
1.8 Colorimetric Radiative Transfer 
An interesting application of radiative transfer theory can be made to the studies of the 
apparent colors of ob3ects located within media that scatter and absorb radiant energy 
in a selective fashion, The application of the principles of radiative transfer to such 
studies is straightforward and requires no new concepts to be introduced into the theory 
beyond those we have been considering. For this purpose we need only adopt the well-
known standard C.I.E. (Commission Internationale de l'Eclairage) color coordinate 
system, within which any spectral sample of radiant flux may be located and assigned a 
unique color, in a manner to be briefly explained below. By coupling the concepts of 
radiative transfer theory to the C.I.E. color coordinate system, an accurate, quantitative 
basis for the description of color phenomena within the atmosphere and the sea is 
achieved, which for the purposes of the present discussion we shall call colorimetric 
radiative transfer theory. Our goal in this section is to outline the union of the two 
theories and indicate the nature of its applications. 
The color phenomena within the domain of colorimetric radiative transfer theory are 
manifold. a precise description and prediction is possible of the blue of the sky and of 
the reds and golds of sunsets; of the onset and growth of the blue and purple hazes 
between distant mountains and a receding observer; the odd yellowing of mercury 
vapor street lamps with distance in strange blue fogs :[177]; the conventional but ever 
pleasant sight of a reddish-orange rising moon; the yellowing and reddening of 
extremely shiny surfaces such as corrugated aluminum roofs and sidings seen through 
long paths of sight in the atmosphere; the sickening brown smear of smog smothering a 
city. In the underwater domain, the colorimetric radiative transfer phenomena are 
overpowered and dominated by the highly selective absorption of reds and violets (and 
their neighboring colors), resulting in a powerful filtering of all sky light into a blue-green 
residue of greater or lesser luminance that pervades almost all submarine scenes. 
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Brightly-colored submerged tropical scenes of plants and animals with their reds, 
yellows and deep blues quickly transform with distance into shades of brighter or 
dimmer greens and blues with ,reds and purples washed to pink and then 
attenuated away. Such scenes are now easily witnessed firsthand with modern 
scuba devices. However, only one or two generations ago, such sights were a rare 
delight. 
In his 1927 Haiti expedition, Beebe (12] noted that: 
'Toward the end of the dive I sat on white sand [in his diving helmet rig] and 
watched the surface above me. The sea breeze had sprung up and it was fairly 
rough. The view from beneath was of green, wrinkled, translucent ceiling cloth, 
never still for  a moment ,  cr ink l ing and uncr ink l ing,  waving and f lapping 
as in  .a  breeze,  or  rather  cross breezes,  I t  was decidely  green in  
compar ison wi th the ever  more b lue  d is tance-- turquoise green in the 
sunl ight ,  changing toward greenish g laucous in  shadow. As to the 
distance, I can never get away from the idea of the most diluted, ethereal 
ultramarine, and yet my mind knows that a dozen other colors are somehow in ltti 



All of these phenomena can be quantitatively and quite accurately described by 
means of such simple models for radiance and irradiance as developed in Sec: 1.3, 
which need only use information on optical properties obtainable by Mode III 
classification procedures of optical media (cf., Sec. 1.7). 
The Quantitative Description of Color 
It is a relatively easy matter to understand the C.I.E. color coordinate system if we 
recall some similar conventions we have adopted in our everyday tasks of locating 
objects in space, Part (a) of F' 
1,g. 1.75 exhibits an object in space (designated by "A") which can be located by 
means of its three coordinates in an xyz Cartesian frame of reference. There is 
nothing unique about this frame as far as being adequate to locate A in space. The 
alternate frame depicted in (b) of Fig. 1.75 will do just as well. In each diagram, 
object A is located at the same spot. That spot, fixed relative to the first frame, is 
designated by a vector u which is specified by giving its coordinates (x,y,z), These 
coordinates are found by dropping perpendiculars from u to each of the three 

axes, in short, by finding the dot products:  

•i (1) 

J (2) 

k (3) 

 
of the vector u with the mutually orthogonal unit vectors i, J, k along the x, y, z axes 
respectively. This is called analyzing u relative to the x, y, z frame, The next step is 
to synthesize u (i.e., get it back) by means of the equation: 
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FIG. 1.75 For illustrating the analogy between coordinate systems in the real three 
dimensional world and the C.I.E. tristimulus color coordinate system,.,. 
 
