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another way, A is the 'volume attenuation function' for the
natural (undecomposed) light field in deep homogeneous media
such as the seas, lakes, and optically dense atmospheric med- .
ia. This may be seen by returning to (13) of Sec. 7.8 and
taking the derivative of N_(y) with respect to y.  Thus:

dN '
__Z.EI..).. = N _(0) Lylll
dy | | dy.

N_(0) (FAT(y)) = N_(0) T (y) (-A)

= -N _(y)A

When we apply the derivative operator d/dy to the upwelling
radiance distributions as given in (13) of Sec. 7.8, we have:

dN_ (y) ' T - - o
.........:............. = N_(O) gm Rm = N_(O) (""A T(YJ]Rm
dy dy -
= -N_(y)AR_ .

This répresentation of the depth rate of change of

N+(y), while not as direct as that for N_(y), still shows that

the logarithmic depth rate of change of N, (y) is essentially
A. Since commutativity of A and R, need not generally hold,
we cannot generally place '"R_." next to '"N.(y)" in the preced-
ing equation to get N4(y) as a result. This asymmetry in the
local behaviour of N4(y) and N_(y) is a slight and inessential
notational irregularity in the otherwise conceptually pleasing
and powerful formulations of the method of modules and the
method of semigroups. A search for a more symmetric treatment
of the depth rates of change of N,(y) and N_(y) leads to the
“method of groups to be considered in the following section.

7.10 The Method of Groups for Deep Homogeneous Media

Once the flush of discovery of the semigroup equations
(10) of Sec. 7.9 has passed and the critical eye runs over
their asymmetric forms, one is moved to search for a new set
of equations which incorporates both the conceptual and com-
putational power of that set with a more pleasing symmetry of
form. In this section we embark on such a search and are re-
warded with a set of equations which fulfills all these re-
quirements and more. The additional dividend is a novel per-
spective of Chandrasekhar's classical method of solution of
the transfer equation in plane-parallel homogeneous media [43]
from the heights of group theory and the modern theory of dif-
ferential equations. As a result, we can view Chandrasekhar's
classical method as but one of a large family of possible so-
lution procedures unified from the viewpoint of invariant im-
bedding theory. This insight then unites with that encounter-
ed in Secs. 6.1-6.4, in which novel views of the spherical
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harmonic method were developed, to give an overview of all the
'classical solution techniques. in radiative and neutron trans-
. port theory, and, indeed, all linear transport theories. |

The setting for the present section is once again (as in
Sections 7.7-7.9) an infinitely deep homogeneous source-free
plane-parallel optical medium X(a,b) with a = 0, b = =, X(0,x)
is irradiated at each point of its upper boundary by a given
arbitrary incident radiance distribution N_(0), and has an ar-
bitrary volume scattering function o, and scattering-attenua-
tion ratio s/a. -

The Return of the Group I';(0,«)

The natural candidate for the task of symmetrizing the
semigroup relations (10) of Sec. 7.9 is the group TI';z(0,®) in-
troduced in its general form in Sec. 3.7 (see, in particular
(79)-(82) of that section) and studied at some length in Secs.
7.4 and- 7.5. Toward this end, we direct some attention to
the specific form of T;(0,»). | -

Now that we have a particularly simple physical setting,
“the structure of I';(0,») takes on some rather interesting |
properties. For example, the homogeneity of X(0,») makes each
member 7 (x,z) of TI';(0,») depend only on the difference z-x,
where X and z are any two depths in X(0,«). This fact may
readily be seen by an inspection of equations (19)-(26) of
Sec, 7.4, Consider, for example (19) of Sec. 7.4, Since
X(0,») 1s homogeneous and isotropic our findings (of Sec. 7.7,
e.g.) show that T(x,z) and R(x,z) depend only on the absolute
difference |x-z|. Further, from (23) of Sec. 7.4 we see that
++(x,2) is not generally the same as 7,.(z,x), but still
7++(x,2z) depends only on the magnitude of the difference z-x.
Hence the operator matrix 7(x,z2) depends only on z-x for
which we shall write "s" for brevity, so that ?7(x,z) is writ-
ten as "7/ (s)'" whenever s = z-x. The general group closure
property of I'2(0,»), namely: | |

| ”['(X,Y)W?(Y,Z) = 7(x,12)

now takes the form:

