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diffusion theory via the two generic steps just taken for
(61). The answer 1s in the affirmative. However, we shall
leave this matter until Sec. 8.8 in which the vectorial as-
pects of the irradiance field will be studied in detail.

8.5 Two-D Models for Irradiance Fields

We arrive now at the heart of the theory of irradiance
fields in natural optical media, namely the two-D models in
such media. The "two-D" aspect of the models refers to the
radiance distributions over E, being assigned fixed shapes
so that in turn the distribution functions D(z,*) are as-
signed two arbitrary fixed values: D(z) for all z. As a
result, the exact two-flow equations (19) of Sec. 8.3 and
(12) of Sec. 8.4 have known depth-independent attenuation
functions and so tne solution procedures of those equations
reduce to straightforward applications of the theory of second
order ordinary differential equations with constant coeffi-
cients. The routine solution procedure of the equations can
be enriched with digressions into the physical meanings of
the various basic terms arising in the procedure, and we
shall expend most of our efforts in the present section in
such activity.

On the Depth Dependence of the Attenuating Functions

The first matter we shall take up is the depth depen-
dence of the functions £(z,%), b(z,*), a(z,t), and s(z,t),
1n natural optical media. The observations we shall make are
designed to lay the ground work for the two-D theory. Thus
our present goal 1s to show that the attenuation functions
listed above vary relatively little with depth in homogeneous
media. To begin, we consider the depth behavior of a(z,%)
and s(z,*), as this behavior is relatively simple to analyze
into 1ts physical and geometrical components. The case of
a(z,t) 1s typical, so that we can limit our attention to it.
According to (6) of Sec. 8.3 «a(z,*) is the product of two
factors: o(z) and D(z,*). Hence the depth-variation of
a(z,*) 1s tied to that of «a(z) and D(z,*). The depth vari-
ation of o«(z) constitutes the physical component of the depth
variation of a(z,*) and the distribution function D(z,*
constitutes the geometric component of the depth variation of
a(z,x). If the medium X(a,b) is homogeneous, then o(z) is
independent of 2z, so that any depth variation of a(z,t) is
contributed by that of D(z,z%).

Now 1t 1s 1ntuitively clear that there is generally a
variation of the shape of the radiance distribution with depth
Zz 1n natural waters or altitude =z in the atmosphere. This
variation in shape 1is reproduced by D(z,*) in its own char-
acteristic manner. It turns out that in most natural hydro-
sols, for example oceans and lakes, the depth variation of
D(z,t) is quite small, and what variation exists is quite
regular or mild with depth. Table 1 exhibits a typical set
of cases of the depth variation of D(z,+) on clear and over-
cast days. These values were computed from some experimental
data collected by J. E. Tyler (Ref. [298]) taken in a homog-
eneous part of Pend Oreille Lake, Idaho, for wavelength 480



26 " MODELS FOR IRRADIANCE FIELDS VOL. V

TABLE 1
Experimentally Determined Distribution Functions
i T T . — "
Clear Sunny Day Completely Overcast Day
; — .
Depth z oy Depth z _l
(meters) D(z,+) D(z,-} (meters) D(z,+) D(z,-)
4.0 2.67 1.25 3.0 2.75 1.22
10.0 2.70 1.26 12.0 2.82 1.32
16.0 2.79 1.28 24.0 2.85 1.31
28.0 2.76 1.31 | 36.0 2.93 1.33
|
40. 0 2.78 1.31 | 49.0 2.86 1.33
k 53.0 2.77 1.30 |

+ 64 myu . In particular, we used the data recorded in Table 1
of Sec. 1.4, and rounded depths to integral values. The main
observation we can make about the data of Table 1 is the rela-
tively small amount of depth variation in D(z,z*) under both
sunny and overcast conditions. It 1is also to be noted that
D(z,t+) 1s approximately twice that of D(z,-) and that their
sum hovers in the immediate vicinity of 4. These interesting
numerical relations are quite universally observed under the
stated conditions and we shall study and apply such numerical
regularities in Chapter 10. For the present we rest with the
fact that there is an empirical basis for the two-D assumption
about natural hydrosols to be made below. |

It remains to make some observations on the depth behav-
1or of the forward and backward scattering functions f£f(z,z),
b(z,*). According to (7) and (8) of Sec. 8.3, the depth de-
pendence of both of these functions is a compllcated composi-
tion of a physical component contributed by o(z;&£';&£) and a
geometric component associated with N(z,£'). We thus cannot
separate the geometric and physical components of the depth
variation of f(z,*) and b(z,x) as simply as in the case of

a(z ,+) and s(z,*). However, we can still make a few obser-
vations that will be of help in building the two-D theory.

First of all we note that if the shape of the radiance
distribution N(z,+) is arbitrary but fixed as =z varies with
depth, then D(z,*} are independent of depth. Thus suppose:

£(z)g (€) 1f & 1is in E
N(z,£) = (1)
f(z)g (¢ 1f & 1is in

[1)

Then:
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h(z,£) = | N(z,£)dR(E)
= f(z) | g, (£)da(g)
and:
H(z,2) = | N(z,8) | £k | dece)
= £(z) | g,(8) ] &-k|da(E)
Hence:
g, (g)du(g)
D(z,%) = -— - (2)

g, (&) | &€k | da(E)

{1]

T

This shows that, under the fixed-shape assumption (1) on
N(z,£) the distribution functions are independent of depth.

Now what about the converse of this observation: If
the distribution functions D(z,*) are independent of depth,
are the associated radiance distributions fixed in shape as
a function of depth? 1If this were so, then Table 1 would
supply the empirical evidence necessary to assert the depth
independence of the shape of radiance distribution. To
answer the preceding question, let us consider what con-
straints are imposed on N(z,+<) when we require D(z,-) to
be independent of depth, say with fixed magnitude D(-).

All we need know about -D(-) at the moment is that 1t is not
less than 1, as a perusal of its definition would show. Thus
we have, directly from (5) of Sec. 8.3:

J N(z,£)da(E)

L ot |
|
Tl

D(-) = ———— ~—
N(z,8) | £k | da(e)

1l

For D(-) to be fixed is evidently a rather restrictive con-
dition on N(z,+). This condition can be rewritten in the
form:
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' N(Z,E)[D(-) £k | - 1] de(g) Errata (3)

—
7 -
i

This form makes it quite clear that, despite the condition
imposed on it by (3), N(z,&) can still vary in shape with
depth. For suppose that we partition Z_ 1into m pileces
Ay, 1=1, , m, over each of which N{(z,%) 1s essen-
tially constant Then (3) becomes:

i~

1
where N; 1is the constant value of N(z,+) over A; and
where we have written:

et for | [D(-) |E-k| -1]de(E) . (5)

1 JA.
1

It is evident from equation (4) that there is an infinite
number of ordered m-tuples (N,, N, ..., Ny) which satisfy
it, even if the m-tuples are constrained to have nonnega-
tlve components, as required in the present case by the non-
negativity of N. While this may cut down on the number of
multiples which satisfy (4) we certainly cannot work with the .
residual infinite number of possible solutions for which the
constant property of D(z,*) generally holds.

