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should represent. As a result, there was no agreement as to
what was really measured. A plot of I, on semilog paper with
depth as abscissa yielded -K as the slope of a curve which
often appeared visually as a straight line. K could thus be
defined operationally, via the equation:

_ 1 Iz 16
K=-=2n ‘T;) . (16)

It suffices to observe here that these early theoreti-
cal and experimental approaches to characterize a K-like op-
tical property of natural hydrgQsols were inadequate to the
subsequent needs for precision and completeness in modern
hydrologic optics. In current basic research I, is explicitly
replaced by any of the three precisely defined irradiances
H(z,-), H(z,+) and h(z). Furthermore, it has become neces-
sary to distinguish not only between the magnitudes H(z,-),
H(z,+), and h{z), but also their logarithmic rate of change
with depth. Careful measurements (see, e.g., Table 1) show
that their logarithmic rates of change are generally differ-
ent, and the difference far exceeds the range of experimental
error. In general, semilog plots of H(z,-), H(z,+0, and h(z)
also exhibit noticeable departures from linearity, especially
in near-surface regions. This fact, of course, is part of
the folklore of the study of hydrologic optics which has been
extant for many years, but this nonlinearity has been con-
sidered more of an annoyance than a source of enlightening
information. In particular this nonlinearity made it impos-
sible to rigorously define a single unambiguous fixed number
K, of the kind appearing in (16) which otherwise could be
used to help classify the optical properties of the medium.

The current views in hydrologic optics are such that
the departures from linearity by semilog plots of H(z,-),
H(z,+), and h(z), and even h{(z,*) are a source of extremely
useful insight into the intricate structure of real 1light
fields in natural hydrosols. Far from being ignored, these
departures from linearity should be welcomed as harbingers of
new and deeper understanding. The logarithmic slopes of the
H(z,*}), h(z,*), and h(z) plots are defined in general as in
(3)-(5). Useful interrelations among these magnitudes which
can help guide the reduction of empirical data and further
understanding of radiative processes in natural hydrosols
are developed throughout Chapter 9 and 10.

15.10 Theory of Measurement of Local and Global R and T
Properties

In this section we invert the usual way of looking at
the principles of invariance, and more generally the interac-
tion principle, and show that, by so doing, we encounter new
ways in which to measure the inherent and apparent properties
of optical media. We have already used to advantage this
point of view throughout all the preceding sections to find
operational definitions of such local properties as a, o, a,
s, the K functions, R(z,*) and D(z,*). The results of Sec.
7.8 are also pertinent to the present discussion. Now we wish
to show how these procedures can be extended to the complete
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set of R and T factors (or operators) for plane-parallel
media. As a consequence we shall be able to solve many prob-
lems of the second class in radiative transfer theory (re:
Sec. 2 of Ref. [251]), i.e., problems which require the de-
termination of the apparent and inherent optical properties
(either local or global) of an optical medium, given the
radiometric field throughout the medium or on its boundaries
(or both). This problem is also referred to more descriptive-
ly as the inverse problem of radiative transfer theory. We
now go on to consider some examples of inverse problems in-
volving local and global optical properties.

Example 1: R and T Factors in Homogeneous
Polarity-Free Settings

To show the basic point of view taken in the formula-
tion of inverse problems consider a plane-parallel medium
X(a,b) in which we can measure the upward and downward irradi-
ances H(y,*) at depths y in X(a,b). Can we make enough mea- .
surements, and of the right kind so as to be able to compute
- the reflectance and transmittance R(x,z) and T(x,z) of an
internal submedium X(X,z)? An examination of the principles

of invariance for general 1rrad1ance settings ((1), and (2)
of Sec. 8.1):

H(y,+) = H(z,+)T(z,y) + H(y,-)R(y,z) (1)
H(y,-) = H(x,-)T(x,y) + H(y,*)R(y,x)} (2)
shows that we should first measure the upward and downward
irradiances at levels x and z in X(x,z). The relations (1)
and (2) reduce in this case to: -
H(x,+) = H(z,+)T(z,x) + H(x,-)R(x,2) (3)
H(z,-) = H(x,-)T(x,2) + H(z,*)R(z,X) (4)

in which x<z. Next if it is possible to invoke the symmetry
conditions: |

R(x,2z) R(z,x) = R(|z-x]) | (5)

T(x,2z) = T(z,x) = T(|z-x|) (6)

then (3) and (4) clearly permit the determination of R(]z-x|)
and T(|z-x|). This is tantamount to adopting a one-D theory
for 1rrad1&nce (Sec. 8.6). Thus, assuming that (5) and (6)
hold, (3) and (4) imply:

