
13:11 On the Consistency of the Operational Formulations  
We conclude this chapter with a check on the consistency of the operational definitions 
of the main optical properties introduced throughout the chapter. The method we 
shall employ is that which attempts to assemble all the various operationally defined 
pieces into a structure which, hopefully, will be recognizable as one of the forms of 
transport equations--either for radiance, irradiance, or some other appropriate 
radiometric quantity. 
To see how the method proceeds, we select for illustration those concepts which should 
fall together into the form of the equation of transfer for unpolarized radiance fields. 
Thus consider a regular neighborhood C (A,B) of paths, as shown in Fig. 13.16. The 
common beam transmittance T (x,E) for the members of C (A, B) is given by (7)
 of Soc. 13.1 as 
TrCx~ =Nx -Nx, 1 2 
The common path radiance N* (y, ~) for the members of C (A, B) is given in (2)
 of Sec. li. 3 in the form: 
N r (y) ~) N (y P E) - N (x, E) Tr (x,1 0 (2) 
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FIG., 13.16 A regular neighborhood C (A, B) of paths in a general optical 
medium used in the consistency check of the operational formulations of the 
concepts of unpolarized radiative transfer theory. 
In particular, for paths or (x  100961(x r  ,  t )  in  C (A, B) , (2) 
implies: ' 2  
NT (y ,  )  = N(y, ~ - N (x )Tr(x., 
) 
NT(y,C) = N(y2*~)  - N(x ,~)Tr(x$'Q 
Hence (1) and (2) are mutually consistent. Therefore, we can proceed with (2)
 in which Tr (x, C) is defined as in (1) , and write (2) as 
N ( y : ~ )  =  N ( x , ~ ) T r ( x , , Q  +  N * ( y s t )  ( 3 )  
We next introduce into (3) the operational definition of a by means of (1) of 
Sec. 13.4: 
Tr (x 2 0  = 1 - ra (x .9  0  +  ro  ( r )  
The result is: 
N (y, E) = [1- ra (x, &) ] N (x 3  C) + Nr (y, ~) + o, .(r) (4) 
where ol(r) is a quantity such that o,(r)/r goes to zero with r. Equation (4) can 
be rearranged so as to read: 
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r atx~~)NCx~~) r r . (5) 
Using (4) of Sec, 13.3, (5) can be written as: 
 
a (x, C) N (x, C) + N* (x, E) 
0 1 (r) o2(r) r r 
where o2 (r) /r goes to zero with r. Now betting. r -* n, (6) leads to 
dN x, = _ 
13 a (x, )N(x~ ) + N (x, ) (7)  
r 