However we still have at least one trick to play in the
present algebraic game with (4), one that 1s based on- the
fact that the numbers N; in (4) are not to be drawn at ran-
dom from the real number system but are to represent physical
radiances typical of those found in natural waters. There-
fore it is fair to impose a further condition on the Nj,
other than that of nonnegativity. This additional condition
is what we shall call a monotonicity condition and 1t may be
stated as follows: Let "7 '" denote the collection of all
multiple solutions of (4). Then we say that %, obeys the
monotonieity condition if the members of %, can be arranged
in a sequence, ordered by real numbers, such that if (N,(z),
.o+ 5 Np(z)) and (N, (y), ... (v)) are two members of n
with y < z, then Nj 1 (y) > N (zT for 1, ..., m. The
physical origin of the monotonlclty condltlon is clear, the
real number indexing the multiples corresponds to depth in
X(a,b). The greater the depth 1z, the smaller the m radi-
ance components of the multiple (N,(z), ..., Ny(z)). In

fact the components are to decrease monotonlcally Wlth depth.

We now return to (4) armed with the monotonicity condi-
tion and require the collections %, of solutions ef (4) to
obey this additional condition. Toward this end observe that
the coefficients partition into two groups: those that
are positive, and tﬁose that are negative. If any of the cj
are zero, clearly a partition {A,, ..., Ay} of EZ_ can



SEC. 8.5 TWO-D MODELS | 29

be re-chosen with only minor changes so the associated «cj
1s not zero. The sum in (4) is rearranged so as to collect
together all positive terms 1in one group and all negative
terms in another. Hence as depth 2z 1s 1increased the
monotonicity condition requires the m-tuples in the posi-
tive group to uniformly decrease and (4) requires the sum
to be zero. Hence the members of the negative group must
also decrease and in such a manner as to preserve the

balance of (4). A moment's reflection will show that this
still leaves many solutions satisfying (4) but it is clear
that the variation of the shapes of these distributions has
been severely restricted by the imposition of the monotonicity
condition. It therefore appears that, on a practical level,
the depth independence of D(z,*) entails that of the shape

of N(z,*) 1n real optical media.

We shall rest the matter of the converse property of
the distribution functions at this stage, having made it
~plausible that the observed depth independence of D(z,*) 1in
natural waters will imply a corresponding depth independence
of the shape of the radiance distribution in natural waters
because of the conditions such as nonnegativity and monoto-
nicity imposed on the radiance distributions which are based
on auxiliary physical reasons. Another condition on N(z,*)
which may be imposed is that of convexity of the shape of
the distribution.

- The preceding discussion has shown that the probtem of
the converse property of the distribution function is not
fully resolved and it is left to interested students of the
subject to pursue. Briefly the problem is this:  What condi-
tions on N(z,¢) 1n addition to (3) and the monotonicity con-
dition must be imposed so that the shape of N(z,*) 1is to be
depth independent? A more practical problem of comparable
mathematical difficulty is: Describe the limits within which
the shape of N(z,+) may vary when N(z,¢) is subject to con-
dition (3) and the monotonicity condition. Our preliminary
analysis above showed that these limits may be quite narrow.

Returning now to the question of the depth independence
of f(z,x) and b(z,*), we see that in pursuing this question
we are led along essentially the same analytic and algebraic
path as in the case of the distribution function just con-
cluded, so that any solution to the converse distribution
problem defined above should shed light and be directly appli-
cable to the associated depth independence problem of f(z,z)
b(z,%x). In particular, we can reach the corresponding con-
clusion that a relatively small depth dependent variation in
the shape of the radiance distribution can be expected if the
depth variations of f(z,*¥) and b(z,%*) are small, whenever
we are in homogeneous natural hydrosols.

It turns out that the converse distribution problem out-
lined above is needed only for relatively shallow depths in
homogeneous media (on the order of three or four attenuation
lengths) for below such depths the asymtotic radiance distri-
bution begins to take hold (cf. (3) of Sec. 7.10, and Chapter
10) and the distribution function becomes essentially depth
independent along with f(z,*) and b(z,*). For if (1) holds,
then 1n addition to (2), we can conclude that in homogeneous
media: | | |
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- B
j_ g, (8")o(z;87;8)d(E") | dh(E)
:i d:i ]
f(z,%) = - o J 6)
1o 8.8 [&-k|da(E)
and
[
) 8s(EN)e(z;8"58)da(e) | da(e)
421 i :i )

b(z,*) — — (7)

[ g0 16k [aace

L

which follows from (7) and (8) of Sec. 8.3. Since the medium
is homogeneous, the "z '" may be dropped from "o (z;&';E) "
to emphasize the homogeneity assumption and the fact that
f(z,*) and b(z,*) are then depth independent.

We have now arrayed enough evidence, both empirical
and theoretical, to make plausible the working assumptions
of the two-D theory, namely that D(z,*) along with £(z,%)
and b(z,t) are essentially depth independent in natural opti-
cal media over the greater part of the depth ranges of such
media. Furthermore we have shown that the distribution func-
tions are workable indices of the shape of radiance distribu-
tions in natural waters, so that the relatively complex changes
in the shape of radiance distributions can for many practical
purposes be succinctly compressed into and represented by the
pair of numbers D(z,z).

Two-D Model for Undecomposed Irradiance Fields

The two-D model for undecomposed irradiance fields takes
as 1ts foundation the general two-flow equations (19) of Sec.
8.3 and adopts the following additional assumptions. Let
X(a,b) be a plane-parallel medium such that:

(1) .a =0, b = Z, with 0 i'z1 E.ﬁ

(1i) X(0,z,) 1s separable and 1its boundaries are
transparent,

(11i) The radiance distributions in X(0,z,) satisty
condition (1).

(iv) H(0,-) is an arbitrary irradiance, and H(z,,+) =0.

