
9.3 The Covariation of the K Function for Irradiance and Distribution Functions 
The purpose of this section is to establish the theorem that at arbitrary fixed depths z 
the attenuation function value K(z,-) and the distribution function value D(z,-) 
vary directly (but not necessarily linearly) one with the other, in all steady state 
stratified real plane-parallel media whose volume scattering functions are predominantly 
forward scattering. In this way we establish a useful criterion for the behavior of K(z,-) in 
terms of the intuitively simpler concept D(z,-). The theorem is expected to find its 
greatest use in natural hydrosols. By way of background to these results we now 
discuss in some detail the physical 
significance of K(z,-) and D(z,-) . 
Some Elementary Physical and Geometrical Features of K(z,-) and D(z,--) 
It is a well--known fact in hydrologic optics that the amount of light in a natural hydrosol 
such as an ocean or deep lake decreases essentially in an exponential manner 
with depth from the surface of the hydrosol. The simplest 
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models of  the l ight  f ie ld  exhib i t  th is  fact  (c f .  (22)  of  Sec.  8.6) .  This  fact  
may be expressed succ inct ly  as:  
H = H e-kz (1)  z  o  
where H is  the amount  of  radiant  f lux of  a  g iven wavelength 
fa l l ing downward on a uni t  hor izonta l  area ( i .e . ,  the i r rad ia n c e )  a t  
depth z ,  and K is  a constant  determined by measur ing the s lope o f  a  
semi log p lot  o f  measured values of  Hz  versus depth z.  The quant i ty  
IC has d imensions:  per  uni t  length,  and is  usual ly cal led the attentuation 
coefficient for  i r rad iance,  for  the medium under  s tudy.  L ike Hz the 
quant i ty  K depends impl ic i t ly  on a speci f ic  wavelength 
of  the radiant  energy penetrat ing the hydrosol .  For  many engineer ing 
quest ions,  quest ions of  underwater  photography,  te lev is ion and 
v is ib i l i ty ,  and for  many purposes of  mar ine b io logis t ,  the s  tory0  of
 Hz  and K may appropr ia te ly  end wi th  equat ion (1) .  However ,  
for  the more demanding purposes of  geophysic is ts  charged wi th the 
tasks of  determin ing the fundamenta l  opt ica l  constants of  natura l  
hydrosols ,  and for  those who must  make sense out  of  the exper imenta l  
data leading to the numer ica l  determinat ion of  the fundamenta l  
constants ,  the story of  Hz  and K has only  begun to be to ld  wi th  
equat ion (1) .  
Confront ing these la t ter  invest igators in  the ir  quest  for  prec ise ly  
measured radiometr ic  quant i t ies which must  be in terre lated by 
consis tent  ru les of  ca lcu lat ion,  is  a weal th of  in t r icate and nonl inear  
deta i l  in  the depth behavior  of  Hz .  The s imple exponent ia l  behavior  
o f  H z  as summar ized in equat ion (1)  must  now as a mat ter  of  
exper imenta l  expediency be d iscarded and in  i ts  s tead be made to 
appear  a more deta i led formula exhib i t ing the same genera l  out l ines of  
(1) ,  but  conta in ing now al l  the potent ia l  var ia t ions which may be 
uncovered in a carefu l  documentat ion of  the l ight  f ie ld in  real  
hydrosols .  As we saw in (40)  of  Sec.  9.2,  th is  more deta i led formula 
can take the form: 



z 
H(z, - }  -  (0 , - )  exp -  f K(z',-)dz' (2) 0 
Equat ion (2)  is  the physic is ts '  genera l izat ion of  the mathemat ic ian 's  
s imple model  of  the l ight  f ie ld  expressed in  equat ion (1) .  Let  us .  
examine (2)  in  deta i l  and thereby uncover  i ts  s imi lar i t ies and 
d iss imi l iar i t ies  wi th  (1) .  F i rs t ,  H(z, - )  represents the measured 
i r rad iance at  depth z  > 0 
in  the medium produced by downwel l ing radiant  f lux on a uni t  
hor izonta l  area.  Hence H(a,- )  is  the downwel l ing i r rad iance of  such 
f lux on such a sur face at  depth z  = 0 measured just  be low the a i r -
water  f i lm.  Second,  suppose we p lot  the genera l  equat ion (2)  on 
semi log paper  wi th  depth z  as abscissa and H(z, - )  as ord inate.  
Equat ion (2)  g ives the value of  H(z, - )  a t  a  genera l  depth z :  Hence 
equat ion (2)  may then a lso be used to g ive the value o f  H (z  ,  + A 
z ,  - )  ,  i .e . ,  the downwel l ing i r rad iance at  a  depth z  + Az,  where
 Az is  any f in i te posi t ive increment  in depth.  The appropr ia te 
formula for  th is  is :  
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f z + a z  
H(z + Az,-) = H(0,-) exp - K(z',-)dz' 0 
Now, a s  in elementary calculus, we may approximate the slope of the semilog plot of 
H(z,-) at depth z by letting z grow by an increment A z , by finding the new value H (z + 
oz,-) and then by performing the operation: 
knH(z + 0z,-) - knH(z,-) 
Oz 
slope of QnH(z,-) (3) at depth z 
The smaller the magnitude of Az, the more accurate is the estimate of the slope of the 
curve by this operation. Let us now perform the operation on the values of H(z,-) and 
H(z + Az,-) , as given by (1) and (2). From (1) 
z 
QnH(z, - )  = QnH(0,- )  -  f K ( z '  , - ) d z '  0 
and from (2) 
z + A Z  
knH(z + Az,-)= XnH(0,-) - f K(z',-)dz' (5) 0 
Inserting these values in (3) we have: 
Z z + O z  
_  
f K(zt ,-)dz' - f K(z' ,-)dz' 
slope of QnH(z,-)- N o 0 
at depth z Az 
We now recall two elementary facts from integral calculus, the first is: 
a+0 a a+D f dz = f dz + d dz 
f0 o a  
which shows how the range (O,a+A) of integration may be broken into two parts-
 ( O  ,  a) and (a, a  +  © )  f o r  any function integrable over (O , a 
+A); and the second fact that 