(1)

2(r+s) = Z/(r)7%(s)

This should be compared with (12) of Sec. 7.8. We see that
there is an important difference in the range of parameters s
in 77/(s) and those of T (s). Whereas sz 0 in (12) of Sec.7.8,
we have -»<s <« for s in (1). We may summarize these dif-
ferences as follows: The set TI';{0,») forms a group which is
ig8omorphic to the additive group of real numbers. Thus, to
each pair of real numbers r,s there correspond operators
2)(r), Z7(s) of I',(0,»), and to the sum r+s corresponds the
operator ”7(r+s), such that (1) holds. On the other hand the
get {J(r)} of complete transmittance operators discussed in
See. 7.9 forms a semigroup which is isomorphiec to the additive
semigroup of non negative real numbers. Thus to each pair r,s
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of non negative real numbers, there correspond operators J (r),
J(s) of %T(r)} and to the sum r+s corresponds J (r+s) such
that (12) of Sec. 7.9 holds. In this way, by means of (1), we
can view the theory of radiative transfer in homogeneous in-
finite plane-parallel media as an instance of the theory of
continuous groups on the real line. (That. all of radiative
transfer theory is essentially attainable via T;(a,b) was. de-
monstrated in Sec. 7.4. See also the remarks leading to (19)
of Sec. 7.3.) | |

The Infinitesimal Generator of T, (0,x)

The concluding insight arrived at in the paragraph just
above can be put into quite concrete terms. One way of put-
ting it is to say that, conceptually, the theory of determin-
ing the radiance distribution N(y) at depth y in X(0,») 1s as
simple as determining the reduced radiance N,°of a beam a dis-
tance r from the source, for both quantities are governed by
the exponential law. To see this in the case of N(y), recall
the operator forms of the equation of transfer (9) of Sec. 7.k

‘”"—;ﬂ = N(y) X (¥) ‘ (2)
y |

where X (y) is defined in (7) of Sec. 7.1, and "N(yj.as usual
denotes (N,.(y), N.(y)). Next recall the functional equation
governing 7#(x,y) as given in (1) of Sec. 7.5:

d’f!;x - = 77(x,y) X(¥) (3)
y

where X (y) is the same operator as in (2). In view of the
homogeneity properties of X(0,») we can write (3) simply as:

A7) = (y) X 4
dy

with the initial condition:

77 (0) = 1 _ ()
and where:
T P
K = : o (6)
o 1

Here p and 1 are the local reflectance and transmittance op-
erators {or X(0,»). They are independent of depth y in X(0,«).
X is the infinitesimal generator of the group T2(0,x).
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The Exponential Repreéentation of 77/(y) and N(y)

By following the same motivations as those leading to
(8) of Sec. 7.9, we write:

| A
~"exp {Xy}" for Z QS—I&- (7)
j=0 J:

in which ¥ =y se, This operator is a function of y and sat-_

isfies the same differential equation as 77(y) in (4) Fur-
ther, exp {X 0} =1 = 2’!(0) Hence:

| Z7(y) = exp {Xyl (8)

The exponential representation of N(y) at any depth y in
X(0,») follows immediately from (2) using the same reasoning
thCh yielded (8); or one may use the fact that:

N(y) = N(OZZ(y)
which with (8) implies: '

(9)

" From this, we also have: _
N(2) = N(y) exp {X (z-y)} (10)

for every pair z,y of depth in X(0,»). Equation (9) is the
- requisite symmetric rendition of (13) of Sec. 7.8.

The Exponential Representation of &(y)

In Sec. 7.5 it was noted how close the connection was
‘between the. operators 2¥(x,y) and the pair of complete opera-
tors A(a,x,b), I (a,x,b). The basis for this connection is
summarized in (38) of Sec. 7.5. We pause to explore this sim-
11ar1ty in the light -of the present developments.

The similarity between equation (38) of Sec. 7.5 and (3)
‘above shows that the operator (y) has the same depth behavior
as 77(y), though their initial values differ., Thus, (38) of
Sec. 7.5, adapted to X(0,»), becomes

dee(y) - zZy)xy)

in which:

ay) = (é’(y) T (y))
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where we have written: _
' "R(y)" for R(0,y,»)
and .
.- ;'.7(_Y)" for -7(0;)’;“5) .