Assumption (i) merely sets the stage on a convenient slab 1in
euclidean space with a terrestrial coordinate frame for hydro-
logic optics. The upper boundary is at depth 0 and the slab
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may be either finite or infinite in depth. Assumption (ii)
says several things at once; first of all, separability means
that the ratio o/ o 1s independent of depth (cf. Sec. 7.12)
over the range of depths 0 < z < z, . Therefore, by a change
of the depth variable from geometrlc to optical depth, X(0,z )
can be rendered homogeneous in the optical depth coordlnate
system. We shall assume that this 1s done so that o and o
may be independent of depth in what follows. Other than (11)
no restrictions are made on the relative magnitudes of «

and ¢, or on the directional structure of o . The re-
quired transparency of the upper and lower boundary planes

Xo and Xz eliminates the need to consider interreflection
effects between these planes and the body of X(0,z . ). Such
~an interreflection calculation is neatly dlspatched by means
of the interaction principle and is reserved for the latter
stages of the present discussion. The assumption (11i) 1mme-
diately implies, via (5) through (7), and (13) of Sec. 8.3
that all the coefficient functions in (19) of Sec. 8.3 are
constants with respect to depth. We shall emphasize this
consequence of (i1ii) throughout this discussion by writing
"a(£)'" and "b(x)'" for the coefficients of the two-flow
equations (cf. (7)) and " D(x)" for the fixed values of the
distribution functions as given by (2). Finally, assumption
(1v) limits the incident source flux to an arbitrary irradi-
ance on the upper boundary of X(0,z,). The solution of (19)
of Sec. 8.3 obtained under assumptions (1) through (iv) 1s
known as the first standard solution of the two-D model for
undecomposed irradiance fields.

Equations (19) of Sec. 8.3 reduce, under the above con-
ditions, to:

-

 QH(Z.8) - - [a(s) +b(2)]H(z,) + b(F)H(z,7) (8)

il i N —— . - SR S —

The general solution of system (8) may be cast into the form:

PR s L e

k-z

H(z,t) = m,g, (+)e*? + m_g (+)e (9)

[P alal — - .k —— T e o e o

where m, are two constants which will be determined by as-
sumption (iv), and where we have written:

=4

"g. ()"  for 1 (10)

I+
0y
F ot
+|
N’

Mg (£)"  for 1 (11)

and: | |
"k,"  for %‘,{[a(” +b(+) -a(-) - b(-)]
+ [(a(+) +b(*) +a(-) +b(-))" - 4b(+)b(-) ]1/2} (12)
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It is easily seen from (12) that:

if a>0, thenk_ <0<k, " (13)
if a=0 and b(+) = b(-), then k_=0 =5k,  (14)
if a=0 and b(+) > b(-), then k = 0 and

k, = b(+)-b(-) (15)
if a=0 and b(+) < b(-), then k = b(+)-b(-)

and k, = 0 (16)

In all cases, then, we have k_ < 0 <k, . This permits us
to view the term in (9) with ky in the exponential as a
general growth term, while that with k. may be viewed as

a general decay term when 2z 1is measured positive downward
into X(0,z,). We shall henceforth assume the medium to be
nondegenerate, i.e¢., Kk, # k. , which limits our considera-
tions to media with properties (13), (15), and (16). Degen-
erate media have trivial radiative transfer properties, as
may be inferred from the solutions displayed below.

Putting assumption (1v) to work, we require of (9) that:

H(0,-) = mg (-) +m_g_(-) - (17)
0 = m (18)
From (17) and (18) we find that:
m, = 5 H(0,-)g_(DeS? /acz)) (19)
where we have written:

"a(z )" for g, (g (-)e P - g (-)g. (+)e-F1 (20)

Therefore the first standard solution of the two-flow equa-
tions for X(0,z,) consists of the following two equations:

— " il i Y - P e il

(21)

Writing the upward and downward 1rradlance equations sepa-
rately, we have:

22)

| H(Z,'l') = Hﬂ OZ’“ 1298 (+)g._ ("‘) [e * kﬁ-z - ek"'z ¥ k-_Zﬂ

I - i " - T
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and

I—_—_m-___.—.-_—_-_ e e T il A TE——— " T

H(z,-) =H5 Oz’—) | [g+(+)g_(—)ek+z1 tk z _ g. (-)g. (+)ek+z + k-z.,]
A

- —

e e e - . il il

(23)

Observe how the boundary conditions (iv) are now built into
(22) and (23). For by setting =z =1z in (22), we obtain
H(z,,+) = 0. Setting z=0 in (233.yields an 1dentity; as
expected. For all intermediate depths - 0 < z < Zz, » equa-

tions (22) and (23) give the values of the irradiance fields
at those depths.

| It 1is of interest to examine the standard solutions
(22) and (23) in the light of the invariant imbedding rela-
tions (7) and (8) of Sec. 8.1. Thus in (8) of Sec. 8.1, set
x=0, y=z and z=2z,, so that:

- H(z,-) = H(0,-)J(0,z,z,) (24)
Furthermore, in (7) of Sec. 8.1 with the same substitutions:
H(z,+) = H(0,-)K(0,z,z ) (25)

From (24) and (23) we have at once an explicit representation
of J(0,z,z .) for X(0,z ) ) and from (25) and (22) we have an

exp11C1t representatlon of A(0,z,z,) for X(0,z,). Further-
more, since:

. R(0,0,z ) = R(0,z )
it:follows that:

——r
8+ (+)g_(+)
| R(0,2 ) = ﬂ(f_) [ k+z - _z] (26)

Similarly, since:

Y0,z ,2) = T(0,z )
it follows that: '

| - -
(ketk.)z,
| T(0,2,) = eﬁ;z—f(&*(ﬂg_(-) - g+(-)g_(+) (27)
1

We note that for infinitely deep media, i.e., for the
case z, = «, (26) and (27) become, respectively:
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L k) - ac) -
» " TRy a7 e O

A question that often arises in practical applications
of the principles of invariance to plane-parallel media con-
cerns the polarity of the R and T factors (or R and T
operators, 1if radlance 1s used) (cf. Sec. 7.12). It turns
out that the two-D theory allows very detailed studies to be
made of this question in the irradiance context. Thus, in
the present setting the R and T factors by-definition
possess polarity if:

R(Osz,]) # R(Z1 ,0)

or

T(0,2,) # T(z,,0)

As we saw in Sec. 7.12 the phenomenon of polarity can arise
~when X(0,z,) 1s anisotropic or nonseparable. Since the
present medlum is separable, the only way polarity can arise
1s in the case that the inherent optical properties of
X(0,z5) exhibit anisotropic structure. We have as yet made
no essential use of the isotropy of X(0,z,). Suppose that
we now assume the medium to be isotropic. 'From the polarity
theorem of Sec. 7.12 we know then that the R and T oper-
ators do not possess polarity. But what of the factors
R(0,z,) and T(0,z,)? Since a(%) and b(%x) play the same
roles for H(z,t) as a and o do for N.(z), we should
examine this question with specific reference to a(%) and

b(%).

In preparation for the answer, let us generate the
second standard solution by replacing (iv) above by the con-
dition:

(V) H(z1,+) 1s an arbitrary irradiance, and H(0,-) =0.