fa + A  
f  d z  =  ©  f  ( a )  ,  
a  
whenever A is small and f is continuous at a. Applying these two facts to (6), 
where K(*,-) now takes the place of f in (7) and (8), we have, on application of 
(7) to (6) 
SEC. 9.3 COVARIATION OF K-FUNCTIONS 131 
z+Az K(z',-)dz' slope of QnH(z,-) M 1z 
. at depth z Az 
Then, applying fact (8) to (9) and letting Az -* 0 we have: - slope of ZnH(z,-) K(z~-)
 (10) at depth z 
Equation (10) tells us that K (z, -)is the negative of the 
slope of the semilog plot' of H(z,-) versus depth z. 
Another way of obtaining (10) is to directly differentiate (2), the result being: 
dH(z,- W - K(z,-)H(z,-) dz 
and then solve for K(z,-): 
1- dH (Z H (z,-) dz 
d Qn H (z, -) 
dz 
This latter method is more elegant than the preceding pedestrian method, and thereby 
brings out more succinctly the geometric meaning of K(z,-). 
We may perform the same operation on Hz as given in equation (1). Hence, either by the
 z - method or the simple derivative scheme shown above, (1) yields: 
K 
slope of Qn (h z) ! - 1 dHz 

at depth z r H z Jz 
(12) 
Thus both K and K(z,-) are the negative slopes of the semilog plots of Hz versus depth 
z. In this way they are similar. But the point where they differ is in the fact that K is 
independent of depth and that K(#,-) is not independent of depth. And in this difference 
lies precisely the difference between mathematical fiction and physical reality. Is there a 
simple explanation for this gap in terms of the accumulated concepts of hydrologic 
optics? We now consider in detail an explanation of this difference in terms of the 
currently accepted concepts of radiative transfer theory, as applied to hydrologic optics. 
A careful examination of the experimental evidence leading to Hz .determinations shows 
that there are actually two mechanisms in source-free media which may give rise to 
the gap between the simple classical K and the modern K(z,-). We have up to this point 
slanted the discussion to bring out only one of these mechanisms, the one which we 
may term the physical (or dynamical) mechanism of the variation of K(•,-). Thus, in the 
preceding discussion we centered 
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attention on the depth behavior of H (z , -) , a behavior which is discerned 
only as an irradiance probe moves downward into a natural hydrosol and 
continuously records the magnitude of H(z,-) as z continuously increases. Now if 
the external lighting conditions on the upper boundary of the source-free 
medium are arbitrary but fixed in time, that is stationary, and if the hydrosol's 



fundamental inherent optical properties (namely the volume attenuation a and 
volume scattering function a) are arbitrary but stationary, then the depth 
dependence of K(-,-) is an indicator of the natural interaction of the penetrating 
photons with the material of the medium; it provides a running account of the 
depth-rate of attenuation of the number of the downwelling photons streaming 
past the level z. This dynamical aspect of the variations of K(-,-) will be studied 
in an elementary but detailed manner in Secs. 10.3 and 10.4. For our present 
purposes we may thus consider the physical (or dynamical) mechanism behind 
the depth behavior of K(-,-) to be fairly well understood. There remains, 
however, the problem of the geometric mechanism which also gives rise to 
variations of K(•,-) to which we now turn, and which forms the central problem 
under study in the present section. 
If, instead of continuously moving the irradiance probe vertically downward in a 
natural hydrosol, we hold the depth z fixed and let H(z,-) be recorded as a 
function of time, 
we would expect in general, because o f the continuously changing external 
lighting conditions above any natural hydrosol, a time dependence of H (z , 
-) for the fixed depth z. For example, if the probe is set at a depth of five 
meters at 0600 hours local time in a certain lake, we would expect H(z,-) 
generally to increase as the sun rises to reach a maximum around 1200 hours, 
and then to descend at 1800 to a reading comparable to the 0600 reading. On 
this basically regular diurnal variation of H(z,-) there is superimposed a 
relatively more rapid variation in H(z,-), induced for example by the movement of 
clouds or cloud layers between the sun and the hydrosol's surface. Even though 
the time rates of these latter changes in the external lighting conditions are 
thousands of times greater than those associated with the more stately diurnal 
changes, they nevertheless are far too small to cause any true transients in the 
natural light field. For this reason all these changes in the light field are of, a 
quasi-stationary character. 
Now, suppose a probe were to be sent quickly downward to accurately record 
the stationary light field all the while the sun is covered by a cloud and then, 
when the cloud has just passed away from the sun and allows it to shine with full 
strength on the hydrosol, another quick but precise probe uncovers the 
irradiance's depth profile during this sunny condition. If this were done then 
we would discern upon careful examination of the two semilog plots of H(z,-) 
that H(z,-) at each given depth on the overcast plot would differ from the value 
at that same depth on the sunny plot. 
Actually, experimenters need not go out of their way to uncover this 
phenomenon; it crops up with exasperating inevitability in any painstaking (and 
thus time-consuming) 
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mapping of the irradiance depth-profile in natural hydrosols. For in a 
particularly deep hydrosol the determination of the vertical depth-profile may 
take on the order of a half hour; and when the probe ascends past one of-the 
relatively shallower depths in a check re-run, the sun may have moved as 
much as five to ten degrees, cloud covers may have changed, thus producing 