Now, we can perform such an analysis and synthesis not only on a simple location 
vector such as u, but also on any radiant flux function P defined ,on the electromagnetic 
spectrum A (the set of all wavelengths from X = 0 to A = ca). Instead of the i, j, k unit 
vectors, we now use the (dimensionless) tr ist imulus funct ions a z on A 
adopted by the C.I.E.. A plot of each of these is given, to scale, in Fig. 1.76. If we form 
samples of radiant flux with just the power spectra given by the forms of these three 
functions, then the visual sensation of the x sample would be red, that of 5F would be 
green, and that of z, blue. 



To analyze a given radiant flux sample P (watts/mu) into its red, green and blue 
components, we write: 
 
for 
for 

6801
^P(a) x(a) da (lumens) (5) 

p   

680j P(a) 57(X) d71 (lumens) (6) 

0   
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FIG. 1.76 The tristimulus functions. They curve is the photopic luminosity 
function of Fig. 1.10. 
x" 
for 680 fo P (a) z(J1) da (lumens) (7) 
which are closely analogous to the simple vector operations (1), (2), (3). The 
number 680 has dimensions of lumens/watt, and serves as a connection with 
photometry--(cf., Sec. 2.12). To point up this similarity to the vector operations we 
have written "P93 P I ,  "P•y", and "Poll' for (5), (6), (7). respectively. Then 
analogously to (4) we can synthesize these components. We do this and write. 
for (P•x)x + (P•~Y '' (P 1) 7 0 (8) 
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We call C[P] the color or chromaticity of P, C (P] is a function defined on A 
and it is designed to give a very close visual color match to the original function P.
 The point to observe here is that whereas P could be of quite an arbitrary 
structure over A, its color C[P] is the linear superposition of three suitably weighted 
amounts of standard red, green, and blue radiant flux samples. The weighting numbers 
P.x, P•y, P•i are the color components of P, and the ordered triple of numbers (P •x, 
P•y, POT) is the color vector associated with P. In this way we have set up a one-to-one 
transformation of given radiant flux samples P into their associated colors 
C(P], each with three well defined color components Pox, POT, P•i. For brevity let us 
write (in accordance with C.I.E. notation): 

11Xtt for P.x (9) 

t tyt t  .for P•y (10) 

t i  for P• z (11) 

 
we observe in passing that the component P•y of a sample P of radiant flux is simply its 
photometric counterpart. Thus, for radiance N, N•y is the associated luminance B; for 
irradiance H, H•y is the associated illuminance E;1and so on (cf., Sec. 1.1). Tables of x, 
y, z along with further descriptions of colorimetry may be found in [5O], 
We may summarize the analogy between simple location vectors and chromaticity 
vectors by means of the parallel listings below in Table 1. 
TAB LE 1 
A vector analogy for chromaticity concepts 

 Location Vectors  Chromaticit Vectors 

(1) Original vector u (1) Original radiant flux 

( 2) ~. s7 ',k unit vectors  function P 

  (2) x,y,i tristimulus functions 

(3) Components of u with re- (3) Color components of P with 

 spect to i,j,k :  respect to x,y,z: 

 URi  = a  P•x = X 

 u,]  P• Y = Y 



   p.z = Z 

(4) The representation of u: (4) The representation of P: 

 u=ai+~j +yk  c(p] =Xx+Yy+ zi 

 
The mathematical reader will see that this vector terminology is completely appropriate, 
for what we can postulate initially is the vector space G9 of all Riemann integrable 
functions P on A. The mapping C is therefore a non-identity linear transformation of 
Pinto itself. It turns out that C is one-to-one and not onto, but its range is sufficiently 
large to encompass most colors seen by the human eye. 
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FIG. 1.77 Chromaticity plane (part (a)) and chromaticity 
diagram (part (b)), Point E is the white-light point. 
In the usual location vector theory, a special place is reserved for vectors of unit length, 
namely the unit sphere shown in (a) of Fig. 1;75. Analogous to the unit sphere is the 
chromaticity plane shown in (a) of Fig. 1.77. This plane has the property that for all 
points p (= (X,y,z)) on it we have x+y+z = 1. If (X,Y,Z) is a chromaticity vector, then the 
vector 
1 • (XVYP Z)_ x-- -- Y  
10 (X+Y+Z) l x + y + z " X+Y+Z X+Y+Z 
lies on the chromaticity plane. Observe that only the part of the chromaticity plane that 
lies in the first octant (shown in (a) of Fig; 1.77) is needed in colorimetry. For, since P 
and the functions x, 3 F .  z are never negative, all chromaticity vectors accordingly lie in 
the first octant. Observe further 
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that one need only use two numbers to locate a point on the chromaticity plane, These 
numbers are conventionally chosen to be the x and y components, where we write 