Therefore we are to irradiate X(0,z,) from below. Since the
procedure for fixing m4 1s now clear we merely state that
under condition (v) with (i) through (11i) above in force, we
have: |

m, =tH(z ,*)g (-)/a(z) . (28)

It follows that the second starndard solution 1s:

H(z, ,+)
H(z,+) ='“&(;"')" g+f+')g_-(--~-)e-k"'Z g;(-)g_(*-)ek"?] (29)

R wdalg— i - i p— N — —— e ; Sl _

and
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NN s
H(z,-) = —z7— 8, (g (-) | e - e ] (30)

. — i —

Being guided by the invariant imbedding relation once again,
we arrive at: u

g, (-)g_(-)
R(Z1!0) - —_ﬁ(z ) ek+Z1_ek"Zﬂ | (31)
1 F_._ | | ) |
T(z, ,0) = Atz ) g, (t)g_(-) - g, (-)g_(+) (32)

It is now of interest to compare (26) with (31) and (27) with
(32). In the case of the reflectance factors we see that:

R(0,z ) = R(z ,0) 1if and only if g (-)g_(-) = g, (+)g_(+)
(33)

and that:

T(O,z1) = T(z1,0) 1f and only 1f k_ + k_ =0  (34)
The conditions on the right of each statement are each implied
by a single statement; namely:

a(+) = a(-) and b(+) = b(-) . - (35)

In this way we can find an answer to the question about
polarity of the R and T factors. Toward this end, we

- shall agree that the medium X(0,z,) 'is anistropic with
respect to the irradiance field if (35) does not hold, i.e.,
if 1its negation: |

a(+) # a(-) or b(+) # b(-) (36)

1s true. Thus, if X(0,z,) is anisotropic with respect to
irradiance, we are generally to expect polarity of the R

and T factors, so that under standard conditions (i) through
(v) a full description of the radiative transfer process in
X(0,z,) by means of the irradiance field requires the four
factors: R(0,z ), R(z ,0), T(0,z ), T(z ,0), as given by (26),
(27), (31), and (32). '~ 1 1

The basic equations of the two-D theory for undecomposed
source-free irradiance fields have now been derived. The so-
lutions of the special forms of the two-flow equations (8)
giving rise to the two-D equations are conveniently grouped



36 MODELS FOR IRRADIANCE FIELDS VOL. V

into parts: the first and second standard solutions given,

respectively by (22), (23) and (29), (30). These two
groups can be assembled into one compact package by means
of the invariant imbedding relation. Toward this end and

in view of (24) and (25) we deduce:

L(H)g o (+) |
@(0,2,21) 2 ﬁ(zgj“ [ek+z1 +koz _ ek+z+k-z;|

(37)

kyz, +k_z

1

J0,2,2,) - 5y g+ (e (e

- g+(—)g_(+)ek+z'+k'z{] (38)

In a similar way we deduce the present forms of the complete
reflectance and transmittance factors from (29) and (30).
As a result weé have: |

g, (-)g_(-)
e+Z . ek“Z] (39)

_6{(211210) = 5(21) T

T(z,52,0) = 37y [g+(+)g_(-)ek"'z : g+(-)g_(+)ek-z] (40)

The preceding expressions can be condensed slightly by noting
that the square-bracketed quantities in (38) and (40) are
generalized forms of A(x) for suitable x. Furthermore the
bracketed quantities in (37) and (39) can be represented 1in
terms of hyperbolic functions, after suitable rearrangements.
However such condensations are relatively complex and, in the
final analysis, quite inessential, since the true algebraic
structures of the irradiance field in plane-parallel media
are those given by the invariant imbedding factors and the
invariant imbedding relation to which they belong. Thus the
right sides of (37) through (40) serve merely to supply the
numerical magnitudes of the @ and J factors. It is im-
material how simple or complex these symbolic arrangements
are. In view of (7) and (8) of Sec. 8.1, the essential alge-
braic structures are the following:

H(z,+) = H(z ,+)J(z ,2,0) + H(0,-)&(0,z,z2 ) (41)
H(z,-) = H(0,-)J(0,2,2 ) + H(z ,+)&R(z,,2,0) (42)

or their matricial form:

(H(z,+),H(z,-)) = ((H(z, ,+),H(0,-)M(0,2z,2,) |  (43)

il P iy T

Therefore, once a tabulation of the entries of the matrix
Wﬁo,z,z1) is made for a medium X(0,z,), (43) supplies the
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irradiance tield H(z,%*) at each depth =z in X(0,z,) in
terms of the incident irradiances on boundaries X, and
| . A convenient means of tabulation is given by the set
(5} through (6) of Sec. 8.1. One can first build up an inde-
pendent tabulation of four standard R and T factors for
X(0,z,) using (26), (27) and (31), (32). Then the & and
factors may be obtained in any detail as desired. The
particular forms of (3) through (6) of Sec. 8.1 required in
the setting of X(0,z,), are obtained by making the substi-
tutions x > 0, > z, and z > z However, before
extensive tabulatlons are c0n51dere& the observatlons
throughout Sec. 8.7 should be studled especially those
which show how the R and T factors and their invariant
imbedding counterparts and generalizations, can be obtained

by direct integration procedures and semigroup calculations.

Two-D Models for Internal Sources

The basic equations for the two-D theory of irradiance
fields as given 1n (8) are written explicitly for source-free
media. It 1s a simple matter to extend these equations to
include continuously distributed internal sources in X(0,z. ),
and we shall now devote some attention to this matter. Be-.
fore doing so, we note that the case for a finite number of
discrete internal'sources in X(0,z ) 1s readily solved using
the results of Example 3 of Sec. 3.9. (See (38) of Sec. 3.9,
and replace (Ni+(y), N-(y))by (H(y,*), H(y,-)), etc.) These
results, though written for the radiance functions, adapt
immediately to the irradiance case. The R and T factors
(26), (27), (31), and (32) and the R and 7 factors (37)
through (4) are now used to construct the Y - factors by
means of (20)-(23) and (31)-(34) of Sec. 3.9.

The equations (8) are adapted to the continuous 1nternal
source problem by simply adjoining the source terms hpy(z,+)
to the respective equations, thus:

L2 o 1(9)H(z,2) + p(DH(2, ¥ + h (2,5)  (44)

Here we have used (11) and (12) of Sec. 8.3 to help write the
present compact version of the two-D equations. The present
version 1s the irradiance counterpart to the local forms of
the principles of invariance. The connection of hn(z,i) with
the source function in X(0,z,) 1is simply this: we have
written:

"ho(2,£)" for | N (2,£)da(E) (45)
= + |

and in the process of going from the equation of trans-
fer to the two-flowequations, as explained in Sec. 8.3,

Nn(z,€) 1s converted to hy (z, +) . We may note in pass-
ing that we have used the f'z,eZd radiance interpretation
of N, 1in (45) so as to use hy. The alternate interpre-

tatlon of N, as a surface radiance would have resulted 1in
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wy  (ct. (19) of Sec. 2.7).