- H(x,-)H(x,#) - H(z,2)H(z,4) | . (7

H®(x,-) - H?(z,+)

H(x,')H{Z,“) - ng,"')H(Z,“I'_l Errata(g)

H® (x,-) - H*(z,x+)
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Observe that in deep natural media, by letting z +« and
holding x fixed, (7) implies:

lim__ _R(|z-x}) =‘1imz*mR(x,Z) = R(x,-) (9)

and

i
o

limz+mT(lz—xl) limz+mT(x,z) = (10)

Furthermore, by letting z-+x in (7) we have:

e SGEHL - 1im,,, RESZ < bex) (1)

where "b(x)" denotes the common value of b(x,-) and b(x,+),
which exists by (5) above and (3) and (4) of Sec. 8.2 (see
also (15) of Sec. 1.4 and (11) and (12) of Sec. 8.3). Fur-

ther, by letting z+x in (8) we have:

1-T(lz-x|) _ .. 1-T(x,2) _ i
m, . __ILZJ-T[_D_ = 11mz+x 7 = a(x)D - £(x) (12)

where "f(x)" denotes the common value of f(x,-} and f(x,+)
implied by (6) and (3) and (4) of Sec. 8.2 (see also (16) of
Sec. 1.4 and (11) and (12) of Sec. 8.3). Further, D is the
fixed value of the distribution functions. Equations (11)

and (12) show that we can estimate f£(x) and b(x) by measuring
appropriate irradiances in eitu along with a. However, some
attention should first be given to the restrictive assumptions
about the shape-of the upward and downward radiance dlstrlbu-
tlons This we shall do in the next example.

Example 2: Homogeneous Media with Polarity

"~ As a second example of the inverse problem in hydrologic
optics we reconsider the problem of determining the R and T
factors in homogeneous media. We postulate for the present
discussion that the symmetry conditions (5) and (6) do not
hold. This therefore simulates the empirical setting of the
two-D theory of Sec. 8.5, which as we saw 1s a quite impor-
tant setting in hydrologic optics.

We begin by observing that for each submedium X(x,z)
there are generally four R and T factors to be determined.
In the present case, therefore, the principles of invariance
(3) and (4) may best be used in the form:

(H(X,+),H(Z;')) = (H(Z,f),H(X,'))M(X,Z) (13)

where M(x,z) is the operator deflned in Sec. 7.4, now adapted
to the irradiance context.

It is clear that we cannot reach our goal of finding
the four factors R(x,z), T(x,z), R{(z,x), T(z,x) by measuring
‘only the incident and response irradiances at levels x and z,
for (13) represents only two equations. We must therefore
find two more equations which have as unknowns the same four
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factors in M(x,z). Now one way in which this may be done is
to measure the irradiances at the boundary of another slab
X(x',z') for which z'-x' = z-x, i.e., which has the same
thickness as X(x,z). Then, since the medium is homogeneous,
M(x,2z) = M(|z-x|) = M(]z'-x'|) = M(x',z') (see (19) and (20)
of Sec. 8.7). Let us follow this lead to see where it takes

the discussion. The matricial statement of the principles of
invariance for X(x',z') is:

(H(x'#+),H(z',-)) = (H(z',+),H(x',-))M(x,z) . (14)

Now let us write:

| H(Z,-"') H(X,.')
”Hz" for | (15)
H(Z',+) H[X',")

and:
(Hx,+)  H(z,-)

"H "  for . (16)
| H(X',+) H(Z',-)

By means of these definitions (13) and (14) may be
represented as: |

H = H, M(x,z) - ' (17)

It follows that if H; has an inverse, we may determine M(x,z)
by means of the realtion: |

. Errata - (18)

What is the physical requirement placed on H, in order that
H, exist? First of all, we require that the two vectors:

(H(z,+) ,H(x,-))
and

(H(Z',+),H(X','))

not be linear combinations of one another. That is, there
should exist no nonzero real number c such that: | |

c(H(z,+),H(x,-)) + (H(z',+),H(x',-)) = 0
In other words, wé must have no ¢ such that:
-C H(z,+) + H(z',+) = 0
¢ H(x,-) + H{x',-) = 0

An equivalent way of stating this is that:

+ H - |
HHIZZ',H 7 Hixx',,-j o ' (19)
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Thus, whenever (19) holds, we may use (18) to solve for the R
and T factors for X(x,2z).