11x11 for X (12) 

X+Y+Z  

11y11 for 1 Y (13) 



X+Y+Z  

#1z#1 for (14) 

X+Y+ Z  
 
The x,y,z are the chromaticity components (or coordinates) of P, By projecting all 
chromaticity vectors (X,Y,Z) down onto the chromaticity plane, as shown in Fig. 1,76, we are 
in effect normalizing the associated luminances of the radiant flux function P. Once the 
chromaticity plane is defined we can excise it from its spatial context, or simply work with a 
plane diagram copy of the chromaticity plane, as in (b) of Fig: 1.77. The x and y chromaticity 
coordinates are displayed in a way once again reminiscent of the usual location vector 
conventions, 
Once the setting in (b) of Fig. 1.77 is achieved, we can locate within it all manners of points 
which represent the conventional colors of familiar everyday objects and scenes, For 
example, suppose that we begin with a sample P of radiant flux which has a constant value 
Po for all A. From (5) - (7) this gives 

w 
X = 680 Pa~ x(a) da (15) 

  

Y = 680 P017(X) da (16) 

0  

Z = 680 PoI i(a) dX (17) 

 
Now the x, y, and z functions are so designed that their integrals over A =.[O,=] have 
essentially a single common value, namely 21,37. Hence the associated chromaticity 
components for this P are 
1/3 
Y s 1/3 z 1/3 
Such a flux sample has the appearance of a pure white color 
and is analogous to pure noise in acoustics @ In fact, in the 
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theory of stochastic processes, if the spectrum of a given function is of constant 
value, it is said that the function represents white noise (all the analogies we are 
touching here and there in the present exposition are quite deep and far more than 
superficial in appearance) . 
The point (x,y) _ (1/3,1/3) in the chromaticity plane corresponding to white light is 
denoted by "El', in (b) of Fig. 1.77 and is the central base of operations in the 
practical 
task of specifying colors. If .we go on to obtain the chromaticity coordinates of all 
the pure monochromatic colors of the spectrum A (their sample functions P are 
Dirac delta functions), we sweep out a horseshoe shaped locus in the plane of (b) 
of Fig. 1.77, starting approximately at the point x =..74,. y = .26 (red)., and 
sweeping around to the point x = .07, 
y a .84 (green), and ending up at x = .17, y = .01 (violet). This curve is called the 
spectrum locus: We can close the locus by drawing the straight line from the violet 
to the red point. The closed plane region so formed is the chromaticity diagram. The 
colors associated with the points of the spectrum locus are the purest colors 
attainable in the present system. Suppose that a given sample of radiant flux has 
chromaticity coordinates (x,y). which land it at point Q on the chromaticity diagram. 
Draw a straight line from E through Q to intersect the spectrum locus at IV. The 
wavelength X associated with WY is called the dominant wavelength or color of Q, 
and the fraction p = EQ/EW (where "EQ", "EW" denote the lengths of the respective 
straight line segments) is called the purity of the color of Q. If a point such as Ql is 
considered, we extend QIE back to W', and the associated purity is by definition 
EQr/EWI. In this way, we finally achieve the first part of our goal for the present 
exposition, namely, the explanation of how a given sample P of radiant flux defined on the 
spectrum .A can be assigned two numbers: its dominant wavelength X and the purity p 
of the dominant wavelength of P. 
These two numbers act very much like the polar coordinates of points in the 
chromaticity diagram ,' with the point E as the pole. The purity is often given as a 
percentage rather than a fraction. Hence the pair (x,y) of chromaticity coordinates 
have their polar equivalents (X,p). We shall use the term "chromaticity coordinates' 
interchangeably for these equivalent representations, 
An Example of Experimentally Determined 
Chromaticity Coordinates 
We shall now cite some examples of the preceding concepts. These examples are 
drawn from various colorimetric studies of natural hydrosols. Fig. 1.78 depicts the 
spectral 
dependence of the apparent radiance of submerged sandy shoals and reefs as 
studied in 1944 by Duntley through a glass =bottomed boat surveying parts of the 
east coast of Florida (near Dania). The same submarine area surveyed from an 
altitude of 4300 feet (1300 meters) is depicted in Fig. 1.79. If N(X) is the apparent 
radiance of a particular point of the underwater 
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FIG. 1.78 Spectroradiometr ic curves of  sandy bottom of shoals near 
Dania,  Flor ida,  by Dunt ley,  March 1944. (Fig.  1 f rom [78],  by 
permission) 
scene for a given A, as plot ted on Fig.  1.78, then the color components 
x,  y,  z of  N (X) ,  0145-m AS (a, are obtained by using these plot ted 
radiance values in (S)-(7) and (12)-(14) wi th N(a) replacing P(A).  
Seventy-six chromatic i ty coordinates x,  y,  were computed according to 
(12),  (13) for  each of  the f ive curves in Fig.  1.78, and their  locations are 
shown along the upper curve on the chromat ic i ty diagram of Fig.  1.80. 
The corresponding 
z W 
Fa J W 
W U z a a 
 