To solve (44) we can make use of the solutions ob-
tained earlier 1in the source-free case. The homogeneous
solutions of that case will be used. In order to find the
particular solutions of (44) we proceed as follows. First

observe that the systém (44) may be converted into two second
order differential equations in H(z,%*). Thus, let us write:

it R | _d'_
D for 17

Then (44) becomes:

[D+ 1(+)]JH(z,+)

- p(-)H(z,-) - h, (z,+) - (6)
[D- T(")]H(Z,') - p-(+)H(.Z:+) + hn(z.:-) | (47)

Operating on (46) with the operator [D - t(-)}], we have:
[D-t(-)1[D+T(+)1H(z,*) = -p(-) [D-7(-)IH(z,-)- [D-T(-)]h (z,*)

-0(-) [p(*)H(z,+)+h, (z,-)]
- [D-1(-)1h, (2,+)

The second equality follows from use of (47). Simplifying
this result we have: | o | |

D%+ (£ (+)-T(-))D+p(+)p (-)-T(+)T(-) JH(z,+) = - [D-T(-)Th, (z,*)
-o(-)h (z,-)-

(48)
Next, operating on (47) with [D + 1(+)], we have:
(D% + (t(*+) - 1(-))D+p(*)p(-) - t(+)1(-)JH(z,-) =
= [D+t(+)]h (2,-) - o(+)h (z,+) . (49)

Let us write:
"Y(z,£)" for F[DFt(F)Ih (z,%) - p(F)h (z,5)  (50)
and

D for [DE+ (1(+) - t(-))D+p(¥)e(-) - t(+)T(-)] (51)
Then (48) and (49) can be written as: '

DH(z.+) = Y(z,%) 1 (52)
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The source-free, two-D equations (8) are a special case of
(52). Thus (8) 1s equivalent to:

13 .

DH(z,2) = 0 (53)

_——

and is obtained by setting h,(z,t) = 0. The characteristic
equation associated with the Hifferential operator @ is:

K* o+ [T(*) - t())k+ [p(M)e(-) - T(H)T(-)] =0 (54)

whose solutions are:

ki = ‘% {[T(") y T("‘)]_ + [(t(+) + '[(-))2 - 4p(+)p(-)]1/5} o
(55}

These roots k4 , k. are precisely those given in (12), but
are now represented in terms of the local transmittance and
reflectance factors t(+), o(+). The earlier forms can be
recovered by means of (11), (12), and (18) of Sec. 8.3.

We are now ready to find the general solutions H(z,%)
of (52). First we observe that two linearly 1ndependent so-

lutions of the homogeneous equations (53) are available in
the forms:

kiz
Ei

Indﬁed, eﬁcg function satisfies (53) and the Wronskian
W(eX*Z , e"~“) of these two functions is of the form:

ek+z ek_z

=,

~

- @
{3
-
|

(k_ - k,) exp ((k,+k )z )

for every z 1in the interval [0,z,]. Since we have agreed
to work in nondegenerate media (cf. (13)-(16) of Sec. 8.5),
it follows that ki #k_, and so the Wronskian does not van-
ish on [0,z,], thereby indicating the linear independence
of the solutions.

By means of the method of variation of parameters, par-
ticular solutions of (52) are found to be of the form:

+ - 740

. }E 2 [elq.(z-s) _ ek_(z-s)] Y(s,+) ds (56)

which we will denote by ”Hp(z,i)”.
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It follows that the general solutions of (52) are of the form:

k+Z

H(z,%) = m,g, (£)e % + m_ g (1) % + H (z,5)  (57)

where m, are constants of integration. These constants may
be determined by suitable choices of the values H(y,%) at
any two distinct levels in X(0,z,), or by knowing H(y,*) at
a given depth and dH(y,+)/dy at the same, or generally some
other depth. Still another and quite general requirement
would be imposed by simultaneously specifying H(0,-),
H(z,,+), exactly as in the source-free case considered above
(re: (19), (28)). This we shall do, our ultimate goal being
a representation of H(z,*) by means of an invariant imbedding
relation, as in (43), but now taking cognizance of source
terms in (44) and hence in (57). Thus, we require:

H(0,-) = m.g (-) +m_g_(-)

k,z, k_-z,

H(z, ,+) = mg, (+)e ™+ + m_ g (e "1 +H (z ,+)
The requisite values of m, are:
n o=t i {lH(z ,+) - H (2 ,4) |8 (<) - H(0,-)g_(+)e/F7
' "&iz1i 1? p-1’? = ? 7 -
(58)
‘These values are now returned to (57) and some algebraic
reductions made, keeping in mind the present goal. The
results may be written as: |
r — — A - T |
| (H(z,+),H(z,-)) = (H(zd,+),H(0,-))mK0,z,z1) ' 59)

- Hy(z, %), 00m(0,2,2,) + (Hy(z,+),H,(z,7))
| _

- This is the desired set of general solutions of the equations
(52). Observe that we return to the source-free case (43) if
hn(z,i) = 0 for every z in [0,z,]. The new parts compris-
ing the present solution are generated by the presence of
sources in X(0,z,). The members of the 2x2 matrix |
m0,z,z,) were evaluated 1in (37) through (40), so that, as 1t
stands, (59) is ready for numerical computations.

e . - L il

Equation (59) can be recast into an alternate form so
as to achieve greater symmetry of form and also to bring out
explicitly the intuitive features of the role played by the
continuous sources hn(z,i) within X(0,z,). The concept of
the continuous V¥ - operator, introduced in (37) of Sec. 3.9,
guides the reformulation of (59) towards this new goal.

First we observe that each particular solution H,(z,=
may be written as a sum of two terms, using the explicit form
of Y(x,*) given in (50):
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Z Z
Ho(z,+) = - JO Q(z-s) [D-t(-) ]h (s,*)ds - J Q(z-s)o(-)hn(s,-)ds

O
(60)
Z | - - Z
Hp(25°) = | Q(a-8) [D+1(+) I, (5,-)ds = | Q(z-8)p ()R (5,)ds.
(61)

‘Note 1n particular how the derivative operators [D-1(-)] and
D+t (+)] are to be applied to hn(s,+) and h_{(s,-) in the
first integrals in each of the representationg (60) and (61).

