
CHAPTER 5 
NATURAL SOLUTIONS OF THE EQUATION OF TRANSFER 
5. 0 Introduction 
The natural solution of the equation of transfer plays a fundamental and unique role in 
the theory of radiative transfer. The role is fundamental in the sense that the natural 
solution may be used in the systematic construction-of the principles of invariance, the 
invariant imbedding principle, and all other instances of the interaction principle 
encountered in radiative transfer theory. This facet of the natural solution was explored 
in an earlier study [Z51 ] and so need not be considered in detail in the present work.
 The uniqueness of the role of the natural solution of the equation of transfer lies 
in its remarkably wide-ranged interpretation. On the one hand, the natural solution 
affords a simple intuitive picture of multiply scattered light in natural media; on the other 
hand it forms a link with certain general iterative solution procedures of functional 
equations in-modern operator mathematics. No other extant mode of solution of the 
equation of transfer possesses such a combination of intuitive and formal features. In 
the present chapter we shall concentrate on these features of the natural solution, with 
particular emphasis on the intuitive insight into the concept of multiply scattered light in 
optical media supplied by the natural solution. 
. We shall first consider the intuitive features of the natural solution. These features will 
be of help to the reader in the task of following all the formal developments of the 
present chapter and, will also help build a working . intuition about natural light fields 
in general. We begin by observing that the natural solution of the equation of transfer is 
based on the idea of the scattering order decomposition of a light field. This idea in turn 
is based on the premise that radiant flux pouring into a medium past its boundaries 
generates multiply scattered radiant flux within the medium and that this radiant flux is 
subject to a precise mathematical analysis. It is the task of the natural mode of solution 
of the equation of transfer to first of all unravel the apparently chaotic resultant jumble of 
radiant flux of all scattering orders and arrange the flux in an orderly, countably infinite 
sequence of indexed flows, i.e., of integer-numbered scattering orders, and then to 
relate each of the. indexed flows by means of well-defined formulas to the other indexed 
flows representing the higher and lower 
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scatter ing orders.  These features of  the natural  solut ion can be seen in 
detai l  wi th the help of  a s imple analogy which we shal l  now consider.  
Consider a lake on a c lear sunny day. Sunl ight  and skyl ight  stream 
down and enter the lake surface, penetrate into the body of  the 
medium, are part ia l ly  absorbed and part ia l ly  scattered throughout the 
body of  the lake, and eventual ly the scattered l ight  comes to a general  
steady state of  f low in the var ious direct ions about each point  of  the 
medium. Now we may l iken the incident radiant f lux on the lake surface 
to a fami ly of  t iny colored part ic les ( the geometr ic vest ige of  photons of  
g iven frequency),  and we may l iken the substance of  the lake, in real i ty 
an aggregate of  molecules of  water,  minerals,  and organic mater ia ls,  to 
a set  X of  stat ionary bodies distr ibuted in space, and relat ively 
massive.  wi th respect to the incident part ic les .  ,~ The interact ion of  the 



photons with the lake molecules may then be envis ioned, for  the 
purposes of  the present discussion, in terms of  the interact ions of  tiny 
colored part ic les wi th the members of  
an aggregate of  re lat ively massive stat ionary bodies.  Then within th is 
set t ing,  the caroming of  a t iny colored part ic le of f  the s ide of  a massive 
body without change in color of  the part ic le may be interpreted as a 
scatter ing operat ion not unl ike the elast ic scatter ing of  a photon by a 
molecule;  and the permanent absorpt ion of  a part ic le of  g iven color by a 
body may be thought of  as the analog of  an absorpt ion by a molecular 
f ie ld of  a photonic f ie ld 's energy. 
Within the present s impl i f ied set t ing consist ing of  a swarm of colored 
part ic les migrat ing through a maze of  re lat ively massive stat ionary 
bodies,  the natural  mode of  solut ion of  the equat ion of  t ransfer takes 
the fol lowing form. The natural  mode of  ~ solut ion part i t ions the 
complex steady state f low of  an arbi t rary given set P of  monochromat ic 
part ic les through the space X into sets of  separate fami l ies P of  
part ic les.  Each fami ly Pn of  part ic les is a subfami ly o~ P and is 
ident i f ied by i ts scatter ing order,  n,  that  is by an integer n represent ing 
the common number of  scatter ings undergone by each part ic le in the 
fami ly s ince the part ic le entered the medium X. Thus at  some arbi t rary 
f ixed instant t  in t ime let  Po ( t )  be the fami ly of  part ic les throughout X 
which have not undergone any scatter ing in X subsequent to enter ing X. 
In general ,  let  Pn( t )  be the fami ly of  swarming part ic les throughout X 
which have undergone precisely n scatter ings in X, s ince the part ic les 
entered X, where n is a nonnegat ive integer.  Hence at  each instant t  we 
conceptual ly part i t ion the col lect ion P(t)  of  colored part ic les within X 
into an ordered, pair  wise dis jo int  col lect ion Po(t) ,  Pl  ( t )  ,  0 0 * ,  Pn( t ) ,  . .  .  ,  
of  part ic les.  This ordered col lect ion is cal led the scattering order 
decomposition of the 
light field. Whenever a member of Pn(t )  undergoes a scattering event at time t + At 
where At > o , i t enters the family Pn+ 3 (t + At)* In the steady state-, the number of 
members of Pn (t) is independent of t. 
Now the members of Pn (t) are generally to be found flowing in every direction within the 
neighborhood of any point within X. This flow in the neighborhood of the point 
has assignable, at least on the conceptual level, a radiance 
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Nn (t). The natural representation of the radiance field in this setting is then defined as 
the sum n1U Nn(t) of the 
radiances associated with all the Pn (t) . A radiance function obtained in this manner in 
an optical medium will be shown to be a solution--the natural solution--of the equation of 
transfer for that optical medium. 
 