(with most modern equipment) easily measured changes in the structure of the 
light field in the interim. 
When plots of H(z,-) are made of each of these runs, the logarithmic slope 
K(z,-) on each plot may be noticeably nonconstant with depth; furthermore, and 
this is the crux of the matter at hand, the K(z,-) value at a fixed depth z 
for the downward run may differ from that for the upward run. The experimenter 
would, at this juncture, if he considers this difference in K(z, -) from 
one' plot to another with care, soon realize that the difference may be the 
result of a superposition of two basically different physical mechanisms: On the 
one hand there is of course the possibility that the inherent optical properties of 
the medium may have changed during the interval between the times that the 
probe has .visited the given depth z ; on the other hand there is the possibility 
that the external lighting conditions have changed during this period and that 
this change has in some way become manifest in the difference in the K-values 
for the given depth z. 
If the investigator had made provisions to record during the same period, and 
over the same depth interval, the radiance distributions within the medium and 
the inherent optical properties of the medium, then he may be able to 
quantitatively, at least in principle, ascertain, by means of the representations 
(18) and (19) of Sec. 9.2 and the known structures of a(z,±) , b (z,±) , those 
parts of the differences in the K(z,-) values which are traceable to the changes 
in the inherent optical properties. Thus-, once again we are in possession of 
sufficient knowledge to understand and cope with the physical aspects of the 
behavior of 
K (z , - ) . There remains, however, that component of=the change of K(z,-) 
at a given depth z which is traceable to the change of the external lighting 
conditions. 
In order to relate the way in which K(z,-) changes with external lighting 
conditions we must have some means of specifying in a precise manner the 
concept of "lighting condition." Clearly, in choosing a precise characterization 
of this concept the absolute amount of the incident radiant flux is of no 
essential importance. Of critical importance ,.however , is the relative amounts 
of radiant flux which arrive on the upper boundary of the medium, or on some 
internal horizontal plane, from the infinite number of possible directions in the 
hemisphere of incidence. One obvious, and incidentally  the  most  complete ,  
character izat ion would  be by  means o f  the rad iance d is t r ibu t ion  N(z , • )  
a t  depth  z .  Whi le  th is  means may be o f  cons iderab le  use in  o ther  
contexts , ,  i t  re -qu i res  o f  the  exper iments  a  prod ig ious aux i l ia ry  e f fo r t  
to  prov ide the-necessary  measur ing and record ing apparatus  to  
obta in  th is  la rge number  o f  read ings.  In  the  in teres ts  o f  exper imenta l  
exped iency,  what  is  needed is  a  character izat ion  o f  the  re la t ive  
va lues o f  N(z , • )  w i thout  hav ing to  measure 
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each o f the infinitude o f values N (z, E) , E e ' where ' is the set of 
all unit vectors in euclidean space. Since relative values are of primary interest, 



the ideal characterization would then involve not more than two readings of 
some simple kind. 
In searching for two simple radiometric measurements which would be capable 
of characterizing the relative values of the downwelling radiance distribution, it 
would be of 
some convenience to the experimenter if he could make use of his existing data, 
namely the values of H(z,-). To see what possible choices remain if H (z , -)
 is adopted as-one of the two radiometric measurements which will 
characterize the relative magnitudes of N(z, o) , let us express H(z,-)
 in terms of these values. By definition, we have: 
 
N ( z , ~ ) ~  •  n  d  Q ( ~ )  $  
where n is now the unit inward normal to the hydrosol. In practice, N (z, -) is 
usually determined by a suitably chosen finite set { Ei, ..., En } of downward 
directions, and 
H (z , -) is then computed by the rule (re: (6) through (17) o f 
Sec. 2.5): 
n 
H(z~-) _ N(z,~i)~i - n ,A Qi 
where 0 Qi is the solid angle associated with the direction ~i. The 
quantities A Q i are subject to no specific restrictions except that they be 
small enough so that N(z,•) is fairly uniform over the associated direction sets 
and that of course E 0 Q1 = 2Tr.  Now the re lat ive magnitudes of the 
quantities N (z, ~i) , i = 1, . . . , n may be obtained by choosing 
any one of them, say N (z , ~,) , and forming the quotients N(z,~i)/N(z,g1), 
which we shall denote by: "g(z,~i)". Then the Quotient: 
 