How likely is it that the condition (19) holds? A pe-
rusal of (22) amd (23) of Sec. 8.6 shows that we must stay
away from one-D settings in optically deep media. On the
other hand, the results of Example 1 of Sec. 8.7 show that
two-D settings in deep or shallow media will often give rise
to the condition (19). In these latter settings the theory
may take over nicely. Thus (18) may be used to exactly com-
plement the one-D and two-D theories 1in the task of determin-
ing the reflectance and transmittance factors for irradiance.

| The net result of Examples 1 and 2 is to provide the

experimenter with two complementary means of determining the
four R and T factors for submedia X(x,z) in a given homogene-
ous plane-parallel medium X{(a,b). The associated local opti-
cal properties are then found-using (3) and (4) of Sec. 8.2
and their companions leading to (7) of Sec. 8.2. (Note also
(11) and (12) of Sec. 8.3.) Observe that the R and T factors
and their local counterparts discussed in the preceding two
examples are apparent optical properties and that it was pos-
sible to determine these factors only after establishing a
one-D or two-D assumption.

Example 3: Forward and Backward
Scatterlng Functions

We consider next the inverse problem which requires
determination of the forward and backward scattering functions
f(z,+), b(z,%), when the irradiance flows in a stratified
plane-parallel medium are given.

It is at once clear from (9) and (10) of Sec. 8.3 how
one can go about finding f£(z,%*) and b(z,*¥). We can measure
H(z,+) over a small depth range about various depths z in
order to obtain all radiometric terms in (9) and (10) along
with their derivatives. However, it 1s also clear that there
are more unknowns than equations which govern them. There is
only one possible way out of this difficulty: the measurements
must be taken at a minimum of two depths, say x and z, and we

require in addition two small miracles to take place simultan-
eously, namely:

(1) {f(x:') - a{x,-)
b(x:')

£(z,-) - a(z,-) (=7(-))
b(z,-) (=p(-))

and

H(x,+) H(z,+)
(ii) det # 0
H(X,-) H(Z:')

For, suppose (i) and (ii) hold. Then, by (i) above and (10)
of Sec. 8.3 we have:
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CH(x,+)p(+) + H(x,-)7(-) = %l

H(z,+)p(+) + H(z,-)1(-)

This may be written:

H(x,+) H(z,+)

e(+),1(-)) . = (%‘%-_) @_5_;_&1)

‘H(x:“) | H(Z,-)

By (ii) we then have:

' _ _ H(x,+) H(z,+) |’
(p(#),1(-)) = (di(%d- d—H%’—l) - ,

H(K,') H(Z,-)
(20)

In this way p(+) and 1(-) are determinable. A similar equa-
tion holds for p(-) and 1(+), using (9) of Sec. 8.3. Since
a(z,%) = a(z)D(*) and o is determinable by beam transmittance,
‘and since D(*) are generally known (Sec. 8.5), b(+) and £(-)
then follow from (11) and (12) of Sec. 8.3.

It should be noted that conditions (1) and (ii) above
incorporate rather stringent requirements on the irradiance
field. Before using the present method, condition (ii),
which is the more critical of the two, must be verified. It
is clear from the asymptotic radiance theorem that in deep
media and for depths far from the surface, condition (ii) is
not likely to hold. As in Example 2, we must work near the
surface of deep natural hydrosols, or in shallow hydrosols,
preferably those whose lower boundaries are visible or at
least whose presence is detectable by not having exactly
fixed exponential decrease of irradiance with depth through-
out the medium. For example, (20) may be used whenever
K(y,*) # K(y,-) over the depth range x <y < z.

Alternate, less fundamental approaches to finding f and
b may be based on the one-D and two-D models of Chapter 8.
For example, in the one-D model, we have the general relation
Errata k = [aD(aD+ b)]'” 2. Measurements of D, a and k will yield
estimates of the backward scattering coefficient ' b. The for-
ward scattering coefficient then follows from the relation
s = £f+b. Figures 1.41-1.45 may facilitate such estimates,
Furthermore, limit calculations based on (3) and (4) of Sec.

8.2 using measured values T'(x,z),R(z,x), are potential means
of finding b and f.
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Example 4: R and T Operators
for Radiance

In this example we consider the problem of determining
the R and T operators for a submedium X(x,z) of an optical
medium X(a,b}, glven sufficient radiance measurements. The
principles of invariance for X(x,z) are:

N, (x) = N, (z)T(z,x) + N_(x)R(x,2)

N_(z)

N,(z)R(z,x) + N_(x)T(x,2)

Using the operator M(x,z) of Sec. 7.4, now once again in the
radiance context, these principles may be written:

(N, (x),N_(2)) = (N, (2),N_(x)IM(x,2) .  (21)

' Clearly (21) by itself is not sufficient to determine
M(x,z). For it is not generally possible to predict the re-
sponse of X(x,z) to every radiance distribution on the basis
of only one irradiation as indicated in (21). Therefore we
must irradiate X(x,z) in a sufficient number of ways so as to
extract the essential form of M(x,z). One practical way of
doing this is to switch from (21) to its matrix approximant.
This tactic was employed repeatedly in our earlier studies
and so need not be elaborated here. See, for example, Secs.
7.7 and 7.8 for the details of the transition from (21) to
matrix form.