For brevity, we have written:
ky(z-s) _ ek"(z-S{]. (62)

" 11 ' 1

Q(z-5s) for (TR D) [e
+ -

The two equations (60) and (16) can be succinctly written in

matrix form and in such a way as to make contact with the
¥ - operator concepts of example 3, Sec. 3.9. Thus:

(HP(Z:'I'):HP(Z:")) =

- - [D-1(-)] - p(¥)
= | (b (s,*),h (5,-)) Q(z-s)ds
o - 0 (-) [D+7(+) ]

Let us denote the matrix in the preceding integrand by
"€(s)" . The variable s is used in the notation of &(s)
to indicate that the derivatives are to be taken with respect
to s . We agree that in the integrand the operator &(s)
acts on (h,(s,*),h,(s,-)) (and not Q(z-s)), and that the re-
sult 1s multiplied Qy Q(z-s). Hence:

(Hy (2,#) 1, (2,-)) = Jz (h (5,+) b (5,-))€(s)Q(z-5) ds
(63)

Now, 1n a similar manner we can reformulate the term
(Hp(z,,+),0) in (59). Indeed, we observe first that:

(Hy(z,,+),0) = (H (z ,+),H,(z,,-))C,

where C, 1s one of a pair C , of 2x 2 matrices defined
in (4) and (5) of Sec. 7.4. Now the I, occurring in C,
reduce to the number 1 in the irradiance context. Hence, by
the same reasoning as before:

Z
(B (z,,+),0) = | ' (h (5,+),h, (5,-))€()€,Q(z, -5) ds
; (64)
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The integral in (63) can be given 1z, as an upper limit by
adopting the function Yy defined on the real line, where

0 1f x<0
x(x) = '
1 1f x>0
sd that:
Z1
(1, (2,40, Hy (2,20) = [ (hy 060y (x,-))ES) X (2-5)Qa-5) ds

With these preliminaries established, we return'to-(59) and
cast the particular solution terms into the form:

(Hy(z,+) ,_Hp(z,-)) - (H, (2 ,*+),0)M(0,z,2 ) =
Z1

F-

= (h, (s,+),h (s,-))E&(s) [x(z-5)Q(z-5)-C,M(0,z,z )Q(z -s)]ds

‘0
Let us write:

"¥(s,z)" for &£(s)[Ix(z-s)Q(z-s)-C M(0,z,z )Q(z -s)] (65)

where 1 1s the 2x2 1identity matrix, so that (59) becomes:

—
(H(z,+)H(z,-)) = (H(z_,+),H(0,-))M(0,2,2 ) *
Z . .
c [ s b (s, ¥ (s, 2) ]  (66)

0 <z < Z

T

Further connections of irradiance field theory with the func-
tional relations of invariant imbedding theory can be sought,
especially with those of Sec. 7.13. Some of this research
may be guided by the query: What are the specific connections
between the four components of the 2x2 matrix VY(s,z) de-
fined in (65) and those of VY¥(s,z: 0,z,) studied in Sec. 7.137
Evidently the theory of Sec. 7.13 is an independent means of
arriving at V¥(s,z) constructed above. By relating the two
methods of approach to VY¥(s,z), new understanding of invari-
ant imbedding techniques should be forthcoming. A beginning

is made in Example 10 of Sec. 8.7. Some recent developments
for medila with-internal sources are cited in §10.
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Two-D Model for Decomposed Irradiance Fields

The two-D model for decomposed irradiance fields, to
which we now turn, was the first two-D model constructed
(Ref. [221]). The prime motivation for the model was the
need for a more accurate and detailed irradiance model than
what was avallable in the classical one-D theory of irradi-
ance fields (Sec. 8.6). The present model has the advantage
of working with the diffuse 1rradiances generated by arbi-
trarily shaped radiance distributions.

It is well known that the shapes of the diffuse radi-
ance distributions in natural media change with depth at a
rate much slower than the shapes of the undecomposed distri-
butions, thereby making the two-D assumption (1) a still
more faithful reflection of the actual radiometric state of
atfairs 1n the present instance. A further advantage of the
decomposed irradiance model is that the shape of the inci-
dent radiance distributions on X(0,z.) can be chosen inde-
pendently of the shape of the dlffuse radiance distributions
throughout X(0,z,), thereby constituting a greater flexi-
bility than the one-D model. As a result the decomposition:

H(z,+) = H%(z,%) + H*(z,%)

contains two independent terms which together are more flex-
ible 1n representing actual irradiance {fields. A third ad-
vantage of the two-D model for decomposed irradiance fields
1s that the mathematical procedures for solving the model's
equations are simply special cases of the solution just
studied in the case of the undecomposed irradiance field with
internal sources. Indeed, the '""internal sources'" are now the
upward and downward primary scattered irradiances originating
from the residual irradiances HC(z,+). This may be seen by
comparing (2) of Sec. 8.4 with (44). Hence replacing

(z,%+)" in (44) formally by "£f°(z,+)H®(z,%) +b°(z,x)HO(z,F)",
(62) yields the requisite general solution of the present
two-D model equations.

Actually, such generality as that just noted is not
usually needed 1n practical hydrologic optics or meteorologic
optics computations. The following radiometric conditions
are found to be sufficient for most purposes, and we hereby
explicitly adopt them 1in the present study:

(vi) NO(O,a) = NDS(E-EO) for £° in = and
NO(Z_1 » E)
H*®(0,-) = 0 and H*(z_,+) = 0.

0 for & 1in E_. Further,

The remaining conditions for the present discussion are (i)
through (1i1i) as given for the undecomposed irradiance field
equations (8). Now condition (1i1i) applies of course to
N*(z,*), 0 <z < z,. Therefore X(0,z,) has a collimated
source of radiant flux incident on its upper boundary along
the direction £&©° in Z_. . No other sources are incident
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on or in X(0,z,). As stated in (vi), the boundary condi-
tions H*(0,-) = 0 and H*(z ,+) = 0 are also in force.
In regard to related uses of these conditions, see (30) and
(31) of Sec. 8.4.

With the preceding assumptions in force, (20) of Sec.
8.4 reduces to: | |

dH*éi’i) = - [a*(%) +b*(+)JH*(z,+) +b*(3)H*(z, 3)

+ N° exp 1-—u2/u0}0$(u0) oy (67)
where we have written: _ _

"o, (" for w £°(z,-) (68)

"o_(u)" for wu b°(z,-) (69)
and in which we write:

"w " for g%k | . , (70)
Therefore o+(p,) are simply forward and backward scattering
functions, sligﬁtly modified so as to allow the collimated
radiance condition (in the form " N©'") to remain explicitly
before the eye (cf. (42) and (43) of Sec. 8.4). However, in
numerical work and other theoretical investigations, it is
easy to see, by inspection of the various results below, how
to return to the £© and b® concepts, when desired.

