
5.4 The Natural Solution for Radiance 
We return now to the main thread of the argument, begun in 5.2, leading to the 
development of the natural solution of the equation of transfer. Our most basic intuitions 
about 
light fields in the sea and the air and generally for any optical medium, lead us to think 
of the radiance perceived by our eyes and our instruments as consisting of multiply-
scattered light, i.e., light which has undergone one, two, three, and generally very large 
numbers of scattering operations after its entrance into the medium and before its 
incidence on the retina or photocell located somewhere in the m e d i u m .  I  t  i s  
n a t u r a l  then (hence the name of the present 
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mode of solution) to attempt to construct a solution of the equation of transfer for 
radiance by constructing all the n-ary radiance functions Nn within a given optical 
medium X and to sum them to obtain the requisite radiance field throughout the 
medium. Thus we are led to write: 
0 0  a 
1 1 N ( Z , ~ ) ' f  for I N3 (x,O j=o 
and hope that the function N so defined satisfies the equation of transfer. We call N 
defined by (1) the natural solution of the equation o f transfer. We now show that the 
word "solution" in the name for N is indeed justified. 
We begin by using (14) of Sec. 5,1 to write N(x,E) in (1) as: 
 
N (x ,&) = I Nosj (x , &) =0 
or more compactly in functional form as 
 
 
In this way we come to define the basic operator S for the natural solution, i, e. , we can 
now-write: for I 53 js0 
where "So" denotes the identity operator I, with the-property fI = f for every radiance 
function. With this definition the natural solution representation takes the form 
 
By means of this representation, the formal that N in (3) is a solution of the equation 
readily forthcoming via the following eight 
verification of transfer is main steps 
N = NoS = No ( I 
No (I 
( I S] )s1 ) j=0 
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No+N* We have therefore shown that :  
N=No+N* 0 (4) 



which is  the in tegra l  form of  the equat ion of  t ransfer  ( re (1)  of  Sec.  
3.1S).  An a l ternat ive approach to the above demonstrat ion is  to  show 
that  N as def ined by (1)  is  a so lut ion of  the in tegrodi f ferent ia l  equat ion 
of  t ransfer .  The basis  for  such a demonstrat ion is  g iven by (?)  of  Sec.  
5 .2.  I t  remains only  to add (2)  of  Sec.  5.2 to  each s ide of  (T)  and 
reduce the resul ts .  
To summar ize our  f ind ings:  We have shown that  the natura l  mode of  
construct ing the radiance funct ion N f rom the n-ary radiance funct ions 
Nn,  n>0,  leads to a so lut ion 
the natura l  solution--of the equat ion of  t ransfer .  I t  a lso may be seen that  
N so constructed is  a unique solution in the sense that  whenever  N'  is  
a lso a so lut ion of  (4) ,  then N'= N.  The mathemat ica l  bas is  for  the 
exis tence and uniqueness of  the natura l  so lut ion wi l l  be descr ibed in  
Sec.  5.12.  
We conclude by observ ing that  the natura l  so lut ion of  the equat ion of  
t ransfer  is  not  on ly  fundamenta l  f rom an intuitive physical point of view, but 
that it in  essence exempl i f ies  a mode of  funct ion construct ion which has 
been of  increasing importance in the log ica l  foundat ions of  
mathemat ics in  recent  years.  This  mode of  construct ion-- the 
enumerably  [ innumerably ]  recurs ive mode of  construct ion-- is  very 
c losely re la ted to the natura l  mode of  construct ion def ined above and 
is coming under in tens ive study pr inc ipal ly  because of  the current  s t r ides 
in  developing u l t ra- fast  mechanical  a ids to  numer ica l  and log ica l  
computat ions.  These developments wi l l  eventual ly  make feasib le the 
computat ion of  re lat ive ly  h igh scat ter ing orders -n for  -Nn,  so that  
f in i te  sums of  the form 
No +N1+N2+ . . .  +  Nn 
wi l l  const i tu te appropr ia te ly  adequate approx imat ions to the ideal  
natura l  so lut ion N.  Thus we wi l l  eventual ly  be able to  go far  beyond 
the f i rs t  order  so lut ions 
No 
N l  
No  
N* 
a + K1 cos e 
SEC. 5.4 FOR RADIANCE 45 (cf. (8) , (9) of Sec. 5.3) to which many classical 
studies 
in atmospheric and hydrologic optics were hitherto limited because of the relatively 
heavy demand on manipulative skill (and time t ) needed to evaluate N2 , N' and higher 
order n-ary radiance functions 4, 
 