Thus, suppose £, and Z. are partitioned into n and m
pieces, respectlvely, as in (1) and (2) of Sec. 7.7. These
partitions, 1in turn, induce decompositions of the N,(z) and
N,(x) appearing in (21). Thus, N4(z) and N4(x) go over into
n-component vectors and N._(x) and N_.(z) go over into m-com-
ponent vectors. As a result we can write:

"N,"  for [N, (z) ,N_(x)]

and - (22)
"Nx" for [N, (x),N_(z)]

and thus N, and Ny are m+n component vectors. Furthermore

the component R and T operators of M(x,z) goover intomatrices
dimensioned as follows:

n .T(z,i) ' R(z,x)
(23)
m | R(x,z)} T(x,2z)

Il m

Thus T(z,x) becomes an n Xn matrlx T(z,x) and R(x,z) becomes
an m xn matrix R(x,z), and so on. Let us denote the resultant

(m+n) x (m+n) matrix approximant to M(x,z) as "M(x,z)".
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Now let N*, Ng, ..., N§+n be m+n linearly 1ndependent
Vectors<xfthﬁ,k1nd éeflned in (22). Write:

.
N_z

2
NZ

"N_" for ) (24)

and:

"N for i . (25)

m+n
N
X

where N1 is the response vector to Ni as governed by (21).
It follows that (21) may be written down m+n times, once for

each pair (Nl Nl) ‘The resultant system of m+n equatlons may
be given the compact form:

. (26)

(27)

The importance of working with inherent 0ptlcal prop-
erties becomes manifest in the present example. That is to
say, when we must change the irradiation pattern on X{(x,z)
1n order to obtain more conditions we require the interaction
operators to be invariant under the change of irradiation
pattern. This requires that the same operator M(x,z) appear
in (23) and (26). Since the R and T operators for radiance
are inherent optical properties, this change of irradiation
pattern is permissible. Otherwise, if the operators were
apparent optical properties, changing the lighting conditions
would serve no useful purpose in the solution of the inverse
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problem, for with each change in the lighting conditions four
more new operators appear and -so there will always be two
more operators than radiometric equations available for solu-
tion. |

General Observations on Inverse Problems
in Hydrologic Optics

| Observe that the inverse problem of determining the
local optical properties p(y) and t(y) is readily solved 1in
hydrologic optics by using the results of Examples 2 or 3 and
the theory of Sec. 7.3. Hence the inverse problem in hydro-
logic.optics is completely solvable by appropriately using
the general concepts assembled in Chapter 7.

One important reason why the inverse problem presents
no novel difficulties in hydrodologic optics (in principle) Errata
rests on the fact that the optical medium whose optical prop-
erties are sought is directly accessible to experimental prob-
ing. This fact was used throughout the preceding examples.

In branches of radiative transfer other than geophysical
optics, such as the current fields of astrophysical optics or
planetary optics, the problem of determining, say, a and o
throughout a stellar or planetary atmosphere is much more dif-
ficult when the atmosphere cannot be directly probed 1inter-
nally. Indeed, under such a condition, unless some specific
laws governing at least the internal depth behavior of o and
o are available, or some equivalent information is available
or even good guesses possible, then the general {@nverse) prob-
lems of the second class, are insoluble.
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13511 On the Consistency of the geratlonal Formulations

We conclude this chapter with a check on the consis-
tency of the operational definitions of the main optical
properties introduced throughout the chapter. The method we
shall employ is that which attempts to assemble all the vari-
ous operationally defined pieces into a structure which,
hopefully, will be recognizable as one of the forms of trans-

port equations--either for radiance, irradiance, or some other
appropriate radiometric quantity.

To see how the method proceeds, we select for illustra-
tion those concepts which should fall together into the form
of the equation of transfer for unpolarized radiance fields.
Thus consider a regular neighborhood C(A,B) of paths, as |
shown in Fig. 13.16. The common beam transmittance T,.(x,§)
for the members of C(A,B) is given by (7) of Sec. 13.5 as:

N(y,l :E.’) - N(YE:E)
T.(x,&) = N(x,8) - N(x_,5) (1)

The common path radiance N#(y,f) for the members of
C(A,B) is given in (2) of Sec. 13.3 1n the form:

NA(y,E) = N(¥,&) - N(X,E)T (X,E) (2)
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