Hence, while &2(y) and 27(y) satisfy the same differential
equation, the initial condition for &(y) is: | .

Q2(0) = (A0), T(0))
= (R_,I)

which follows from (40) of Sec. 7.5. Therefore, analogously
to (8) we have:

a(y) = a(0) exp {Ky) . an

It i1s interesting to note the effect of the presence of
"&(0)" in (11) on the multiplication law of the operator - |
“«(y). 1t turns out that the set {& (y)} does not form a semi-
group under ordinary operator composition., Indeed, from (11),
used three times as follows: | |

Z(r) = A(0) exp {Xr}
A(s) = A(0) exp {Xs}
A(r+s) = d(0) exp {X (r+s)}

we find that, at least formally:

Z(r+s) = @(r)A ' (0) 2 (s) o an

This shows that we have gained the symmetry of (9) at the
expense of the simple semigroup property for the set {&Z(y)}.
lHowever, the loss is not essential. For, by defining the fol-
lowing star product of members of {62(y)i, we establish a
group structure for {&(y)}. 1In view of the semigroup proper-
ties (52) and (53) of Sec. 3.7, let us write:

"@(r) * A(s)"  for (T(MAR(s),T(r)T(s)). (13)
Then it follows immediately that: : -

F

2 (r) & @(s) = &(r+s) (14)
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The set {&Z(y)}, with the preceding star product defined for
~its elements in the manner shown in (13), becomes a group iso-
~morphic to I',(0,»), once the definitions of J (r) and & (r)

are extended to negative values of r. This can be done direct-
1y through (11) by simply computing exp {X y} for negative

- values of y. Further, the semigroup relation

R (x+s) = T(r) R(s) ' ~as)

which is a special case of (53) of Sec. 3.7, is formally ex-
tended, for this purpose, to the domain of negative arguments.
This extension can be rigorously included in the theory de-
‘ducible from the interaction principle by adapting the exten-
sion of the group I's(a,b) (now for the special case a = 0,

b = =) suggested in (44) of Sec. 7.4, |

Numerical-Prdcedures for N(y): The Exponentiai Technique

| Equation (9) for the radiance field N(y), as already
- noted, is the primary goal for the present section. In its
- symmetric form rests the solution of the problem of the pene-
tration of light into the sea, atmosphere, and other plane-
parallel media. There are several ways of coaxing numbers and
general information from its terse mathematical form, and we
shall study such ways in this and the following paragraphs.
Each technique to be considered 1s based on a preliminary re-
duction of (9) to an approximating matrix statement. This
reduction is quite analogous to those developed in Sec. 7.7
for the differential equations of R and T. Hence we may pass
.through this preliminary reduction stage with relatively 1lit-
tle explanation. | -

| ‘The reductions center principally on the operators p

- and 1t making up the exponent operator AC in (9). The form of
X 1is given by (6), and p and Tt in turn are defined in (3)
and (4) of Sec. 7.1. For the purposes of the present reduc-
tion we may drop references to the depth variable; however,
the directional variable £ in the integral form of p and T,

‘must be explicitly exhibited: | |

p = —= f[ Jo(g';8) dacg') - (16)
le-k| | - _ o
B
= [ [ Jo(E'56) dR(E') - —— a7
ekl Jg € k] R

Thus, the homogeneity of X(0,») allows a convenlient suppres-
sion of the depth variable y in a,p,0, and t. When p 1s ap-
plied for example to the upward radiance distribution N.(y),
we use £. in (16) along with £ in E_. By means of the general
partitions of E£_ and E_ established in (1), (2) of Sec. 7.7

we can replace p by an nxm matrix whose general element in the

ith row and jth column is:
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g(§:58:) Q(B.) ?if: - ) |
____]'_...J_ . 1 *'* | (18)
o ’di A ’

is in B; (C E,) and &4 is in Aj (CE_) and "v;"
denotes |gji°k]. a(Bi) 1is the s%lid=angle content of Bj.