H z,- n 
g (z' n©0i 
1=1 
would serve as a -measure of the way in which the g (z , ~i) 
are distributed over the downwelling hemisphere ... However, such a 
measure falls short of being satisfactory for several reasons: First, we have 
isolated a particular value N(z,~i), and therefore have distinguished it with 
artificial importance; actually any one of 'the n - 1 other values would serve just 
as well. Secondly, in order to measure N(z,~,) we would-require the services of 
a specially designed radiance meter, or bring into use for extremely restricted 
purposes the actual radiance distribution measuring apparatus-which might as 
well then be used to determine a working sample of N(z,-). Finally, we would 
prefer to measure an amount of flux comparable in magnitude to H(z,-); for 
N (z, ~,) would generally be a far smaller number than H (z, -) 
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which must then be divided into or divided by N(z,~,), thereby setting the stage 
for the disruption of numerical accuracy in the data reduction tasks that follow. 
The cumulative effect of these observations is to lead to the choice of the sum 
n 



h(z,~) = N (z, 
as the most logical choice for the second radiometric measurement. Its integral 
representation is: 
h(z,-) = 17 N(z.9~)dQ(Q 
In this way we are led to consider the ratio 
D(z,-) = h(z,-~ (13) H (z, 
which we have encountered before ((15) of Sec. 8.3 and (1) through (7) of Sec. 
8.5) and which we have termed the distribution function. In terms of the finite-
summation representation of h(z,-) and H(z,-), D(z,-) becomes: 
n 
N(z .9~i)O 2i 
i= I 
D(zs-) = n (14)  
N(z~~i)~i 
 
or, in terms of their integral representations: 
f7 N(z.~)d 
D(z,-) = (15) 
_ N(z.C)~ • n d n N 
The quantity h(z,-) may be measured by simple devices, [see [305] and Chapter 
13 below. We have seen in Chapter 8 how D(z,-) serves to characterize the 
distribution of the irradiating flux. Thus, let n = 1 in (14), i.e., let the flux come 
from any single solid angle AS2 in the general direction ~; the distribution 
function then is: 
D(z, -) 1 _ • rn 
 
Hence if the irradiation is incident vertically at depth z,,, = n: and D ( z , -)
 = 1 . In general, the more obliquely ncident the pencil of radiation, 
the smaller the dot product • n- .., and the Larger is the distribution function.
 This 
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conc lus ion,  a l though obta ined for  a  spec ia l  case,  is  never the less  
va l id  for  any number  o f  penc i ls .  
In  what  fo l lows we wi l l  show in  what  manner  the concepts  K(z , - )  and 
D(z , - )  a re  qua l i ta t ive ly  in terdependent .  Th is  w i l l  be  done by not ing 
the behav ior  o f  the  in tu i t i ve ly  more  s imple  and pred ic tab le  quant i ty  
D(z , - )  wh ich,  as  we have repeated ly  seen,  serves as  a  conven ient  
character izat ion o f  the l igh t ing cond i t ions.  In  th is  way we may ga in  
ins ight  in to  the dependence o f  the  more complex quant i ty  K(z , - )  on 
g iven l igh t ing  cond i t ions .  
The Genera l  Law Govern ing K (z  ,  - )  and D (z  ,  -  )  
We now have suf f ic ient  background es tab l ished so as  to  der ive  wi th  
some c la r i ty  the genera l  law wh ich governs the exact  in ter re la t ion  o f
 K  (z  ,  - )  and D (z  ,  - )  .  We s tar t  w i th  
the canonica l  representat ion o f  K(z , - )  der ived f rom the equation of 
transfer in (40) of Sec. 8.9. This representation-of K(z,--) now takes the form: 



fW N,,(z,E)dQ 
K(z,-) - a (z, 
H(za_)  
To obta in  (17)  f rom (40)  o f  Sec.  8 .9 ,  we set  ~4  =  W_ and se t  n  =  -  k  
(see F ig .  8 .11) .  An a l ternate  der iva t ion may be obta ined by  fo l lowing 
the s teps  lead ing to  (26)  o f  Sec.  9 .2 .  To keep the present  d iscuss ion 
se l f  conta ined,  we observe that  the var ious  terms in  (17)  are  def ined 
as  fo l lows:  
a(z , - )  =  a(z)D(z , - ) ,  where,  o f  course. ,  a  (z )  
is  the va lue o f  the  vo lume at tenuat ion funct ion  a  t  depth  z  .  
( i i )  N*  (z ,  Q is  the  va lue o f  the  path  funct ion a t  depth  z  for  the 
d i rec t ion  .  I ts  ana ly t ica l  representa t ion  is :  
N*  (z. , ) = N(z.,~)6(z; ' ~ )dQ(  ' )  f7 
(18)  
where a(z ;C ;U is  the va lue o f  the  vo lume scat ter ing  funct ion  a t  
depth  z  for  the  inc ident  ~ '  and the scat tered d i rec t ion  
In  order  to  ext rac t  f rom (17)  the  des i red exp l ic i t  connect ion be tween 
K(z , - )  and D(z , - ) ,  we must  re formulate  the second term of  (17)  in  
such a  way as  to  cause D (z  ,  - )  to  appear  exp l ic i t ly  in  tha t  te rm.  
Toward th is  end we f i rs t  reca l l  tha t  D(z , - )  i s  ,be def in i t ion  the ra t io  o f  
h(z , - )  to  H(z , - ) .  Now the appearance o f  the  in tegra l  in  the  second 
term of  (17)  has  a l l  the  ex terna l  earmarks  o f  an h  (z  ,  - -  )  type 
quant i ty ;  th is  is  suggested by  observ ing that  N*(z , - )  is  a  rad iance 
funct ion and i t  i s  in tegra ted,  l i ke  N(z , • ) ,  over  ~-  ,  the  se t  o f  downward 
d i rec t ions.  Thus in  c lose 
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analogy with h(z,-), we write: 
"h*(z:-)rr for fW N*(z,~)dQ(~) (19) 
Physically, h*(z,-) is the downwelling scalar irradiance generated by the radiant flux 
scattered in a unit volume at depth z . 
The analogy need not end with (19); in fact we can extend it quite naturally to include 
the *-counterparts to h (z,+) , and to scalar irradiance h (z) itself. Thus in 
analogy to h(z,-) we write (as in (11) of Sec. 2.7) 
"h (z, +) " for f N (z, ~) ds2 (~) (20) 
 
