
8.8 A Model for Vector Irradiance Fields 
The.    purpose of this section is-to apply the vector theory,-of the irradiance field to an 
important class of scattering-absorbing optical media, namely the class of natural 
hydrosols consisting, e.g., of oceans, harbors, and lakes. The application is of practical 
value in that it-yields explicit expressions for the depth-dependence of the irradiance 
vector in terms of its components at the surface and certain of the optical properties of 
these media. Furthermore, the discussion presents particularly simple interpretations of 
the quasi--potential and related functions, arising in vector analysis and which are 
pertinent to the description of natural light fields. These vector interpretations 
emerge naturally 
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f rom the  geomet ry  and  phys ics  o f  the  p resen t  app l i ca t ion ,  and  w i l l  
be  g iven  as  the  d iscuss ion   .p roceeds .  In  th i s  way  we add  to  the  
ev idence  tha t  the  fo rma l i sm o f  the  "  pho t i c  f i e ld "  as  deve loped  by  
Moon,  Spencer ,  and  o thers  (Re fs .  [187 ] ,  [188  
i s  o f  more  than  academic  in te res t ,  and  in  fac t  p rov ides  an  e legan t  
too l  fo r  the  s tudy  o f  the  l i gh t  vec to r  H  (s )  in  the  p rac t i ca l  se t t ings  
encoun te red  in  the  s tudy  o f  hydro log ic  op t i cs .  
Wh i le  the  p rac t i ca l  con tex t  o f  the  p resen t  d iscuss ion  i s  l im i ted  
spec i f i ca l l y  to  tha t  o f  na tu ra l  hydroso ls ,  the  mathemat ica l  a rguments  
app ly  equa l l y  we l l  to  any  a rb i t ra ry  p lane-para l le l  sca t te r ing -
absorb ing  med ium in  wh ich  the  l i gh t  vec to r  possesses  a  quas i -
po ten t ia l .  The  rad iomet r i c  p re requ is i tes  fo r  the  p resen t  d iscuss ion  
a re  g iven  in  (2 ) - (16)  o f  Sec .  2 .8 .  A  use fu l  tex t  on  vec to r  ana lys is  is 
Re f .  [30 ] .  
The  Quas i - I r ro ta t iona l  L igh t  F ie ld  in  Na tu ra l  Wate rs  
We f i x  the  s tage  o f  the  p resen t  d iscuss ion  by  adop t ing  a  s t ra t i f i ed  
p lane-para l le l  med ium X(0 ,b )  w i th  s t ra t i f i ed  l i gh t  f i e ld .  The  p resen t  
d iscuss ion  makes  use  o f  the  concep t  of a quasi-irrotational light field, i.e., a 
light field in which at each depth z of a natural hydrosol, the irradiance vector satisfies 
the condition: 
H (Z) V x H (z)] 0 
In general, H , the vector-irradiance function, (or Light field), is defined at each 
point x (which stands for the ordered triple (x,y,z)) of an optical medium by writing: 
t'H,(x) for f7 ~N (x,, E) do (2) 
where is the unit sphere (the collection of all unit vectors) in euclidean Euclidean three-
space E3 , and N(x,•) is the radiance distribution at point x (see Sec. 2. 8). 
As will be shown in (12) below, the justification of the use of the relation (1) rests on the 
following two vectorial versions of well--known experimental facts about the spatial and 
directional distribution of light in natural hydrosols: 
For every fixed z > 0 in X (0,b) , H(x,y, z) is independent of x and 
y. 
(ii) For every fixed pair (x,y), H(x,y, z) lies in a fixed vertical plane for all z > 0 . 
Of course, some variations of H on-horizontal planes, and some oscillations of the 
vertical plane containing H do occur in all natural hydrosols. However, properties (i) and 
(ii) summarize the two most readily apparent permanent gross features of the light field 



in natural waters, on which it is possible to develop a mathematical theory of the light 
vector H (x) . 
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Interpretations of the Integrating Factor 
Since our interests lie principally in the physical and geometrical aspects of 
natural light fields, it would be instructive to develop some physical 
interpretations of (1) and concepts immediately related to it. This we now do. 
The general theory of vector fields asserts that to each quasi-irrotati.onal light 
field one may associate two real-valued functions (D and ~, defined on the 
appropriate subset of X(0,zl) representing the optical medium. These functions 
have the property that: 
H (x) = 1 0 ~D (x) (3) (x) 
4 5  is the quasi-potentza2 function, and ~ is the i n t e g r a t i n g  
f a c t o r ,  unique to within a multiplicative constant, associated with ~D. 
Equation (3) is the necessary and sufficient condition that: 
H(x) - [V X  H (x) ] = 0 
at each x of the medium. (See, e.g., Sec. 105, Ref. [30].) 
In the present context the function ~ has particularly simple and interesting 
geometrical and physical interpretations. We begin with the geometric 
interpretation. 
Figure 8.10 defines a terrestrially based coordinate system usually adopted for 
the discussion of the light fields in natural hydrosols (re: Sec. 2.4). The 
fixed plane referred to in property (ii) is taken as the xz-plane, and thus lies in the 
plane of the figure. The standard unit vectors i and k are positioned as shown. 
The unit vector j along the positive y-axis is normal to the plane of the figure and 
directed away from the reader. 
Consider an arbitrary rectangular path ABCD in the xz plane such that its sides 
are parallel to the coordinate axes. According to (3) and properties (i) and (ii) of 
the light field in natural hydrosols, it follows that: 
fABCD ~ ( X ) H ( X )  -  ds = o 
so that: 
fAB (x) H (-z  