or simply which is the desired equation of transfer for N with volume attenuation function 
a and path function N*. By introducing a into (7) via (1) of Sec. 13.6 or any of the 
operational formulations in Sec. 13.6 built up from that equation, we see that the 
operational definitions of Tr(x, ], Nrfix, , 
N* (x, E) , a (x, E) and a (x; E' ; E) are indeed mutually consistent. 
On--the Relative Consistency of the Unpolarized and Polarized Theories of Radiative 
Transfer 
There remains the question of whether the equation of transfer (7) is consistent with 
respect to the finer-grained theory of the polarized light field, and whether it forms a 
faithful picture of the radiometric features of an optical medium* The problem, 
essentially, is this: Suppose one measures radiance distributions in the sea or air using 
a radiance meter without a polarizer attached-(cf. Fig. 2.25 and Sec. 2.10). Suppose the 
measurements determine the a, and a of the medium under study, as defined 
operationally in the present section. Suppose further that we then place this a and a into 
(7), compute the radiance field throughout the medium and then compare the computed 
field with the measured field. The question now is: Can these two radiance fields be 
equal 
, in principle? Notice that we qualify the question as one. of a matter of principle.
 Surely, measurement and calculation techniques, even in the relatively advanced 
technology of today, cannot culminate in an exact corroboration of the two radiance 
fields. Therefore, what we are primarily after here is the resolution of a subtler matter 
concerned with the physical foundation, and the internal- mathematical consistency of 
the polarized theory. The question therefore splits into two parts. The first question is: 
Does the polarized theory contain the unpolarized theory as a special case, and if so, 
does the special case agree with that which 
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we have been using all along in this work? (The fact that we dare ask this 
quest ion at this late hour, and the fact that this work exists publ icly, 
means that the answer to the preceding question is happi ly in the 
aff irmative. However , there is a surpr ise ending to the story which, l ike 
_the denouement of any interest ing mystery, should not be gl impsed 
prematurely. )  
To answer the f irst  quest ion, as stated above, we need only return to (7) 
of Sec. -  3.15, the equation of transfer for polar ized radiance, and w r i t e  
i t  o u t  in component form, using the notat ion of Sec. 2.10: 
d (. ;  N) 4 
a(iN) + ^ ( iN)pi j  do i-1 
r 
j  = 1, 2, 3, 4 
where p- ~, j  is the entry in the i th row and j  th column of the 
standard observable volume scatter ing matr ix p, and -N is the 
j  th component of the radiance vector N, j  = 1, 2, 3,~ 4. p is 
related to a in (24) of Sec. 13.6, in the manner shown in Sec. 112 of 
[251]. According to (8) of Sec. 2.10, the observed radiance N without a 
polar izes attached to the radiance tube is given in terms of the polar ized 
radiance vector 's components as: 



 
This suggests that we consider (8) for the cases j  = 1 and j  = 2, and add 
the associated equations together, thus: 
d(3N + 2N) 2 4 
dr = - ' ( I N  + 2N)  + f  j  I  ,  I  1 ( iN )  pi j  do 
=1 ( i  = 
a (1N + 2N) 
4 
+ f ( i N )  ( p i  l  +  p i e)  d o  ( l 0 )  i = 1  
We now specif ical ly adopt the assumption that:  the radiance field in a given 
optical medium is unpolarized. It follows from the l ist  of observable radiance 
vectors in-.Sec. 2.10 that the unpolarized radiance vector N has the 
form: 
( N , N , N , N )  ,  ( 1 1 )  
i .e.,  al l  iN are equal, to a common funct ion (1/2)N, where 
N would be measured by the radiance tube without a polar izes, 
Using this form of N in (10) we deduce that 
dN _ - aN c a r  
 
2  4  
P i .  I  d o  .  ( 1 2 )  
j = 1  i = 1  
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Writing 
itatt 
for 
(13) 
we see that the mathematical structure of (12) is identical* to that of-(7)., Hence the 
theory o f the unpolarized light field is a logical consequence of the theory of the 
polarized, light field, and so they are relatively consistent in a mathematical sense: An 
added dividend to the present inquiry is the exact form of the volume scattering function 
a in terms of the components pi. of p under the present assumption. (See (24) of Sec. 
13.6 and the remarks following (7) of Sec. 3.15.) 
Note carefully-that all we have' shown is that the form of (7) is correct in unpolarized 
light fields. Its content (i.e., the magnitudes of a and a as determined by the operations 
of this chapter), while mutually consistent, as shown above. need not agree, e. g. , with 
the a of (13) . We shall look into this matter in a moment. 
It is one thing to postulate that the world behaves in a certain way and another to 
experimentally determine whether or not it does indeed behave that way. It is an 
experimental fact (look up into the sunlit sky with Polaroid polaroid sunglasses) that-the-

process of scattering of light, on either the phenomenological level (such as that 
inhabited by a radiative transfer theory) or the microscopic electromagnetic level, alters 
the state of polarization of the light. Thus unpolarized light becomes polarized after 
being scattered (i.e., ingoing (1/2) (N,N,N,N) emerges as polarized flux after 
encountering a scattering volume) and polarized light subtly alters its state to another 
state after another scattering. The net effect of a multitude of such scatterings in an 