The general solution of (67) is:

il

— el e el N el

—
N - ks+z k-z 0 -az/u
H*(z,+) -m+g+(i)e tm_g_(¥)e - N C(Uori-)e O HT71)

— _ N

In this set of equations, the g,(*) are given in (10) and
(11) with "a*(+)" replacing "a(t)' and "b*(z)" replacing
"b(+)" everywhere (including in k,), since we are now work-
ing with the diffuse irradiance field. For simplicity of
notation, the star superscripts will be kept behind the scenes
in (71). Furthermore, in (71) we have written:

0, (u)b*(3) +o_(n ) [a*(3) *b* () 7 (a/u )]

(k + &) (k_ + ..9_)
+ IJO l-l‘,::J

”C(uo,i)” for

(72)

The quantities C(ugs%) clearly dépend on the direction
of incidence of the radiance distribution N°(0,£), £ in E

H_

It 1s this term in (71) which gives the dependence of H*(z,z)
on Hy, and which permits the simulation of general incident
lighting conditions. By tabulating the values C(“O,i) for
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a few typical choices of a and o, a useful set of tables
of H*(z,+) can in turn be constructed, and these can be used
via superposition calculations to simulate general incident
conditions. The constants m, 1n (71) are as yet the only
undetermined quantities in (71). However the remaining light-
ing conditions on H¥* 1in (vi) rigidly fix the structures of
my and m. . Thus it may be shown that:

My 7 Mz ) [ g_(-)Cu_,*)e "0z /Mo g_(+)CCu, - )’ z]

(73)

H*(z,+) or for H{(z,:) are

(See, e.g., (1) and (2)

Explicit expressions for
now derivable from (71) using (73).
of Sec 10.3.) In particular, expressions for &(0,z,z, )
and +*(0,z,z ,) are now readily forthcoming. However, we
shall not take the space here to display such representations
0f the complete reflectance and transmittance factors. We
shall be content to exhibit, for later purposes, the standard
reflectance and transmlttance factors R(0,z.) and T*(0,z,).
Toward this end, by means of (30) of Sec. 8. 4" and su1table
substitutions, we have:

H*(0,+) = H°(o,w)R(0,z1)

Since

o
N M ’

H®(0,-) =
(71) and (73) combine to yield:

Clu_,-)g, (*)g_(+) -
ey = S BOE (s ]
O 1
74)
"ot [a(0) -az, /v -
+ .Tuo [5(21) e L o - 1]
Further, from (31) we have:

H*(z ,-) = H°(0,-)T*(0,z )

which, with (71) and (73), combine to yield:

aig .y o Clort)E, (e ()
' .(_,21) = - U;ATE:) >
. C(UG:') [ALOJ

I U ﬁ(z1)

S el

[ek_,.z1 ) ek_z{] o 0Z, /Mg

(75)
) e-az1/u%]

e(k+ + k_)Z.I

Q
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There is generally one other reflectance-transmittance pair
of factors for upward incident flux on X{(0,z.). The pro-
cedures used to find (31) and (32) may serve as a guide to
tind the factors for the present case.

Inclusion of Boundary Effects

We conclude this section wilith a description of how to
include the effect of reflecting upper and lower boundaries
on the medium X(0,z The general problem of interreflec-
tions between the bo&y of a medium and its boundary, includ-
ing the possibility of internal reflecting interfaces, was
discussed in Example 6 of Sec. 3.9 and applied to the unified
atmosphere-hydrosphere problem in Example 7 of that section.
We shall now repeat the essential ideas of those examples,
but in the irradiance context, and, so as to keep the dis-
cussion simple, we shall assume no internal interfaces.

- The simplest case will be considered first: the medium
X(0,z,) has only one reflecting boundary namely that at level
0, and which we shall denote by "X ". The boundary at level
z, Will be assumed transparent. In practlce when 1z, 1s
relatively great, the present case may be freely used ~even
though X(0,z,) has a reflecting lower boundary. Further-
more, the only source in X(0,z,) will be the downward
irradiance H~ (0,-), incident on the upper boundary. We

will work with the undecomposed irradiance field.

With these conditions, we have established the present
interaction problem as that between two media: a plane X,
and a slab X(0,z,). The reflectance and transmittance fac-
tors for X, are developed in their full generality in Sec.
3.3, In particular we use 7r1,.(x) and ¢t ,(x) as developed 1in
(19) of Sec. 3.3. Examples of the use of these factors in
the irradiance context are given in Sec. 3.4. Hence we can
employ the interaction method in the present problem without
further explanation. |

We direct attention first to plane X_, and enumerate
all incident irradiances:

A : all irradiances like H (0)

1

AQ: all irradiances like H_(0)
The set A, 1s the set of all irradiances on the upper side
of X, . The set A_ consists of all irradiances on the
underside of X, . The set of response radiant emittances of

XO are:

B1: all radiant emittances like W (0)

BE: all radiance emittances like W_(0)
The four assocliated interaction operators for X, are simply
the reflectance and transmittance factors 1r,(0), t+(0) asso-
ciated with X,
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S , "TTTTe t (0)
S, ., """ r_(0)
521_--%--—- r, (0)
S, """ -- t, (0)

We next direct attention to the slab X(O,z1). The class of
all incident 1irradiances on X(O,z1) is: |

A : all irradiances like H(0,-)

The class of all response radiant emittances is:

B1: all radiant emittances like W(0,+)

B_: all radiant emittances like W(z ,-)
The requisite response operators s and s,, are in this
case the numerical reflectance R(0,%2 ) given by (26) and
T(0,z,) given by (27). According-to_{he interaction principle
applied to X, , we have:

W, (0) = H_(0)r_(0) + H_(0)t_ (0) (76)

W_(0) = H_(0)t_(0) + H,(0)r,(0) (77)
The interaction'principle applied to X(O,z1) yieldS:

W(0,+) = H(0,-)R(0,z)

(78)
Wiz ,-) = H(0,-)T(0,z )
The auxiliary equations for the present problem are:
H_(0) = H°(0,-) - (79)
w_(0) = H(0,-) ' (80)
H, (0) = W(0,+) - (81)

We are interested in the responses of X, and X(0,z,)
as a result of their radiometric interaction induced by
H°(0,-), and so use the auxiliary equations (79) through (81)
to remove as many incident quantities as possible from (76)
through (78). The results are:

W, (0) = H°(0,-)r_(0) + W(0,+)t_(0) (82)
W_(0) = H°(0,-)t_(0) + W(0,+)r_(0) - (83)
W(0,+) = W_(0)R(0,z ) (84)

W(z,,-) = W_(0)T(0,z )

Equations (83) and (84) are autonomous, so that:
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W_(0) = H°(0,-)t_(0) + [W_(0)R(0,z )]r,(0)

and we have:

| _ H°(0,-)t_(0) -
W (0) = TTﬁTU,E1)}+(ﬁj o (85)

From this and (84):

H”(0,-)t_(0)R(0,z,)
1-R(0,Z1)r+(0)

W(0,+) = (86)

From this and (82):

W) = 100, [ s %%}i] @D

These results may now be used to obtain the internal
irradiances H(z,*) in X(0,z,). Indeed, by the invariant
1mbedd1ng relation (43) Wlth H(z1,+) 0 and H(0,-) =W (0)

now gilven by (85), we have:

(H(z,+),H(z,-)) = (O:H(O:".)).‘I}l(osz:z‘l) .

