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THE REDUCTION OF CONTRAST BY ATMOSIHERIC BOIL

bz

Seibert Q. Dyntley, William H. Culver,
Frances Richey, and Rudolph W. Preisendorfer

Scripps Institution of Oceanography, University of California, La Jolla, Calif

ABSTRACT

It is shown that the probﬁbility of receiving light from an object
viewed through a turbulent atmospherc follows a normal Gaussian distribution,
Furthermore the root mean square angular deflection of the pbints of any
object will be proportional to the square root of the.object-to-observer
distance.

Frem relatioﬁs of the type described in the examples, it is possible to
predict the apparent contrast throughout a given scene, provided the inherent
contrast distribution, the Optical Air State, and the range of the target is
lnown, The Owntical Air State for a given condition of atmosphere can be
measured using a telephotometer and a series ofbloﬁg thin black bars of varying

widths,

#This paper was prepared under a contract between the University of
California and the Bureau of Ships, U. S. Navy. Contribution from
The Scripps Institution of Oceanography, University of California,
New Series No, _ .

##* Present address: Rand Corp., Santa Monica, California
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THTRODUCTION

One of several factors determinipg:the‘fonn of the image of a distaﬁt.
object is the tiﬁe va%ying distorﬁicn caused‘by.inhbmogenities in the
refractive index of the atmosphers. As is well known, the éhimﬁer of distant
objects is caused by spatial and femporal variations in the.indei of'refraq- -
tion of rising columns of hbt'gir, with the'résulting:disturﬁanbe of the |
propagated electromagnetic radiatién.‘ This disturbaﬁce causeé time Qarying'
distortion of the image and loss of fine detail, | |

This phenomencn is of particular ihteréSt to the4géodeéiét, because it
limits the precision with whiéh‘a teleécbpé can Bé pointed ét a distan# .
objectl, and to theiastrohomer; because it blurs the‘imﬁges of the stars and
limits his reéol&ing power .

Experiﬁents on time varying'charécteriétiCS‘bf cpticai £ransmissiop
through an inhomogeneéus Atmbsphere ha?e been made bj Riggs, Mueller, Gfaham;

and Mote?

,.whc.found that fqr a path length of several hundred méters,the
average abparent instantaneous displacément of a péint on a target was gréatel
than 3 seconds of arc.with a maximuna displacement of 9:seéonds. 4Thé instan-:
taneous displacanehts of points separated by more than 5 minutes of arcxvere'
uncorrelated. | |

Some of the time varying‘characteristics of the shinmer effect are slow
enough to be discernable to the eye, but much of'the effect is so papid that

only time‘averéged values of the radiance of the image are important for

visual observation.

The analytic treatment of the propagation 6£ electromagnetic waves

1 washer, F. E., Williams, H. ﬁl, "Precision of Telescope Pointing for Outdoox

,, Targets," J. Cpt. Soc. Am, 36, 40O (1946).

“ Riggs, Mueller, Graham, and Mote, "Photographic Measurements of Atmospheric.
Boil," J. Opt. Soc. Am. 37, 415 (1947). :
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" through inhcmogeneouslmedia has been considered by a large number 6f investi-
gatdrs.. The rigorous 5olution of,tﬁe problem by ﬁerturbation.mefhodq in
terms of the statisﬁical parancters of'ﬁhe,inhomOQénities yields'reéults in
very untractable forms, especlally for one interested. in the transm1831on
of opt1ca1 images. Results derived from approximate modgls_have been useful
for specific problems. The use of the apprqiimation of geometrid‘optics
yields results in a form that are most easily ﬁéed in problems of optical imag:
transmission, particularly fof'the cohsiderétion of the time-averaged image..
| The valldity of the geometrlcal optics approxlmatlon of a particular
case can be ascertalned by the value of the duantity cxa/A&‘ where
o is a representative size of a turbuleqt element,,lk  is ‘the wave
lensth of light, and.r is the distancélfrom the turbuience to thé.obsérv¢r.
If a?/xr >> | the 5eometrlca1 optlcs approxlmation is valid. 3

For a slit of width "a" the size of the dlffractlon ‘pattern is egqual to
the geometric 1mage of the slit when ' 2/)~* =1, Thus,the criterion -
above is seen to be'plau91ble;~’ A

| The problem of transmission tthugh an inﬁomogenecus medium has been

treated by (using the geometrical ontics approximation) Befgmannu and .
. Chandrasekhafs. The results of this Daper are ccnsistent w1th some of thoge
of Chandrasekhar but are derlved from 1ess restrlctlve asqumntlons.

