11.2 Transport Equations for Apparent Optical Properties

The notion of "apparent optical property" is discussed in detail in Chapter 9. The
following list consists of the ten more important apparent optical properties
associated with plane-parallel media, as developed in Chapter 9:
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K(z,~) K(z,x) R(z,%) D(z,%) k(z,x~ k (z)

We shall show in this section that a transport equation may be assigned to each of the
above K- functions. As noted, we can assign a transport equation to either of the
reflectance functions R (z, ) and to the distribution functions D(z,%), and in fact
we will exhibit the transport equation

for R(z,-) and go on to deduce, by means o f this equation, an interesting
property about the depth behavior of R(z,-). We will not, however, exhibit the transport
equation for

R(z,+)and D (z,z) for the following reasons: By definition, R(z,+) = 1/R(z,-), so that
once a transport equation is obtained forR (z, -) , one for R(z,+) would
be superfluous. The reason for not obtaining transport equations for the optical
properties D (z, % is more subtle and may be inferred from the preceding
formulations by recalling that the transport equations for H(z,x), h(z,+) make implicit or
explicit use of the distribution functions. If we were to deduce the transport equations
for D(z,x) we would see that the quantities H(z,t) or h(z,x) would be explicitly involved in
them. Therefore, a logical circularity would creep into the final set of transport equations
if we insisted on obtaining transport equations for D(z,t) in addition to those of H(z,%)
and h(z,z). In order to avoid such a circularity we must decide on the elimination of one
of the three sets of quantities: H(z,x), h(z,%), D(z,t). Such a decision is easy to

reach after we notethat H(z, and H(z,t are the fundamental
observables in natural light fields, and that the D(z,) simply act as analytical liaisons
between these quantities. Therefore, we will agree that D(z,£) are to continue to act as
the connecting links between the irradiance and scalar irradiance concepts, and that
they are to enter into the calculations solely in the capacity of dimensionless
mathematical parameters. Their usual physical interpretation will, of course, be retained,
namely that they are measures of the directional variation of the radiance distribution at
a general depth z.  (In this connection, see Sec. 8.5.)

Canonical Forms of Transport

Equations for K Functions

The procedure for obtaining the the transport equation for the six K-functions is
facilitated by the preceding results, in particular by means of the six transport equations

for N(z,8,~) , H(z,t), h(z,x) , and h(z). If "69(z)" denotes

for any of these six functions, then the corresponding K-function K (P) is defined by
writing
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"K (60) 11

for

0 _ Z. Z

Using the generic equation (22) of Sec. 11.1 and the definition (1), we have



Solving this for &P(z), we obtainthecanonical form of the transport equation
for Q(z)

0, (2)

AZ) K1

a

The canonical form for the radiance function of Chapter 4 is thus extended to wider
contexts (see, e.g., (5) of Sec. 4.7).

This canonical form of the transport equation serves as the common starting point for
the derivation of the equations governing individual K- functions. Thus, by taking the
formal logarithmic derivative of each side of (2):

dinOz ~dIn0(z) -d K(60dz z dzIn 1 4 7)
and writing, in analogy to (1):

1 dQ(z)

for  q (3)Qz)dz

a

we have

d K (Gp) zep

az

qf~H wK611 P4 (2)

whence:

d K(©O) 1] = KO1 g(p) _ Ko (p) (4)

Uz YJZzZ) [0~z7- 11 q

As it stands, (4) may be taken as the transport equation for However, by suitable
transformations of variables, we can reduce (4) to the general form of the universal
transport equation. We next consider such transformations.
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Dimensionless Transport Equation for K(6P)

At the present point of the discussions (namely (4)), we have two alternative
routes open to a universal transport equation: One route starts with the adoption
of a generalized notion of optical depth defined by writing:

or

z

for '9 (z') dz'f,

along with a relativization of K(9) and K (0) with respect to ~p (z) ; thus we
write,:a