1) 
fDC (x.)H(z2) 
ds 
The condition (i) suggests that C can be independent of x 
and y . By (13) of Sec. 2.8: 
H(z,i) = H(z) • i 
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FIG. 8.10 How to visualize a quasi-irrotational irradiance vector field. 
so that the integral equality above implies: 
C (Z1 )H(z' i) _ C (z2)H (z2(4) 
From this and the fact that ~ is determined only to within a multiplicative constant, we 
can set c(0) = 1 and so: 
~tz)H z,i) = Ho,i) , (5) 



for all z in [O,b]. Thus ~ may be selected as a .dimensionless quantity which 
stretches the horizontal component H(z,i) 
to H(0,30 at every depth z in X (O , b) . 
Next we consider the physical interpretation of c(z). The invariance with depth of the 
product: 
~~z)HCz,i) 
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shows that the depth dependence o f ~(z) i s such that its logarithmic derivative 
is equal, to within an algebraic sign, to the logarithmic derivative of the net 
horizontal irradiance H(-z-,i) . That is: 
d~ (z) - -1 dH(z,i) ) z H(z,i) z 
This logarithmic derivative of H(z,i). will be denoted by 1'K(z,i)", Now the 
logarithmic derivative K(z,i) is but one member of an important family of 
apparent optical properties used in modern hydrologic optics, as we shall see in 
Chapter 9. This family of optical properties includes such well-known quantities 
as k(z), where: 
k (z) = - 1 dh z 
h z) z 
and where h(z) is scalar irradiance of depth z 
 
Thus, in the terminology of Chapter 9, the logarithmic derivative of ~ is none 
other than the k-function for the net horizontal irradiance in the i---direction.- 
According to (b) we may represent ~ (z) as 
 
where we have written: 
 
CZ 
 
(lo) 
The Curl and Divergence of the Submarine Light Field 
The vectorial concepts of curl and divergence have been applied very often in 
hydrodynamic theory, and other field theories. However,, there is also a useful 
role for these concepts in the description of light fields in natural hydro-sols. 
Under the present assumptions (i) and (ii) about the light field, and with the 
adopted coordinate system, the curl of H may be verified to be of the form: 
 
 
so that: 
 
DxH.(z) = j:K(z,i)H(z,i) 
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and proper ty  ( i i )  that :  
 
H (Z)  • [OXH (Z)  ]  
(12)  



The der ivat ion of  the d ivergence re lat ion for  the l ight  f ie ld  in  (source-
f ree)  scat ter ing-absorb ing media wi l l  requi re the use of  the equat ion of  
t ransfer  for rad iance:  
ON(z,~)  = . -  a(x)N(x,0 + N* (Z,0 P (13)  
where the path funct ion N*  is  g iven by:  
N (x~ )  = N(x,~t)a(xW;C)dn(C')  (14)  
Here a and a are,  respect ive ly ,  the vo lume scat ter ing funct ion and the 
vo lume at tentuat ion funct ion.  
Return ing to (13)  and in tegrat ing each s ide over  we have 
;z  2 
0 .  H (x)  = -  a  (x)  h  (x)  + s  (x)  h (x)  
which reduces to the requi red d ivergence re la t ion:  
 
