivation of the differential equa-
tion for M(x,y), we use as a base the representation given by

(10) of Sec. 7.4. 'From this we see that it is necessary to
find: - |

2 [c, + 7(z,x)C ]! =
32 | -

- -[C+ + W((z,x)c_:l"(a—ﬁ(sb—x-l C‘_) [C, + 77(z,x)C_]"?
| z _

in which we have used (8). Hence, with the aid of (7) and
(11): o ' - |

#For all y we add 1_.4(s-y) where I_ = (0 _I),by (56) of Sec.
7-4- | ’
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M(x,2) . -[C+ +79/(z,x)C_]'1(-X(Z)_M(Z:K)C_] X

02
x [cC, +7(z,x)C_]-[7(z,x)C, + C_]
+ [c, +7A(z,x)c_] " (- X (2) 77(z,x)C,)
= [C, +7/7(z,x)C_]"5{’(z)7}((z,x) [C_M(x,2) - C,] . Errata
Hence _ | ' '
crrata 2MZ22) - e, +7(z,x)C ] X (2) [C. - CM(x,2)].  (34)

9Z

Replacing 7 (z,x) in (34) b{ either of 1its representations,EﬂTaﬁi
(11) or (12) of Sec. 7.4, the desired differential equation
is obtained. The details are left to the interested reader.

Analysis of the Differential Equation for R{(y,b)

The differential equation for R(a,b), as given in (18)
of Sec. 7.1, was shown in the discussion of that section to
be of central importance in evaluating the reflectance and
transmittance operators associated with a plane-parallel med -
ium X(a,b). In view of this importance, it is desirable to
gain as much insight as possible into the structure of the
differential equation governing R(a,b). We now analyze the
equation for R(a,b), in two different manners, into a rela-
tively simple pair of linear operator equations using the 1n-
variant imbedding relation. The result will perhaps shed
some light on the methods of determining radiance fields with-
in natural optical media.

We begin with the semigroup relation (53) of Sec. 3.7:
HA(a,z,b) = T(a,y,b)A(y,z,b) .
By setting y = z in this relation, A(y,z,b) becomes R(y,b),

so that: |
R(y,b) = I ~1(a,y,b)A(a,y,b) : (35)

This is the key representation for the reflectance operator
R(y,b) in X(a,b) using the complete reflectance and transmit-
tance operators (a,y,b) and I (a,y,b). The inverse of the
operator J(a,y,b) usually exists in most natural media, and
so we shall proceed on the assumption of 1its availability, 1n
order to see where it leads. Now, it follows from (15) and

(17) that:
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i L@_;ml = R(a,y,b)t(y) + T (a,y,b)p(y) (36)
)4

o7 aa b x ﬁ(a’y’b)p(y) + j(a,y,b)T(Y) . (37)
y .

Therefore, on differentiating each side of (35) with respect
to y:

3R(y,b) _
oy
= w R(a,y,b) + I ~“}(a,y,b) ?ﬁ.&?_;)’_ﬁl

oy Y
= -7 (a,y,b)[R(a,y,b)e(y)+ J(a,y,b)T(¥)]T ' (a,y,b)A(a,y,D)

+:T'1(a,y,b)[-_ﬁ(a,)’;b)'f()’j 'j(a!Yrb)p(y)] .

Using (35) again, this may be simplified to :

aRa ) = -R(y,b)p(¥)R(y,b) - T(¥)R(y,b)
4
- R(y,b)T(Y) - p(Y)

On rearranging the preceding equation, we obtain (18)
of Sec. 7.1. Equatioms (35), (36), (37) therefore constitute
the required analysis of (18) of Sec. 7.1. We may summarize
this finding alternatively as follows: The system (36), (37)
of linear differential equations for the complete K and T
operators together with (35) uniquely determines R(y,b) in
X(a,b). The system (36}, (37) may be represented succinctly
by: |

a(y) X(y) (38)

where we have written:

"ay)" for (A(a,y,b),J (a,y,b))

Therefore the construction of A(a,y,b), a<y<b is tanta-
mount to solving (38) over the interval [a,b] with the initial

condition:
&) = (0,T(a,b)) (39)

and then working up from level b to level y in X(a,b); or
with the initial condition:

A(a) = (R(a,b),I) (40)
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" and then working down from level a to level y in X(a,b).