(z) ;. thus we write,: q

for

K (6)__q_

%a

Then (4) may be written in the dimensionless form:

dK (?)= [K (9) - 1 KqP)I T

Equation (5) has the advantage of simplicity of structure and is
therefore ideal for formal work. For example, the dimensionless form
of (5) for the case 69(z) = N(z,0,~) 'was used in the proof of the
asymptotic radiance hypothesis in Sec. 10.S. However, (5) has the



disadvantage of not showing the explicit effects on the associated K-
functions produced by inhomogeneities of the medium nor of the way
in which the

K -functions vary with geometrical depth, the natural measure of depth
used in experimental work. Therefore, we will actually take the second
route which consists in adopting geometrical depth and which uses
unrelativized K- functions. This results in a mathematically more
cumbersome transport equation but is actually of greater use in
practical applications. By adopting the alternative route, we are now

obliged to consider each of the K- functions in turn. The common
starting
point is (2) in which the explicit forms of a(z) and 4 (z)for

the various concepts have been substituted.
Transport Equation for K(z,©,~)
From (2) we have

1 + cos 8 K{#?%~~) a z
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in which we have set 9. (z)= - a(z)/cos e, Qq(z) = Ng(z, € ,4),
so that K(~#') =K(z,e,~) and  Kq(a) = Kq(z,e,~), using the definitions in (4) of
Sec. 11.1. Taking the logarithmic derivative of each side of (6) and solving
for dK (z, 8, ~) /dz

dK(z,8,~) = z K2(z,e+ cos, e-Kq(z,e+

a(1z doc(zz) K(zse ~

K (z'e.'O a(z) cos e

The right-hand side of .this equation may be factored into the product of two
functions yielding the desired form of the transport equation for K(z,e,~):

where ~ and ~q are defined in context by the following two equations
)

Ka (z Tq

(ze,)=-a(z) K(zse,0 cos eq

+T(z,e,0=-q

+ K (ze~) - 1 da(z)

;:és e q a(z) czz

The functions a(ze , ~)and (z appearing in (7)

.9 respectively the attenuation and equilibrium functions for

K(z, e, f. They are defined as shown by the pair of simultaneous equations in
(8), whose solutions are:

are,

a - K+ (Ina) tcos e q

24K a

a



cos e - Kq + (Ina) ' +co ee

The Quantities Kq and Aq should not be confused with each other. Kq is the

logarithmic derivative of N (see definition (3)) whereas ~q is the sought-for

equilibrium function for K(z,e,~) in the general context. Observe, however, that if

the medium were homogeneous, then:

Aq(z,e,~)= Kqg(z,e,4
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More generally, in eventually homogeneous media (i.e., media in which a'(z)} 0
as z '} 00)

tt(z.'O00 ~4(z51e,0 -~

acose

This follows from the asymptotic radiance theorem and its various consequences

discussed in Chapter 10.

Transport Equations for K(z,+

The appropriate form of (2) in the case of the K - functions K(z,%) is obtained by

substituting the attenuation and equilibrium functions for H(z,) in (2)

H(z,

H (z. %)

1+ Kz+)lazt)+b(z,t)]

Taking the logarithmic derivatives of each side, solving for K' (z, ) , and factoring the

quadraticin K (z, £) , we have

dK(z,+)=  CK(z,*)- 7~ (z+)][K(z~+) -k (zj,+) ]z a
For K(z,+) the functions ~,(z,+), ~(z,+) are defined in
context by the equations:

(z[a (z.-)+b(z~-) +Kq(z_)-(In [a(z,..)+b(z

~a(z}+)~a (z,+) = Ca(zy-) + b(z,-) ]K4(zs-) Similarly, for K(z,-)

ta(Z'l-) + Tq(zl-) = - [a(z,+)

+Db(z,+) ] + Ko(z,+) - (In[a (z, +) +b(z,+)])

"ka(z.,-)~q(z,*) = - [a(z,") + b(z,+) IKa(zt+)

These simultaneous equations may be solved to obtain explicit expressions for the
respective 'lt, 's and 's . We will not do this here, but simply point out that, h all
eventually homogeneous media, as z}c*,

)a(z,£) -} + fa(z,£) +b(z,£)]

t
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~q@ly) 2 Kq@'y) -+

This follows from the asymptotic radiance theorem and its various consequences
studied in Chapter 10. As in the case of K4(z,e,~) and _/~ (z,8,~), care should betaken
so as not to confuse Ky(z,+) Kth 'If(z)+] . The former is defined in (3), the latter by the
preceding simultaneous equations.