o - H (x)  = -  a  (x)h(x)  
(15)  
by us ing the facts that :  
s  (x)  _ _ 6 (x; dS~ (  ' )  (16)  N 
and that :  
a  (x)  = a (x)  + s  (x)  ,  (17)  
and which were formal ly  in t roduced in  (3)  and (4)  of  Sec.  4.2.  For  the 
present  geometry (15)  reduces to:  
dH z,k)  = a(z)h(z)  z  
where 
H(z,k)  = H(z)  •  k  (19)  
is  the ver t ica l  component  ( the net  upward i r radiance)  of  the l ight  
vector  at  depth x.  Observe that  the der ivat ives of  0•  H are a long the 
d i rect ions of  i ,  j ,  k  ,  and recal l  that  z  is  measured posi t ive in  the 
d i rect ion -  k . )  I f  the medium 
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x(O,b)  has sources,  then the term h. ,  (z )  is  added to  the r igh t  s ide 
o f  (18) .  The reader  w i l l  f ind  i t  ins t ruc t ive  to  re turn  to  (62)  o f  Sec.  8 .4  
and v iew i t  in  the  l igh t  o f  (15) .  Fur thermore,  i t  shou ld  now be c lear  
that  by  add ing together  the equat ions  o f  (19)  o f  Sec .  8 .3 ,  we obta in  
(18) .  
Genera l  Representa t ion  o f  the  Submar ine L ight  F ie ld  
The s tar t ing  po in t  o f  the  present  der iva t ion is  taken as  theorem 9 o f  
Ref .  [187]  wh ich,  app l ied  to  the  present  concepts  o f  rad ia t ive  t rans fer  
in  scat te r ing-absorb ing media ,  states that if: 
V  '  H- (z )  =  -  a  (z )  h  (z )  
and:  
H(z) - [VxH(z) ]  = 0 
then a  quas i -potent ia l  ~D and in tegra t ing fac tor  ex is t  such that :  
V2 4)  (x  ,Y  f z )  
1  -  a  (z )h(z)  +  V 1  "  V4~(x ,Y,  z )  (20)  
~(z  ~(z  



Fur thermore,  i t  fo l lows f rom proper t ies  ( i )  and ( i i )  p reced ing equat ion  
that  4~ can be a t  most  l inear  in  We can use th is  fac t  a long wi th  (3) :  
and the x  and y  .  
H (z)  =  1  
~ (z) ax ay z 
(21)  
to  deduce the requ is i te  representa t ion o f  H(z) .  i s  a t  most  l inear  in  x :  
Now,  s ince 
 
(22)  
where A is  a  cons tant .  Fur thermore ,  s ince (D is  a t  most  l inear  in  y  
and by  v i r tue  o f  the  present  coord inate  sys tem we can set :  
 
(23)  
Hence 4  may be represented in  the present  context  as  
fo l lows:  
(D(x,Y,z )  =  Ax +  f  (z )  
Accord ing to  (21)  i t - remains  to  determine A and f '  (z )  
(=  d f  (z )  /dz)  .  Toward th is  end,  equat ion (20)  may be wr i t ten:  
f " (z )  -  K(z , i )  -  ~ (z)a(z)h(z)  =  0  
The in tegra t ing  fac tor  for  th is  d i f fe rent ia l  equat ion is  c lear ly  
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so that: 
(f' (z)1~(z))' = a(z)h(z) , 
and 
z 
f' W  1 ~  ( z )  = f' (0) + f a (z') h (z') dz' 
Finally, from (21) it follows that: 
 
z 
H.(z) = iH(O,i.)e_C(z) + k L H(O,k) + f a(z')h(z')dzI o 
(24) 
which is the desired general representation of the vector irradiance function H. 
Example l: The case of Isotropic Scattering 
For the remaining portion of this section we will assume that the medium y(O,b) is 
homogeneous, i.e., that a (and hence a , s, and a) is independent of depth z. The 
present example will be concerned with an illustration of the particular form that H(z) 
takes in a medium that scatters isotropically and which is irradiated at the upper 
boundary by collimated flux incident at an angle a o = - arc cos 1 , ~o = 0, and 
where ~o is an azimuth angle measured in a Horizontal plane from the positive x-axis. 
The number u o is defined as in (70) of Sec. 8.5. 
Now it is easy to verify that the diffuse component of the light field (i.e., that part 
consisting of all radiant flux scattered one or more times) is symmetrical about the z-
axis. Hence the net horizontal irradiance receives no contribution from the diffuse light 
field. Therefore 



H(z,i) W H(0si)e-az/ue (25) 

so that K(z,,i) in this case is represented by:  

K(z>>i) = 
aluo 

(26) 

and C(z) in the general theory above reduces to:  

C(z) = 
az/P0 

(27) 
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Example 2: Asymptotic Form of the Light Field 
In optically infinitely deep media (i.e., b = oo in X (O , b)) the values-k(z) of the 
function k defined in (7) rapidly approach, with increasing z, a fixed magnitude 
k which is independent of the external lighting conditions and which depends only on 
the inherent optical properties of the medium. This and related facts we shall explore in 
some detail in Chapter lo. In view-of this fact it is permissible, for most engineering 
calculations, to assume that there is a depth z,)> Q below which k (z) = k. From the 
divergence rela 
tion (1 we see that in general: 
H(z 
_ z 
H(z~ k) = f 91 a (z)h(z) dz (28) 
z  
 
so that in particular: 
_ z 
H(z,k) - H(D,k) = J a(z')h(z') dz' 0  
Furthermore, in the present case: 
_ z z 
(z k) -- H(z0,k) = a h(z') dz' W ah(z0) f e 
z z 
0  0  
-k(zT-z 0)dz' 
- ah (z ) ekz 0 . 
o k 1  
e- e- - e- zo 
k 
ah(z0) 
k - r 
e