which is the upwelling scalar irradiance at depth z (and which forms the basis for 
defining D(z,+) = h(z,+)/H(z,+) for the upwelling stream) - we further write: 
 
which represents the upwelling scalar irradiance generated by the radiant flux scattered 
in a unit volume at depth z. Finally, the scalar irradiance h (z) at depth z, being 
defined by writing (as in (3) of Sec. 2.7) 
"h(z)~~ for f N(z, )dQ (22) 
has its scattered analogy in the form h*(z) where we have written: 
*rh* (z) " for fW N* (z . ~) do (23) 

 
Thus corresponding to: 



h( z) = h(z,-) + h(z,+) (24) which is based on (9) of Sec. 2.7, we have: 
h* (z) ` h* (z , -) + h* (z .,+) - (25) 
An extremely useful and unexpectedly simple relation subsists between h (z) and its 
scattered counterpart h* (z) , namely that the ratio of h*(z) to h(z) is precisely the value 
of the volume total scattering function s 
 
(26) 
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The derivation of this relation along with some suggestions for its use in 
practical direct determinations of the values of s are given in (7) of Sec. 13.7. 
We have now assembled all the required concepts needed for a complete 
formulation and discussion of the general law governing K (z , -) and D (z , -) . 
Starting with (17) and using definition (19) we may write: 
K(z~_} a(z~_) _ h*(z,~ -) (27) H(z, _) 
By means of the definition of D(z,-) this may be written: 
h* (z,-) 
a(z, _) _ h(z a_  D ( z , _ )  
and, finally, using the definition of a ( z , -) , we may recast this into the 
presently desired form of the law governing K(z,-) and D(z,-) 
 
 
h* (z., _) D (z, 
(28) 
The Absorption-Like Character of K(z,-) 
Before presenting the general proof of the covariation of K(z,-) and D(z,-) which 
will be based on some observations of the structure of (28), we pause to discuss 
the general radiative transfer nature of the function K(-,-). We will show by 
general arguments and also by means of a simple example that K(z,-) is 
essentially an "absorption coefficient," i.e., it serves as an analytical 
bookkeeping device for the depth rate of absorption of the stream of 
downwelling photons as the stream passes a general depth z. 
The heart of equation (28) resides in the difference of the two bracketed terms. 
The first term is a value of the volume attenuation function which shows that 
K(z,-) first 
of all takes cognizance of the simultaneous loss of photons by means of both 
scattering and absorbing mechanisms. Thus, as a stream of photons crosses an 
hypothetical surface at depth z, the stream suffers a loss by having some of the 
photons scattered in all directions about the point of crossing and also by having 
some of its photons of (implicitly stated) wavelength X converted into photons of 
(generally) longer wavelength or into nonradiant energy. Now the second term,
 involving h* (z,-) and being subtracted from a (z) , in effect returns 
to the downwelling stream all photons which have been scattered in the "forward 
direction"--the direction of motion of the downwelling stream. The net loss to the 
downwelling stream is then represented by this difference; it represents the 
amount of radiant flux per unit area that either has been scattered back into the 