WAVELENGTH IN MILLIMICRONS W a 
a 
a a 
FIG. 1.79 Same scene as Fig.  1.78, v iewed from an al t i tude of  4300 
feet .  (Fig.  2 f rom [78J, by permission) 
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FIG. 1.80 Chromaticity diagram associated with the curves of Figs. 1,78, 1.79. 
The five curves of Fig. 1.78 yield the five points of the upper curve in the 
chromaticity diagram. 
The five curves of  Fig. ,1.79 yield the five points of the lower curve in the 
diagram. (Fig. 3 .from [781, by permission) 
locus of the chromaticity coordinates for the aerial view of the shoals is given by 
the lower curve in Fig. 1.80, This example is taken from the review article [78] 
by Duntley. Further examples may be found in (126] , and (302] . 
We now turn to the second part of our goal in this section, the theory of 
colorimetric radiative transfer. 
On the Use of Simple Models for Theoretical 
Predictions of Chromaticity Coordinates 
A relatively unexplored area of application of the simple models for radiance and 
irradiance developed in Sec, 1.3 is colorimetric radiative transfer theory. We 
shall consider 



the essential steps that may be taken in this direction of application. Starting 
quite generally with the apparent radiance form of the equation of transfer (12.) 
of Sec, 1.3, let us take the wavelength a out of wraps and write the equation 
with a explicitly shown, as follows: 
r+ (r 
N (z,e,X)m(Z~ ~6 , a) e-a(a) Cr-r')dr, (18) 
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By specifying No(zo,e,A), a(X), and N*(z',e,X) we are able in principle to compute 
Nr(z,e,A) for every z, e ,  r, and X over given paths and for a .preselected set of a  
values in A. Then by (5)-(1), we can compute: 
W 
x r( z , e ~  =  b s o ~  Nr(z,e,a) X(a) as (19) ) 0 
W 
Yr(z,A) = 6800Nr(z,8,x) y ( a )  d71 (=Br(z,6)) (20) 
Zr(z,9) = 680 Nr(z,8,X) z ( a )  d71 (21) 0 
From these color components of Nr(z,e,a), using (12), (13), we can find the two 
chromaticity coordinates. 
Xr (Zoe )  =  
Xr 
z 
L e )~_ .~...r..:...~,.,~ (22) 
r(zoe), + Yr( z p e )  + z r (Z' 0) 
Yr(Z0 8) 
Yr(z,8) 
X r(Z16) + Yr(ZPe) + Zr(z,6) 
(2s) 
and from these, as explained above, we derive the dominant wavelength a and the 
purity p of this wavelength. Such a pair (X,p) is a function of z, 6, and r, and we 
thus may write the pair as: (Xr(z, e) , pr(z , 0) ) . 
The simple model for apparent radiance (14) of Sec. 1.3 should be a rich source of 
colorimetric predictions for the light fields in natural hydrosols. Thus we can now 
write the equation as: 
r(z,6,X) of oP ~ ) 
it(z P__e 1_e-~a(X)+K(X) cos 9)rJ (24) (a(71)+K(a) cos 8) 
where 
N* (zoeox) = N*(O 
e~X) e-K(a)z 
By setting 6= 0, n/2 and n in (24), for example, we can predict the spectral 
apparent radiance of the hydrosol :in these directions at depth z and via (22)-, (23), 
assign dominant wavelengths to these directions and depths, and purities to these 
wavelengths. To use (24) one need only specify a(h), K(X) and N*(4,e,X) along with 
No(zo,e,a). The. equation will then automatically take care of and predict the 
effects of the radiative transfer processes on the apparent radiances N (zfer~)r 
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The quant i ta t ive  s tudy o f  the co lors  o f  d is tant  objects was apparent ly  
f i rs t  sys temat ica l ly  done by  Midd le ton [177]  i n  the  meteoro log ic  opt ics  
set t ing .  I re  used a  spec ia l  case 
o f  (24)  in ,  wh ich e =  w/2 ,  and computed the change in  co lor  o f  
var ious ob jec ts  as  .a  funct ion  o f  r .  H is  computat ion may serve as a  
model  fo r  the  more extens ive  computat ions that  can be made us ing 