-k (z- z 0 )  
It follows that the k-component of -H.(z) in (24) may be written: 



H(z,k) = H(o 
k 
3 
fZ  
a (z') h (z') dz' 
 
0  
z  
_  ( z 0, k )  + f a (z')h(z') dz' z 
0  
H(z0jk) 
ah(z ) ) 
0  1 - e_k (z- zo + k r 
Now since H (z,k) } O as z + c* (see, e.g., the two-D models in Secs.,8.5 and 
8.6), it follows that we may set 
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so that (24) reduces to: 
H.(z) -. iH(z i) e-C (z- Z o )  + kH(z k) e-k (z- zo) (29) 
0 0 
for z > zQ . A further simplification is effected if we can find a suitable approximation for 
the function C. Thus observe that for z > z0 , the diffuse component of the light field is 
essentially symmetrical about the z-axis (Chapter 10) so that, as in the isotropic case 
(27): 
 
where we have 
Do 
u 
0 
for clear sunny skies with sun at Bo = - arc cos uo from the zenith, or for some fixed D o ,
 with 
 
for overcast days (see (2) of Sec. 8.5). With these assumptions, (24) takes the 
particularly simple approximate form: 
- D o - 1  
H _ ( Z )  = iH (z o) 1) ec x ( z -  z.0) + kH (z a k) e.
 (L'-40) 
(30) 
where D O  may take any of the above special values. For most engineering 
applications it is permissible to take zo = 0 in (29) or (30). 
We conclude this example by making a few observations on the limiting directions of
 H as z -+ oo . First, if s ~ 0 , then k < a , (see, e.g., (9) of Sec. 6.6).
 If, in addition, we also have a ~ 0 then from (30) and the fact that H (a,k) 
<0, it is clear that: 
 
If, on the other hand, we have a = 0, then H(z,k) = 0 and: 
H(z) __ 111(z) 



for all z ; the direction being that of H (0 , i) . Finally, if s = 0 , then the 
problem of the explicit determination of H(z) for all z reduces to a relatively trivial 
(although sometimes tedious) calculation. In this case the limiting direction of H 
depends in a simple way only on the external lighting conditions. If No(0,~) represents 
the incident radiance distribution at z = 0, suppose 1~ • kj is the largest 
value for which N (0,~a) 0. Then the limiting direction 
of H(z), as z -~-oo , is along the line defined by ~0 . 
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Global Properties of the Irradiance Field 
The curl and divergence of the irradiance field H(x) show how the field behaves in the 
neighborhood of a point. In other words, the curl and divergence of H(x) are local 
properties of H(x). An interesting and important global property associated with the 
irradiance field comes from an application of the divergence theorem to (15) and we 
shall now derive that property. 
Let X be an arbitrary connected, bounded homogeneous subset of X(O,b) , with 
boundary surface S and with steady light field. Then on the one hand from (15) 
fX Q • H (x) dV (x) 
fX  
ah (x) dV (x) 
av f u (x) dV (x) x 
- avU (x)  (31) 
The lat ter  two equal i t ies rest  on (4) and (12) of  Sec. 2.7.  On the other 
hand i f  n(x)  is the uni t  inward normal to S at x ,  then by the divergence 
theorem, we have: 
o •  H'(x)  dV (x)  = -  f  H (x)  .  n (x)  dA (x)  (32) x
 S 
and we shal l  denote the integral  on the r ight  s ide by "P(S,_)"  which 
thereby represents the net inward radiant flux across 
S (cf .  (8)  and (9) of  Sec. 2.8).  Combining (31) and (32) we have: 
 
P(S,-)  = avU(x) 
(33) 
This equat ion shows how the net inward f lux F(S,-)  across the boundary 
of  S is related to the energy content U(x) of  
and the volume absorpt ion coeff ic ient  a of  X . Equat ion (33) may 
have some pract ical .  , interest  in laboratory procedures of  determining 
the volume absorpt ion coeff ic ient  a.  The radiant energy content U(x) of  
x may be obtained by systemat ical ly  probing x wi th an instrument which 
measures scalar i r radiance h(x).  By numerical ly integrat ing the 
measured values h (x)  throughout  X, the term vU (X) may be 
obtained.  Further, the term P(S,-) may be obtained by traversing the boundary S
 of x with a subtracting j anus plate (re: Sec. 
2.8) to find H (x,n (x)) , and then integrating the measured values. It is clear 
that this method would be independent of the directional structure of the light field 
within X. This 
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setups to prearrange the light field so as to require a minimal amount of measuring 
throughout X. If this can be achieved, novel and simple means of determining the 
volume absorption coefficient will thereby be attained. 
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