' We denote this matrix by "ps". A similar matrix p. can be
manufactured such that it has elements of the form:

in which £

o(E.;E.) O(A.) L
_.—1—L [ ] _ 1 . J | (lg)

‘where £; is in A; (CE.) and £j is in By (C2,), and where -
- "ui" denotes Isfkl. Hence p. ~has dimension mxn. Further, we
T USe s : e

o(E;3E:)  Q(A]) | v
1’>97 1° 1 1 : (20)
as the ij-th element in an mxm matrix denoted by "t.". An
a similar manner for upward

nxn matrix T, is constructed 1n
radiance, its ij-th element being:

og(E.;E. Q(B.) . |
(E338) G 1 21
o Vi Ui | f

The preceding mode of reducing the operators p--and T 1s the

‘most simple and direct mode. Alternate modes of- a more SO~
phisticated type (such as those using various quadrature for-
the 'structure of the main

mulas for o) are possible; however, _
dent of the choice of such modes.

formula (25) below is indepen
Reassembling these matrices into one grand matrix X where we
have written: |
"ty p:
nx'n for |- | (22)
...p- 'T-I _
and writing: |
N, (y)"  for  (N(¥,E1), «i.o,N(y,Ep) ] (23)
when, ‘ L
£, 1n B, i
‘and writing: | IR L |
coe SN(Y,ET (24

HN_(y)” for [N(}",El) )

when
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the approximating counterpart to (9) is seen to be:

| N(y) = N(0) exp {Xy} | ' (25)

and which shall stand as our base of operat1ons for the re-
mainder of this section.

Clearly N(y) is an (m+n)-component vector and X is a
square matrix of order (m+n). As noted above, the general
form of (25) 1is invariant under the choice of mode of reduc-
tion of the operators 9,7 and radiance functions N.(y), N_(y).
Therefore what we have to say about (25) below will hold above
and beyond the details of the reduction procedure leading from
(9) to (25). - - -

Equation (25) as 1t.stands can form the basis of perhaps
the simplest and most direct of all techniques of solution of
radiative transfer problems in homogeneous plane-parallel me-
dia with stratified light fields. For by simply raising the
matrix A to the first p integral powers and constructing the

sSum:

J=0

where p 1is, pexrnaps as small as 5 or 6, one obtains a reason-
able approxlmatlon to exp {Ayl}, so that when applied to N(0),
we have: |

as a correspondingly reasonable estimate of N(y). Observe
that knowing N(0) means knowing all m+n components of N(0).
Hence we can predict N(y) once N(0), the surface or boundary
lighting conditions are known. More generally, 1in view of
(10), N(z) i8 cecomputable whenever N(x) is known, where z and
X are any two depths. This most remarkable fact points up in
sharp clear detail our rather general assertions about the

"strong inner structure'" of natural light fields discussed in
Sec. 3.7 (cf. Ex. 7 of Sec. 3.7).

An alternate scheme to that just discussed is based on
- the matricial counterpart to (2):

RO - N A (26)
‘34

where A (y) may now depend on y (hence X(0,») may be non homo-
- geneous but stratified). Thus we work with (26) directly and
integrate that system of linear ordinary differential equa-
tions on a general purpose computer. The initial condition on
N(y), namely N(0) is assumed known.
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- It is unlikely that any computation techniques could be
simpler in concept or in execution than those based on (25)
or (26) (or on the decomposed versions of (26)) using N 1in
the manner just explained. This points up one of the ear-
marks of invariant imbedding techniques, 1.e., the ability to
replace some of the classical and somewhat numerically cumber-
some eigenvalue techniques by relatively simple initial value
or one-point boundary value techniques, and which may be han-
dled generally by the tools of semi-group theory.