Transport Equations for k(z,+) and k(z)

Starting with the general canonical equation (2), we have for h(z):

h (z)



k(z) [A+(z) + A- z

Similarly, for h(z,x

h(Z’i)

hqe(z s+)

1 + -. Z,t)[a(z.,x) +b(z,£)1 -

Il z.,+Dz1)

The existence of these canonical equations for h(z,+) and h(z) is sufficient to prove the
existence of the appropriate transport equations for k (z, ) and k (z) by following
the procedure illustrated in the preceding two paragraphs. The results are

dk(z,x [k(z~+) -k (z,%) ] [k(z, -k (Z,1)]
z a q

dk (z)

d-z [k(z) - ka (z) [k (2) - Kq (2) |

The exact forms for the respective ~; ' s and Aq ' s will not be' worked out; this may be
left as an exercise for the interested reader. The important point to observe is that we
have now proved that for all six K-functions, the generic transport equation is:

dz

[K(G) - ~a (P) I fK (P) - 7(a (6" 1

(13)

Equations (22) of Sec. 11.1 and (13) form the two maj or

sets of transport equations considered in this chapter. These
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two equations cover all twelve transport equations for and K(9) considered so
far.

As in the case of (22) of Sec. 11.1, it is easy to verify on the basis of (13) that
and

K(0) >
gym,

dK (9)

If then1

(14)

i fK (M <t (~)thendK (0)
q

which show that K((2) always tends toward* its equilibrium function ~q ((P) ,

We now turn to consider the last of the standard transport equations, namely

that for R(z,-).

Transport Equation for R(z, --) By definition of R(z,-)

_ H(z,+) R(z,-) H(z,-)

Taking the logarithmic derivative of each side, and applying the definitions of
K(z, ) and K(z, -), we have:

dR (z,-} R(z,-) CK(z~-) - K(z,+). z



Using the following representations (18) and (19) of Sec. 9.2 o f K(z %)

K(z,t)= + Ca(z,x) +b(z,x)] = b(z,+)R(z,x) the derivative of R(z,-) may
be cast into the form:

dR(z,-) -b(z,+)R2(z,-) + [a(z., -} + a@+) t by t b(z.+) ~~ 2

*R(z,) - bz,

The right-hand side, which is a quadratic in R(z,-), may be factored:

dR(z,-)

z  =-penlkl) - Ra(z)][R@) -  Rgz~)](15)

*The term "tends toward" has a precise meaning here: If f and f, are two real-
valued functions defined on some common domain of the reals then f, tends
toward fyat x E: JO if signf 2(X) - f (x)1 = sign fl(x) where "sign'
means the same as "sign of." As an earlier example of this, see (4) of Sec. 9.4.
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transport equation for R(z,--),

in which Rajz,-) is the attenuation function for R(z,-) and

Pq (z ,-) is the equilibrium function for R (z, -) (compare with (2) of Sec.
9.4), These functions are defined in context by the following system of simultaneous
equations:

R (z-) + R a(z,~ +a(z,.+) + b(z,-~ + b(z,+)

a q z,+

(16)

R (z, )R (z,-) - b(z,-)

a q bz+

As in the case of the K -- functions, these may be

solved for R. (z,-) and Rq(z,-) 2Ra(z,-)

2Rq(z.-}

)2 | "2 z,+

(17)

Ra goes with the plus sign. Rq with the minus sign. }

We observe that, in eventually homogeneous media, as

z 00,

Re=)}1  b(z-_}1b(-)

a R(z,-) b (z,+)Roo

b +

(18)

Rq(z,-) -~ R(z,-) } Roo

These facts follow from (17) and the asymptotic radiance theorem of S'ec. 10.7.