extensive optical medium on the radiance distribution within it is to reach an asymptotic 
state indigenous to the phase function of the medium (see the discussion of (19) of Sec. 
4.6, and the consequences of the asymptotic radiance theorem in Sec. 10.7). The 
second of the two main questions in the present discussion hinges on these physical 
facts, and may now be phrased as follows-. Is the basic .equation o f transfer for the 
radiance N = , N f 2N, strictly o f the form (7) in a polarized light field? 
To answer this second question, we turn again to (1D) and observe immediately that it 
cannot generally be placed into the form (7). Hence the answer to the second question 
is negative. Just where and by how much do the two equations differ? They differ in the 
path function term. Thus by definition (9) we can write (7) as 
*What could have gone wrong here, for example, would have been the appearance of 
an unexpected source term on the right side of (12) arising from contributions to N by 3N 
and N; or the inability to factor the integrand into an N-type and a a type factor., 
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d(N+ N) 
+  2N) + f (1 N +  2N) crdQ (14) 
where a is determined as in (4) of Sec. 13.6. Subtracting the right-hand side of (14) from 
that of (10) term by term, we are led to write, ad hoc: 
1  1  +  p1  2  6) + 2N(p22 +  p 2 1  -  
a 
+ aN(p3 1  + pat) + 4 N( p 4 1  p 4 2 )  I & Q  ( 1 5 )  
The function N* has the dimensions of the path function, name radiance per unit length. 
Clearly the function values N*(x,~) are zero for each x and ~ over a given optical 
medium if and only-if (7) and (14) are equivalent equations of transfer over that medium 
under all lighting conditions. From (15) we see at once that such an equivalence 
holds if and only if 
p I  I  p  1  2  =  p 2 2  p 2 1   
- -  0 
p3  1  p3  2   
p 4 1  p 4 2  
 
J  
(16) 
In order words, i f (16) holds in a certain optical medium, then the equation o f transfer (7) 
is an exact model o f the Light field (i.e., I N f 2N) in that medium even though the 
light field in that medium is polarized. 0-n the other hand, if (16) does not hold, then 
(7) cannot in principle describe the polarized radiance field in such a medium under-all 
lighting conditions. Equation (16), therefore, provides a practical test for the theoretical 
applicability of (7) to natural optical media with polarized light fields. The set (16) can 
also be written in terms of the components o-J of a, if desired. A convenient measure of 
the values N*,N* would be via the corresponding equilibrium radiances Nq = N*/a, Nq = 
N*/a. 
We can write the exact equation of transfer (10) for N(= 1N +  2N) in source-free steady 
media, in a form which is directly tied to the preceding equivalence criterion: 
dN= - aN+N* +N* Tr 
N =  1  N +  2  N 



(17) 
Hence if the conditions (.16) do not hold, then this fact is manifested in (17) by the 
appearance of a nonzero increment N* of the path function N* (a spurious source term) 
which arises from the scattering contribution of the four components of the polarized 
light field. We have observed above that this in reality will always be the case. In such a 
case then it is the magnitude of 9* -which critically gauges the departure of the 
classical equation of transfer (7) from its exact counterpart (17) within 
polarized light fields. I t follows that the classical equation of transfer in real 
light fields exhibiting polarization, is only an approximate equation. To the 
author's knowledge, no systematic test of the conditions (16) nor any estimate 
of the magnitude of N* in (17) has been made at the time of publication [1976]. 
An important question for the classical unpolarized theory of radiative transfer 
now rests in the practical applicability of (7) to the study of light fields in 
natural hydrosols: while (Z) generates a mathematically self-consistent theory of 
unpolarized light fields, how well (in' a quantitative sense) does it describe N(= IN 
+ '2N)  within actual (polarized) light fields found in nature? 
As anticipated above, the denouement of this problem still stands at this-late 
date in the history of the theory, and awaits a' definitive answer from those who 
are the only ones who can definitively answer it:, the experimenters. Theoretical 
reasoning, such as that above, can be carried only so far. There eventually 
comes a time in the construction of any physical theory when all the theorizing 
must momentarily stop, and the court of ' last appeal be faced: Nature herself. 
 