‘The Characteristic Representation of N{y)

In deep homogeneous media with stratified light fields,
such as those we are studying in this section, the exponential
law (25) for radiance distributions N{y) can be cast into a
particularly instructive form using the Jordan canonical form
of X . The Jordan canonical form of a matrix is defined in
most works on modern algebra, and in some texts on ordinary
differential equations such as [47], and we therefore need not
digress to discuss the details of 1its computation., Illowever,
we shall define the canonical form and discuss its physical
interpretations in the radiative transfer context. Our pur-
pose in casting X into its Jordan canonical form is two-fold.
First, we shall be able thereby to fulfill our promise, made
at the outset, to show the special place of Chandrasekhar's
theory of solution of the equation of transfer within the gen-
eral theory of solutions as given by the invariant imbedding
and interaction principles of radiative transfer. Second,
the characteristic representation of N(y), as we shall call
the resultant equation obtained below, deepens our understand-
ing of the exponential structure of light fields in natural
optical media by showing explicitly the delicate interplay of
the various streams of radiant flux as they penetrate the
body of an extensive optical medium, each stream with a char-
acteristic mode of decay. In particular, we shall be able to
explicitly observe the eventual dominance of a characteristic
radiance distribution at great depth within the medium, the
shape of the characteristic distribution being determined
solely by the volume scattering function © of X(0,») and beilng
independent of the directional structure of N(0), the radiance
at the boundary of the medium. All of this knowledge 1is pos-
sible without explicitly solving the equation of transfer for
X(0,~), as we shall now see. | -

To begin, we recall from the theory of linear algebra
‘that the Jordan canonical form of the (m+n)x(m+n) matrix X
can be obtained by the construction of a suitable (m+n) x(m+n}
invertible matrix P and performing the operation: |

P!XP .

 Let us denote this resultant matrix by ”f v It follows im-
mediately that:

X = P;Zp'l
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exp {K vy} exp {PgP_1y}

= P exp {}y} P~

The latter equality may be verified by using the definition of
exp { 9y1. |
ow, the general gestalt of the Jordan canonical matrix
1s as follows: |
do :
0

A Ve
T
?ﬁ

where:

e

0 A
and where
o+i 1 0 0 0
0 Aqei L vee O 0
91"‘ : : - . :
0 0 0o ... Agri 1
0 0 0 ... © A

for 1 =1, ..., s, and where ?i is an rj xr; matrix, so that

i
S .

(Z ri) + @ = m+n. Now, exp {‘git} is of the form etAQ*1 A,
i=1 |

where all elements of A below the main diagonal are zero, and
the elements of the upper jth diagonal, counting the main diag-
onal as zero, are of the common form yJ/j!, j =20, ..., r3-1.
The numbers A;, j =1, ..., q, gq+1l, ..., g+s are the distinct
characteristi% (or eigen) values associated with 7. The );
from j = 1 to j = q have multiplicity 1, those of the form:a +3
0 < i £ s, have multiplicity rj. Hence, altogether, countin
multiplicities, there are m+n characteristic values Aj, as ex-
pected.  So much for the abstract algebra of Jordan canonical
forms.

Let us turn now to the particular matrix at hand, namely
K, and attempt to block out the salient structure of 1its
canonical Jordan form. Imagine the operator X, as given in
(6) for the present context, to be replaced by its matricial
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approximant. The main outlihes of (6)'wi11 persist and we
will have, according to (22):

For the purpose at hand, namely to deduce the special
form of Chandrasekhar's equations, we adopt a special parti-
tion of 5, as follows: Let Z. be partitioned in an arbitrary
manner. Then reflect 2., in its partitioned form, in a hori-
zontal plane. The result is a partitioning of £, which will
be a mirror image of that of ... In particular, we number the
partition elements Aj, B;j such that Aj and Bj are mirror images
of one another. The effect of this type of partitioning on
the Jordan canonical form of the resultant matrix XA can be
seen by examining typical entries of A as given in (18)-(21).
Thus we find that, under the mirror image partition of E:

and X beconmes:

P T

where each indicated block matrix is an mx m matrix (since

m = n, by virtue of the mirror partition). Now it is an ele-
mentary fact of matrix theory that a matrix such as X, in its
newly obtained form, has eigenvalues which come in signed
pairs. Thus, if A is an eigenvalue of 2, then so is -A., For
example, consider the following 2 x 2 malrix made up of the

numbers a,b:
-a b
-b a '

The characteristic equation for this matrix 1is:
| -a-A b
det = 0
-b a-A

The A'S which satisfy this equation are the required charac-
teristic values. The preceding equation simplifies to:

-(arA)(a-A) + b* =0
so that, A is required to be: A_ or A_ where

A, = +(a*-b*) ,

x
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that is A, = -A_. Furthermore, it may _be shown, on physical
grounds, that the component matrices ﬂi of ﬂ‘ (other than ﬂo)
do not occur in the case of X. Briefly, for £, i>0, to
appear in ﬁ it is necessary that there exist’ components of
N(y) such that they can have scattering orders of at most fi-
nite order ri. No component of N(y) has this property, so
that the ﬂi do not occur in ¢ . Hence the Jordan canonical
form of X must then be such that s = 0, i.e., g consists
only of ﬂo' The resultant form of (25) is then quite simple:

N(y) = N(0) exp {P ¢ Py}
= N(0)P exp {yoy}P“ :

It 1s easy to see that:

exp {g.oy} = ©

T Aamy
e
We define the characteristic radiance vector by writing:

"N(y)" for N(y)P .

Then (25) can be written:

fi(y) = §(0) - L@

Equation (27) is the requisite equation_for the characteristic
radiance vector N(y). Observe that if Nj(y) 1s the jth com-
ponent of N(y), then we have: -

~ ~ i |
Nj(y) = Nj(0) e . (28)

Hence each component N;(y) of the characteristic radiance vec-
tor has a specific raté of growth (if A;>0) or decay (if

A3 <0). In infinitely deep media such “as X(0,«), whereiln
tﬂere are no internal sources and the only incident radiance
is at the upper boundary, the components Nj(0) associated with
the positive valued eigenvalues are set to zero._  The eilgen-
values and components can be renumbered so that Nj§0) = () for
m+l<j<2m., To see the effect of this on the phySical radilance
vectors N(yl, let the elements of P be of the form ajj, and

those of P~' be of the form bijr then from (27):
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- . My . A2y - AnY
N(y) = (Na(0)e ,N2(0)e ,..., N (0)e = ,0,0,...,0)
= N(y)P .
Hence: ' | |
' - Ary - AnY I
N(y) = (N1(0)e ,..., N (0)e ™ ,0,...,0)P .
Therefore: n
N IEACR: Y

i=1

which holds for j = 1,...,2m, We observe from the definition
of N(0) that:

2m _
N; (0) = Z N (0) ap;
k=

1

Hence:

. (29)

This is the desired characteristice representation of N(y).
Each A; is non positive, i.e., Aj<0 fori=1,...,m. Ob-
serve that each of the 2m quantities Nj(y) is completely de-
terminable, knowing the 2m quantities Ny (0), the entries ay;
and bjj of the matrices P and P-!, and o% course the m eigen-
values Aj. By retracing the steps leading to (29) and assum-
ing X(0,) to be replaced by a finitely deep homogeneous med-
ium X(0,d), d< «, we see that (29) changes only slightly:

the upper limit of the i-sum becomes 2m and the non negative
eigenvalues Aj, m*l=i<2m can enter the representation.
Equation (29) or its counterpart for X(0,d) is representative
of the general form of Chandrasekhar's equations 1n his clas-
sical work [43]. The salient difference between them rests

in the manner of representing N and o0 over Z, thereby fixing
the associated values of ayj, bjj and Aj. Chandrasekhar uses
Gauss' method of representing tllné N and ¢ functions by Legendre
polynomials, whereas the present method appeals directly to the
observable partition of the radiance function as given in (1),
(2) of Sec. 7.7 and (23), (24). In this way we have arrived
at the first goal of the present discussion, namely, the 1llus-
tration of the place of Chandrasekhar's mode of solution of
the equation of transfer in the general scheme of radiative °
transfer theory, as seen from the invariant imbedding point of
view, |
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Asymptctic Property of N(y)

The final topic for discussion in this section is the
matter of the asymptotic property of radiance distributions
in deep homogeneous media, The property states that the shape .
of the radiance distribution N(y,*) approaches a limit as y-e
in X(0,=), and that this limit is determined solely by the
structure of the volume scattering function ¢ on X(0,«); and
so, 1n particular, this limiting form of N(y,+) is independent
of the radiance distriubtions at the surface of X(0,%). We
shall discuss this matter in detail in Chapter 13, lowever,.
there exists a simple instructive proof of the asymptotic ra-
diance property using the general system of equations (29),
1.e., the characteristic representation of N(y), and while the