(24)  w i th  a  genera l  va lue o f  e. 
In  a  comple te ly  s imi la r  way we may use the two- f low model  for  
spect ra l  i r rad iance H(z ,± , ; I )  descr ibed in  (6) ,  (7 )  of Sec. 1 .3 ,  and 
par t icu lar ly  in  (8) - (10)  o f  Sec.  1 .4 ,  to  pred ic t  the  chromat ic i t y  
coord inates  o f  the  upward and downward i r rad iances  as  a  funct ion o f  
opt ica l  depth  in  a  g iven medium.  The A-dependence o f  H(z ,± ,X)  
enters  th is  theory  v ia  the Y parameter  and a lso the in i t ia l  i r rad iances  
H(o,± ,X)  (or  any equ iva lent  pa i r  o f  i r rad iances,  as  suggested by  (43) ,  
(44)  o f  Sec.  1 .4) .  
I t  shou ld  be observed that  in  the employment  o f  the  s imple  model  for  
rad iance and the two- f low model  fo r  i r rad iance,  we requ i re  on ly  
in format ion on the ' lode I I I  leve l  o f  c lass i f ica t ion o f  natura l  hydroso ls  
(c f . ,  Sec.  1 .7) .  
Our  purpose in  th is  br ie f  excurs ion in to  the wor ld  o f  submar ine co lor  
has been to  lay  the foundat ions for  a  sc ient i f ic  descr ip t ion  o f  the 
myr iads o f  co lors  and the i r  many hues 
as  seen beneath  the sur face o f  seas and lakes i l luminated by  natura l  
l igh t .  The s imple  theory  evo lved above and cu lminat ing in (22)  and 
(23)  goes a  long way toward a  quant i f ica t ion  o f  the  o therwise 
inexpress ib le  co lor  sensations exper ienced by  a l l  who exp lore  and 
s tudy underwater  env i rons .  Even such sk i l led  expos i tors  o f  natura l  
phenomena as Minnaer t  [182]  or  Wi l l iam Beebe were hard  pressed in  
the i r  exp lora t ions  o f  the  a tmosphere and the sea to  descr ibe 
adequate ly  what  they saw.  . In  h is  s tud ies  o f  the cora l  reefs  o f  Ha i t i  in  
1 '927,  Beebe,  in  par t icu lar ,  observed that  [12 ] :  
"Someday,  when I  can carry a color book in my helmet . ,  I  w i l l  be  ab le  to  
enumerate  an exact  co lor  code o f  d is tance.  Even in  our  co lder ,  
th inner  a tmosphere the green o f  mounta in  s lopes sof tens to  purp le  a  
long 
way o f f ,  bu t  on the bot tom of  the  sea,  s t i l l  g reater  changes take p lace 
wi th in  a  few feet  or  yards.  I  have walked backward and seen a 
feathery-crowned sea-worm of  dragon 's  b lood a l ter ,  in  my v is ion,  
w i th in  a  few seconds and s teps,  to  the  pa les t  o£ cora l  p ink ;  wh i le  a  
sea-weed,  deep o l ive-green when wi th in  reach,  comes gent ly  to  the 
eye,  when f ive  yards  away,  as  fa in tes t  g laucus. "  
The re la t ive ly  prec ise express ion o f  these t ransformat ions o f  co lors  
with d is tance in  scat te r ing-absorb ing media  is  now wi th in  our  grasp.  
But  the p lac ing o f  a  coord inate  gr id  



over  our  v isua l  impress ions can go on ly  so far - -someth ing o f  our  
impress ions o f  the rea l  wor ld  w i l l  a lways s l ip  th rough such a  coarse 
net .  Th is  was sensed by Beebe;  and for  us ,  now in  possess ion o f  the  
re la t ive ly  power fu l  too ls  fo rged above,  we are  inc l ined to  agree when 
he goes on to  re f lec t  tha t  [12] :  
'?An ar t is t  o f  g reat  sk i l l  and pat ience can approx imate the ox id ized 
roya l  purp le  o f  a  gorgon ia ,  even 
 
 
154 INTRODUCTION VOL. I the pink and ivory sunset of a conch shell--but the 
vanishing point of distance beneath the water, where 
the coral reef ends and the mysteries of the unknown deeps begin--the illusion, too 
subtle for color, of submarine visual infinity--this is not to be whelmed by man-made 
brushes nor imprisoned on any terrestrial dimension;" 
 