In particular:

i . e — - = - = E— iy

| °(0,- 0 -
H(z,+) T‘-—-{-R—Eng‘jrf(%; R(0,2,2.) s

i

O ,; (0
1(z,7) = TReosr 10y T(022,)

—— e il . —

(89)

It is interesting and instructive to pause here and
view (88) and (89) in the light of the semigroup relations
(52) and (53) of Sec. 3.7 which certainly apply in the ir-
radiance context. Toward this end, observe that the factors
before & and 77 in (88) and (89) comprise basically a
complete transmittance factor. Thus suppose we write:

1 " | t-(O)
jT—l,O,z1) for Tfﬁfﬁffk)r+fﬁy
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and
"H(-1,-)" for H(0,-)
Then (88) is of the form:
H(z,+) = H(-1,-)7(-1,0,2 )R(0,z2,2 ) (90)
and (89) 1is: ' |
H(z,-) =H(-l,—)?T-l,O,z1)?T0,z,z1) (91)

The semigroup relations show that we can write (90) and (91)
as:

r

H(-1,-)R(-1,2,2 ) (92)
H(-1,-)J(-1,z,2 ) | (93)

L . Sl

H(z,+)

H(Z,*)

The conceptual unity afforded by the invariant imbedding
point of view is illustrated quite strikingly by this con-
version of (88) and (89) into (92) and (93). As a conse-
quence we can see that the interaction problem between the
boundary X, and X(0,z,) does not differ algebraically
from that between any two subslabs X(0,y), X(y,z,) of
X(0,z,). In view of this, we could rework the preceding
analysis so that we need not count depths in X(0,z,) start-
ing with -1, but rather with some other fiducial depth.
However, the present notation has been found convenient and
workable in the discrete space setting (Ref. [251]), and

- shall be retained.

The reader who has followed the preceding derivation
of (92) and (93) can now readily extend these results to the
medium X(0,z,) which is endowed with two interacting bound-
aries X,, Xz, . Indeed, the invariant imbedding relation
for one-parameter source-free media can be invoked at this
juncture without the necessity of a fresh application of the
interaction method. We merely use the semigroup relations
(12} of Sec. 3.9 and the invariant imbedding relation (10)
of that section applied to the one parameter medium made up
of the union of X, , X(0,z,) and Xz1.

To see how such an application proceeds, let us first
establish some notation. The interaction factors for X
are as listed above. Those for X, are r%(z1), t+(zqf,
as established generally in Sec. 3.5. Those for X(ﬁ,z1)
are the four standard R and T factors found in detail
above. Thus each of three interacting entities Xo » X(0,z,)
and Xz, 1s generally assigned four interaction operators:
two reflectances and two transmittances. The three media
together, as a class, will be denoted by "X (0,z,)". If,
turther, we write "H(-1,-)" and "H(z,+1,+)" for the down-
ward and upward incident irradiances on the space X,(0,z,),
then the irradiance field H(z,*) at any depth 2z, 0<z<z,
1s given by:
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. (H(Z,"'),-H(Z,-)) = (H(Z,]"'l:"') :H('lﬁ'-))m("lszrz,""l) \ (94)

where the four components of the matrix M(-1,z,z +1) are
found by decomposing them using the semigroup properties
(12) of Sec. 3.9. Two examples of such decompositions have
already been given in (90) and (91) for the one-boundary
downward flux case.. In the present two-boundary case, we
have for example: - -

7T-1,z,z1+1) = 3T-1,0,z1+1)3T0,z,z1+1) (95)
The geometric setting for (95) is depicted in Fig. 8.2. Using

this figure as a guide, and turning to (40) through (43) of
Sec. 3.7, we see from (42) of Sec. 3.7 that:

7("1:0321"'1) = T("-'1:0)'[1'R(0:.Z1+1)R(0,-1)]_1 (96)

FIG. 8.2 Geometric scheme for including boundary effects
of boundaries X, and Xz,, of medium X(0,z,). Hypothetical
levels labeled " -1" and "z, 6 +1" are introduced as places
external to X(0,z,) from which radiant flux may irradiate
X(0,z,) or at which emergent radiant flux may be measured.
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Here, of course, |
t (0) (97)
R(0,-1) = r_ (0) (98)

T(-1,0)

Furthermore, by (15) of Sec. 7.3, we have:
R(O,z1+1) = R(O,z%) + ﬂTO,z1,z1+1)T(ZT,0) (99)
By the semigroup property of &:
R(O,z1,z1+1) =310,z1,z1+1)R(z1,z1+1) (100)
Here we have: .
R(z1,z1+l) = r_(z1) (101)

and once again by (42) of Sec. 3.7:

70,z ,z,+1) = T(0,z )[1-R(z ,0)R(z ,z,+1)] '  (102)
In this way we can completely and systematically analyze the
factors on the right in (95) using only the main semigroup
properties of 7 and & and the composition formulas, (40)
‘through (43) of Sec. 3.7. The remaining three components of
M(-1,z,z,+1) may be analyzed similarly.

The reader interested in pursuing the radiative trans-
fer theory of "mixed spaces'--i.e., collections of simultane-
ously interacting surfaces, slabs, and general media, in three
and higher dimensional settings--is referred to Ref. [251],
which systematically develops this discipline, known as dis-
crete-space radiative transfer theory. The preceding activity
1s a particular instance of application of discrete-space
theory. We shall return to this matter in Example 5 of Sec.
8.7 and systematize the preceding boundary effects procedure
for irradiance settings.
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We have reached a stage in the development of the two-
tlow models for irradiance fields where we have enough machin-
ery to readily examine two extreme types of irradiance models
used in practice and theory. The first of these types is the
one-D model which is the modern counterpart to the early

~Schuster-type equations associated with light fields having
spherical radiance distributions. The other extreme is the
many-D model for irradiance fields which pushes the two-flow
irradiance theory to its logical 1limit and can serve as the
bridge back to the domain of ideas developed in Chapter 7.
The explicit formulations of each of these extreme types is
of importance to the subsequent developments of this work and
therefore will be studied in some detail. *
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