The physical significance of these observations 1S
quite interesting. Suppose we are confronted with a plane-
parallel optical medium X(a,b) (such as a portion of the at-
mosphere or the sea) and know only its overall transmittance
T(a,b). It is therefore in principle possible, via (38) and
(39), to find X(a,y,b), T(a,y,b) for every intermediate level
y within X(a,b), and hence R(y,b)} for every intermediate level
y within X(a,b) knowing the inherent optical properties of

X(a,b). A similar observation may be made using (40) and

knowledge of R(a,b). Putting this in even more practical
terms: one can essentially find the light field in the atmos-
phere at any altitude: y knowing the overall transmittance
T(a,b) of X(a,b) and X (y) throughout X(a,b); or the light
field in the sea at any depth y can be obtained from R(a,b)
and X (y) throughout X(a,b). The initial incident radiance

distributions ‘in each case are, of course, assumed given at

levels a and b.. Thus under suitable conditions the system
(38) can yield knowledge of the radiometric situation inside
a medium X(a,b), by knowing either the overall transmittance
T(a,b) or overall reflectance R(a,b) of X(a,b). These obser-
vations are especially useful in the context of separable
plane-parallel media, for in such media the R and T operators.
do not possess polarity (Sec. 7.1). Hence T(a,b) = T(b,a)
and R(a,b) = R(b,a), so that the number of interaction opera-
tors for X(a,b) is cut in half. - |

We turn now to the second'analysis of (18) of Sec. 7.1.
The second manner of analyzing (18) of Sec. 7.1 is carried
out by starting with the representation: |

R(y,b) =27 . (b, N7 _,(b,y) (41)

which is obtained from (29) of Sec. 7.4. The similarity of
this representation with (35) is quite close: in each case
the inverse operator is that of a transmittance-like operator,
the remaining factor being a reflectance-like operator. In
the present analysis we have, corresponding to (36) and (37),
the following equations:

- ﬁ_i___ = ?/_+(b,y)r(y) + W__(b,)f)p(y) (42)
ay |
077 .. (b,sY) .
_”!—_;_-___. N 77/-+(b:Y)p()’) + w('__(b,)f)'['()') - (43)
y . .

which are derived from (3) and (5). It should now be clear,
without any further detailed discussion, that the system (4?),
(43), along with (41), determines R(y,b) for every level y 1n
X(a,b). The parallel with the preceding analysis 1s completed
by writing (42), (43) in matricial form and.adducing the re-
quisite initial condition, the present counterparts to (39)
and (40). The only salient difference between the two analy-
ses just given is that the concepts used in the first analy-
sis are slightly more meaningful physically, and that the 1inil-
tial conditions in the second analysis are perhaps more
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convenient numerically. Thus, writing:

"B (y)* for (Z_,(b,y),?7__(b,y)) (44)
the system (42), (43) can be written:

(45)
for a<y=<b, _and we have as initial condition:
_ A(b) = (0,1) : (46)
<< Table of Contents << Title Page >> Next Page >>

7.6 Special Solution Procedures for R(a,b) and T(a,b) in

Plane-Parallel Media

In this and the remaining sections of this chapter we
shall discuss some of the solution procedures for light fields
in natural media suggested by the theories of the preceding
sections. The discussions will also serve to exhibit the in-
ner analytic structure of the functional equations for the R
and T operators. We begin with the differential equation (18)
of Section 7.1 for the reflectance operator R(a,b) of a plane-
parallel medium. In order to illustrate the procedure of re-
ducing R(a,b) to the appropriate forms on a numerical level,
we assume in this section that the medium X(a,b) is homogen-
eous and that its volume scattering function ¢ is isotropic,
i.e., that:

c(z;E';E) = s/4x (1)

where s is the volume total scattering function for the medi-
um,

Starting with (18) of Sec. 7.1, reproduced here for
convenience; we have:

. 2R(a,b) . ,(a)+t(a)R(a,b)+R(a,b)t(a)+R(a,b)p(a)R(a,b) (2)

Ja

This is the differential equation for the reflectance opera-
tor R(a,b) for downward incident flux on X(a,b). Our immed-
iate objective is to "shell" each term of (2) and to extract
the kernel function of each of the indicated operators. It
1s the kernel function of R(a,b) which is to be evaluated in
the present discussion, and we must somehow lay bare its pres-
ence in (2). An effective means towards this end is to postu-
late that the only radiance distribution on X(a,b) is incident
on the upper boundary X, of X(a,b) and is a radiance function
"N_(a) with Dirac-delta structure, i.e., for some positive ra-

g

diance NO and vector £© in 5.,

N_(a) (x,§) = N°§(£-£°) (3)
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