- momentum of the present discussion is still high, we shall

give a demonstration of the asymptotic radiance property using
(29).35 a base. | | |

| Our present goal, therefore, is to show that the Zm-com-
ponent vector N(y), whose jth component is given by (29), ap-
proaches a 2m-component vector N(®) as a limit,. that N(®) is
determined only by o, and that N(«») is independent of N(0).
Now, the first thing to notice is that the m numbers A; are,
in real media, all negative, so that N(y) generally goes to
the zero vector 0 (i.e., the 2m-component vector with all com-

- ponents zero). This, of course 1s not the_vector'ﬁ(M) we are

seeking. The decrease in size of N(y) as y+» is distracting
as one seeks 1ts asymptotic shape, and this decrease can be
erased by normalizing N(y) with respect to some factor which
decreases to zero with y at the same rate as N(y). The graph-
1cal interpretation of this normalization is quite simple:

~the radiance distribution at each depth y is magnified in size

so that one of the radiance components, say that representing

- vertically downward radiance, is of unit magnitude. Then all -
~other components arrange themselves in size relative to this

unit component. If N(y), so plotted, approaches a fixed vec-
tor, as y+», then we say that the limit N(=) exists.

In the present.cas§ the 'normalization factor' may con-
veniently be chosen as eXY where k is the smallest of the num-
bers -A;, 1 =1,...,m. Specifically, we write; ad hoe:

13U for min {*11,'l2;.f., ‘Am} .

This implies that;\@'ky goes to zero wiEh_tk? least speed of
all the factors e*1Y, In particular e{(*i*K)Y goes to 0 as y
goes to = for every i, except for when Aj = -k. To be specific
suppose Ay = -k. Armed with this factor, we multiply each side
of (29) by e®) and let y-: | '

2m
lin N, () RS g Z N (0) 3y, | by, (30)
ye - k=1
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Let us write '"'a " for the th column of P, and "bi" for the

1th row of P-'.” Then the system of 2m limits (29) can be FErrata

written: |
N(w) = (N(O)'a,l)bl

where in turn we have written:

"ﬁ(m)" for (ﬁl (“) 3 sy ﬁzm(m)] -

(31)

and: R Ky
'"'N. ()" for lim N.(y)e y .
J yro I

Equation (31) shows clearly that the directional structure of
N(») is simply that of the fth row of P-!, The Lth row of
P-' is determined solely by the matrices p and t which are
manufactured from o. Observe that the directional structure
of N(0) is wiped out by the taking of the dot product of N(0)
and the fth column of P, Hence the asymptotic directional
structure of N(y) can be so determined solely by computing
P-!, and this is independent of N(0). Looking back on the
trail we have travelled, we recall that P is the matrix which
paps X into its Jordan canonical form. Thus we can find
N(«) by purely algebraic operations on A which, as we have
seen, is the infinitesimal generator of the group I';(0,») of
i?variant imbedding operators associated with the medium
X(0,).

Asymptotic Properties of Polarized Radiance Fields

We conclude the discussion of the characteristic form of
the radiance solution by noting that,k the techniques just used
for the unpolarized context can equally well be applied to po-
larized radiance distributions. This means, in particular,
that the theoretical questions of the asymptotic properties of
polarized radiance fields raised in Sec. 4.6 and still earlier
in Chapter 1 can be fully resolved using the preceding tech-
nique. Equation (31), as it stands, has the gestalt of the
corresponding equation for polarized radiance, differing from
the polarized version only in the dimensions of the vectors
and matrices involved. This difference is precisely deter-
minable: all vectors in the unpolarized context go over into
the polarized context with a four-fold increase in components,
and all matrices go over with a corresponding four-fold in-
crease in their linear dimensions. However, beyond these
quantitative differences, the two theories of polarized and
unpolarized radiance distributions are algebraically alike.
(See, e.g., Section 114 of Ref. [251].) Some  experimental
work on the asymptotic polarized light field has been done by
Herman and Lenoble {107]. Otherwise, there exists at present
very little experimental study of the asymptotic polarized
light field. ‘ , -
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