upwelling stream, or which has suffered true absorption. The first of these 
alternate possible activities (scattering back into the stream) 
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points up the dynamic interpretation of the magnitude of K (z , - ) , and in this 
respect, it is quite like the local transmittance function T (z,-) discussed in 
connection with (7) of Sec. 8.3. To see the predominantly absorption-like 
character, of K(z,-), we now consider two extreme examples of optic-.l 
media: One that is purely absorbing, the other purely scattering; we will show 
that in each of these two extremes the values of K(•,-) tend either immediately or 
eventually to become directly proportional to the given values a(z) of the volume 
absorption function. These arguments will be general versions of those leading 
to the demonstration of the absorption-like character of k in (5) of Sec. 9.2. 
First, let s (z) = 0 for all z , and let a (z) be arbitrary. We 
then have the extreme case of a purely absorbing medium. By hypothesis, it 
follows that N*( z , 0  =  0 for 
each z and for all E. Furthermore, since a (z) = a (z) + 
+ s (z) it follows that a(z) = a(z). With these observations, equation (28) 
reduces immediately to the simple form: 
K(z,-) =  a ( z ) D ( z , - )  l  -  ( 2 9 )  
Here D (z,-) generally depends o n  d e p t h  a l o n g  w i t h  
a (z) . However i f depth z and a (z) are held fixed and the external 
lighting conditions are varied so that D(z,-) is changed, it is quite clear that K(z,-
) varies directly and linearly with these changes in D (z, -) . This is the first 
and simplest instance of the covariation of K(z,-) and D(z,-). The essentially 
absorption-like character may be 
seen by holding D (z , -) fixed. Then K (z, -) varies directly with the value 
a(z) of the absorption function. 
Next, let a(z) = 0 for all z in an optically infinitely deep medium in which s(z) = s 
> 0 for all z. We then have the other extreme case of a purely scattering 
medium. In such a medium, according to (15) of Sec-. 8.8, the divergence V • 
H(z) of the net-irradiance vector vanishes at each depth z. In particular, in a 
plane--parallel medium such as that around which the present discussion is 
centered, this divergence relation takes the simple form: 
 
where H(z,-) = H(z,-) - H(z,+), H(z,+) being the upwelling irradiance at depth z.
 It follows that, for every z , 
H(z,-) = c 
where c is a constant. Since the medium is in steady state and no photons which 
enter it are ever lost by absorption, we expect that the time rate of emergence 
H(0,+) of photons per unit are at the surface just equals the time rate of 
incidence per unit area H(0,-). Hence 
H(z,-) = H(z,+) 
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for all z. Now the greater the depth z in the medium, the more alike optically are 
the regions above and below the level z, and the more alike are their optical 
responses to the equal irradiances impinging on the common internal boundary 



at depth z. (See, e.g., the discussion of (128)-(131) of Sec. 8.7.) Thus we are 
led, by considerations of increasing symmetry above and below horizontal 
planes at great depths, 
to conclude that h (z , -) -* h (z , +) as z } c o . .
 Hence at 
great depths in the present medium, D (z, -) -+ D (z,+) , so that the 
angular structure of the upwelling and downwelling radiance distributions 
become equal (cf. (2) of Sec. 8.5), and in fact (by symmetry) uniform. An 
immediate consequence of these observations is the fact that: 
h* (z.-) h* (z,-) + h*(z.,+) h* (z) 
h z,-) } h(z,-) + (z,+) = i z) 
s 
in which (26) was used for the last equality. Hence, since  
equation (28) for 
form: 
the present case of a (z) = 0 takes the 
h*(z~-~ 
s - z .. D(z~-} 
we conclude that: 
K(z,-) } 0(= a(z)) P  (30) 
as z  +  o o .  Thus, in the both extreme types of media, where one is purely 
absorbing and the other purely scattering, the diffuse attenuation function was 
shown to tend toward values which are directly proportional to the values of the 
volume absorption function for these media. It is in this sense that we 
understand the absorption--like character of K(z,-). Another instance (36) 
supporting this interpretation of K(z,-) will be encountered as a matter of course 
in the concluding observations of this section. There we shall present a practical 
rule of thumb based on the covariation of K(z,-) and D(z,-). 
Forward Scattering Media 
A necessary prerequisite to the establishing of the general statement of the 
covariation rule between K(z,-) and D (z , -) is the introduction of the notion 
of a forward scattering medium. Briefly, a forward scattering medium is one for 
which the volume scattering function has a predominant forward scattering lobe 
as compared to its backward scattering lobe. We shall assume that the medium 
is isotropic. 
For a precise definition, let k be the unit outward normal to the plane-parallel 
medium, and let be an arbitrary element of ' ; then we write 
fts_+(z'~)" for _ o(z; ~ ')d~( ') (31) M 
v+ 
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E e _ and:  

=s++(z~ )" for fW 6 ( z ; ~ ; ~ '  )d (' (32) 

 
whenever ~  E  S to Some general properties of these s-functions are easi y 
deduced. For example, if the medium is isotropic, then s+_ (z; E) = s_+ 
(z; E') , provided that E • k = -C' •k.. 
Further, for these E , El: s++ (z ; E) = s_ _ (z' E' ) . For
 example, if C • k = 9 , then s_ .: (z; Q = s(z)/2 since
 the axis of the scattering lobe would then lie in the horizontal plane at 
depth z and the region of integration would be over precisely half the scattering 
lobe (see Fig. 9.1). Furthermore, for every E  7 7  
 
The connection between s+±(z;~) and the forward and backward scattering 
functions for collimated irradiance is quite close and should be noted (see (43) 
and (44) of Sec. 8.4). The value s__(z;~) has the interpretation of a forward 
scattering function for the direction E while a_+(z;~) has that of a backward 
scattering function. Physically s__(z;~) gives the fraction of flux of abeam of 
downward direction that is scattered in all downward (forward, with respect to 
directions (see Fig. 9.1). If now we write: 11011 for arc cos ( - E - k)_ we may 
write "s__ (z,E)" as "s_.. (z,E)}" and we finally may define a forward scattering 
medium as one for which s-- (z, O) decreases monotonically with 
increasing 0 in the range 0 < D <  7 / 2 .  Clearly, (32) implies 
5

++ ( Z  s  ~ )  +  $ + _  (z,*0 = s (Z) 
for all and analogously to s _ + (z , ~) we define 
s+± (z, *) as the forward (f) or backward (-} scattering function for the upward 
direction ~ in '+. Since s(z) is independent of ~ (the medium has been assumed 
isotropic), we have alternate means of characterizing a forward scattering 
medium now using s_+(z,G), which of necessity is monotonically increasing with 
0 in any forward scattering medium. 
The Covariation Rule for K(z,-) and D(z,-) 
We may now state the covariation rule: 
Let X be an arbitrarily stratified plane-parallel forward scattering medium with 
given fixed inherent optical properties. If z > 0 is any fixed depth in X, then 
K (z, - ) and D (z, -) increase, remain constant, or decrease together. Thus if, 
in particular, over a certain time 
period K (z, - ) and D (z, - ) exhibit increments in their values 
o f magnitude AK (z, -) and OD (z, - ), then these increments 
must be simultaneously ositive, zero, or negative. 
The complete proof of the rule is tedious because it requires an analysis of the 
total light field throughout the 
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FIG. 9.1 Defining forward and backward scattering functions for the proof of the 
covariance of K(z,-) and D(z,-).medium. However., the following argument forms the 
essential outline of a proof and makes the rule plausible. Suppose that, under the 
conditions of the hypothesis above, AD(z,-) is positive and OD(z,+) is zero. This implies 
an increase in the magnitude of D(z,-) which, by our previous discussion of the 
properties of D(z,-), implies that the preponderance of the radiation has now shifted to 
make a greater angle with the unit inward normal to an hypothetical surface an depth
 z. Now the term h* (z,-)/h(z, ) in (28) is simply a weighted mean of the 
volume scattering function values 6(z;. ;•) wherein the weighting factors are the 
downwelling radiance components. As observed above, the increase in D(z,-) require-s 
that the radiance components carrying the preponderance of the downwelling flux to be 
now associated with Larger 0 values in the arguments of forward scattering 
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function s__(z,0); since the medium is forward scattering, this weighted mean then 
generally experiences a decrease in magnitude; the net result being an increase in the 
bracketed quantity in (28). The total change of K(z,-) is the combination of the increase 
of the bracketed quantity and the increase in the factor D (z, -) ; that is,- K (z, 
-) experiences an increase in magnitude. Summarizing: An increase in D(z,-) is 
attended by an increase in K(z,-) all other things remaining fixed in the forward 
scattering medium. A similar argument may be applied to the assumption that D(z,-) 
exhibits a decrease. With these two facts established it is then a necessary 
consequence of continuity in all physical situations that AK = .0 whenever OD = 0. 
Illustrations of the Rule 
Exam le l. Most natural hydrosols are forward scattering media; in act s__(z,0), when 0 
= 0, occasionally is on the order to ten to twenty times the magnitude of s_-(z,Tr/2) over 
the visible spectrum. The values a(z;E;~) and 
a (z; ; .~, where = 0, often-subtend a ratio of forward to side scattering on the 
order of 100 to 1, over the visible spectrum. Even more dramatic ratios > 100:1 are 
indicated in Figs. 1.72 and 1.73.' The rule may safely be extended even to natural 
aerosols, these media being predominantly forward scattering; even the borderline case 
of Rayleigh atmospheres wherein s.._ (z,0) = s (z)/2 for 0 in
 [0,7T/2], are subject to the rule, s i n c e  the square bracketed quantity in 
(28) does not generally change magnitude, with a change in D(z,-). 
Exam le 2. As a specific illustration, suppose the sky above a lake is completely 
overcast and that the downwelling distribution and diffuse attenuation functions at some 
relatively shallow depth z have values Do and KO , respectively, under this overcast 
condition. Suddenly, the near zenith sun breaks through the clouds. The resulting value 
D~ , of the distribution function,- is expected to be less than Do : D, < Do . p
 w h i c h  follows from the fact that the predominant portion of the radiation now 
comes from generally less oblique directions. It follows that AD < O .,that is the 
increment of D(z,-) is negative, and thus the covariation rule requires that K(2,-) is 
negative, so that the new value K, of the diffuse attentuation function is less than Ko :
 K, < Ke . 
Example 3. As a final illustration, suppose that we fix attention on a relatively shallow 
depth in a natural hydrosol -which-is irradiated by a clear sunny sky for an entire 



afternoon. As the sun descends, D (z, -) clearly increases because the direction 
of the predominant portion of the irradiating-flux supplied by the sun increases its angle 
with the vertical (i.e., 1/ 1 ~ • k I increases). The covariation rule would then require 
that K(z,-) exhibit a corresponding increase. 
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The Contravariation of K(z,+) and D(z,+) 
Up to this point in the discussion we have excluded any detailed mention of the 
upwelling irradiance H(z,+). However, all that has been discussed for the 
downwelling stream of radiant energy may be applied mutatis mutandis to the 
upwelling stream, i.e., by replacing minus signs by plus signs in a systematic 
manner, etc. Therefore, the discussion of the interdependence o f K (z , +)
 and D (z , +) may be conducted relatively quickly by pointing up only 
the basic differences between the two cases. 
Now the first of these main differences between the upwelling and downwelling 
streams H(z,+) and H(z,-) lies in their magnitudes over the visible portion of the 
spectrum; 
the ratio of their magnitudes, H(z,+)/H(z,-) known as the reflectance of the 
medium at depth z 
R(z~_) H(z,+~ H (z,-) 
is very nearly and almost universally in the neighborhood of 0.02. Thus H(z,-) 
is on the order of 50 times the size of H(z,+). Secondly, a fairly constant tie 
exists between the two streams by virtue of the ratio and sum of their 
distribution functions. It is found that almost universally over the visible portion 
of the spectrum (see, e.g., Table 1 of Sec. 8.5). 
 
(33) 
D(z,_) + D(z~+) = 4 (34) 
expressed to the nearest integer, which then requires that D(z,--) = 4/3, and 
D(z,+) = 8/3. The + stream counterpart  
to (17) is: 
 
H(z,+) 
which may be reduced to a corresponding expression to (28): 
 
 
(35) 
In much the same manner as K(z,-), the dynamical and geometric mechanisms 
giving rise to the depth and temporal changes of K(z,+) may be discussed in 
complete detail. The only precautionary observation that should be made here 
is that the dynamical mechanisms governing K(z,+) should be examined as 
depth z decreases, this being the natural 
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direction of flow of the upward stream. Finally, owing to the negative sign in front of 
K(z,+), the signs of the increments in K (z,+) and D(z,+) are opposite. Thus there is 



what we may term as a contravariation in the magnitudes of K(z,+) and D(z,+). This is 
the final distinction that must be made between the two streams; for the present. 
Whence does this striking difference in the relative variations of the magnitudes of 
K(z,+) and D(z,+) arise? In what light should this difference be viewed? The answer to 
the first question is that the difference arises in the definitions of K (z, +) and
 K (z, - ) ; each is defined by writing: 
"K (z,for .. 1 dH 
H z,± z 
Now a plane-parallel medium representing a natural hydrosol, by its very physical 
nature and usual coordinate system, normally invites the choice of the downward 
direction as the direction of increasing z values. Thus the spatial evolution of quantities 
associated with the downwelling stream are treated in a ,natural way, i.e., so that the 
natural unfolding of radiant energy in a downward direction takes place in the direction 
of the natural unfolding of the coordinate system, i.e., along with increasing z 
coordinates. The upwelling stream on the other hand naturally evolves spatially in the 
direction of decreasing z values, hence the contravariation, or topsy turvy 
interdependence of K (z , +).'and D (z , +) . This contravariation therefore is not 
an essential phenomenon and so can be erased and converted to a covariation if we 
reinterpret the derivative dH/dz as dH/d(-z) when considering the upward-flowing case. 
In answer to the second question, all that can reasonably be done is to view this state of 
affairs as an inessential perversity of standard coordinate systems, and to understand 
that it is the inevitable result of an attempt to depict an inherently three-dimensional 
process by an artificial two-dimensional symbolism designed by a basically one-
dimensional thought process. 
A Covariation Rule of Thumb 
The general law (28) governing the interdependence of K(z,-) and D(z,-), while of 
extreme of importance in establishing the exact relationship between these two 
quantities, 
is somewhat unwieldy for use in quick estimates of the relative magnitudes of their 
increments, We conclude the present section with the derivation of a simple rule of 
thumb, based on experimental evidence, which relates in a linear manner the relative 
magnitudes of K(z,-) and D(z,-),and also their increments. We begin with the 
exact expression for R(z,--) in terms of K(z,±) and a(z,±) as given in (25) of Sec. 9.2: 
K(z -) - a(z -) 
K z,+ + a z,+ ' 
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Here a (z ,±) = a (z) D (z, *_) . Now it is an experimental fact that the 
difference between the magnitudes of K(z,+) and K (z , -) over the visible 
spectrum is very small for many practical purposes, being on the order of five 
percent of the magnitude of x(z,-). (This may be seen in Sec. 10.4.) Hence we 
may replace K (z , +) by K (z , -) in the preceding formula and solve 
for K(z,-). The result is: 
(z~-} = a(z) R(z,-)D(z + + D z - 1 - R z, ) 
(36) 
Equation (36) may be taken, as it stands, as a rule of thumb connecting IC (z , 
-) with a (z) . This equation serves to underscore the conclusion reached 



earlier in this work that IC(z.-) is basically an absorption-like optical property of 
a medium. 
To arrive at the desired rule of thumb we now make use of the experimental-
numerical relations (33) and (34) between D(z,+) and D(z,-) and also of the fact 
that R(z,-) is of 
the order 0.02. The result is: 
R(z,-) D z~+) + 1 r 
K(z,-) a(z) 1 _ R z -) j D(z,-) 1 x 2+ 1 
a(z) 50 1 D(z,-) 1 - 
= 52 a(z)D(z,-) = 1.06 a(z)D(z,-) 49 
Hence: 
AK(z,-) = 1.06 a(z)OD(z,-) , (37) which is the desired rule of thumb 
relating the co-variation covariation of x(z,-) and D(z,-). 
 