For an investigator. 1nterested in 1mage transm1531on the dlstortlon
. propertv of an 1nhomogeneous medium 1s usefully descrlbed in tarms of the
distortion of a point source, More. pre01sely, 1et a given point in the obJect

space be designated by the pair of dlrectlon components (‘Px, 4’ ), R

e

3 Booker,'H G., and Gordon, /. E., "Outline of a. theory of radlo scatterlng
in the tropLsphere," J. Geophys. Res. 35, 241 (1950).

Bergmann, P. G., "Propogation of radiation in a medlum wi th random inhomo-

geneities, "Phys. Rev, 70, 486 (1946), '
b Chandrasekhar, S., "A statistical basis for the théory of‘stellar scintilla- -

tion," Monthly Not. Roy. Astron. Soc. 112, 475 (1952).
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and let the point be assigned a unit isotropic radiance. The exact form of
(Vx, ¥y) will be given later. If the distortion action of the medium
changes sufflcn.entl,,r rapidly over an 1nterva.l of time, the successive images
(WY, %) of (4’;, ,) aopear essentlally as a continuum of points A

(a blur) in the image space., .For the purposes of thls dlscu831on, a functlon
031q defined which assigns to each obgect po:.nt (‘P“, ‘-P ) the tlme-—averaged
radiance @(‘/’ V’x ’ (// 51’ ) of the :unage point (4’:,4’ ) | The tlme—avc,raged
radiance dlst.rlbutlon N on the 1mage space is then representable as.a con-

volution of -the functlon@ w:.th the radlance -.dlstrlbutlon H on the object

space:

TJ(%,'%) = LY N(‘P;,‘.P,')' @-(tﬁx-d),; W -9) d%’c oL ¥y, | '(;)

where ’\l/' is the o‘b‘ject space, namely the collection of all directions

(‘p:z, 4’;) .. Since the location of,the obeerver is held fixed threugheut the
‘entire diecussion; the location symbel X, hes been suppressed in the radiance
.f‘unct;ion notation (ordinarily written N (2, ‘ﬁx,‘/',) ) | .

In the following cliecussion attention is given tc the statistice. of the.
.deviations undergone by a ray tfaversing a path between a point sogree and a.
screen some distance away. Because of Az,m ontical reciprociﬁy law this
derivation a‘pplies qually well to an extended -fi'el& ‘:oif_’.view,' from .w'hicﬁllight
is received Iby a 'point':'A receiver such as an eye or & lens.,

| | 'METHOD OF APPROACH

A theoretical treatment for transmission through any inhcmogeneous
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medium* has been evolved which is based on the following considerations:
The path of sight is assumed to lie within a (spatially and témporally)
uniformly,turbulen£ medium made up of uncorrelated optically inhomogeneous
regions with diménsions small compared.to the distance through whicﬁ the
ray travels. Each‘light ray undergoes a large nuﬁber of defléctions;. Only
anali angle deflectiéns need be-ccﬁsidered. Using only.these assumntions we.
hay consider the following.

Figure 1 shows the paih of a ;ight'ray emitted at Pé traversing a turb-
-ulent medium toward an arbitrarily orianted_seréen TT' a distance r ffoﬁ'the
source. The ﬁ&ane of the figure is perpendicular to T énd passes thréﬁgh
the path P,Q of the undeviated ray. Two perﬁendicular axes-—ihe X- and
y-axis lie in TT!., A segment TQT' of ‘the X-axis is'sﬁcwn. The y-axis ié
qormal to the plang.qf the figure aﬁd goeé thfpugh'Q. The ray now travels
.from P, to a point Pl determinqd by.the condition that the ray will have
turned through an angle whosefprbjectidn oh‘the Flane qf'the-figufe is of a
small fixed magnitude o¢ (in'radians)...ln accpr&énce‘ﬁithA§ur aésqmptions,
the distance along the segment P.P; is large compared to the dimensiohs of
the centers of turbulence. The projection (in the ﬁannerAshown in the figﬁre)v
6f Pl fails on TT' a distance Xy away from Q. As the réy continues along its
paﬁh from Pl it Qill undergo further deflections. 'hen its direction has |
been changed through another angle whose projection in the piane of the
figure is of the same magnitude o< , P2Ais projected on the screen, where

it falls a distance x2 away‘frgm the projection of Pl'

*Including the oceans and other bodies of water, wherein refractive inhomo-
genities may result from suspensoids, including transparent pleani:tonic
organisms, in addition to any inhcmogenities of the water itself.
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In the séﬁe way the remainder of the path cf the ray.is divided up into
segments representing cqual angles of deviation o< , and the projection of
‘each endpoint Pi is mapped onto the screen TT'. Finally X, will be the x-~
distance on TT! of the projection of P, from the projection of Pn-l where
P,_1P, is the last such path segment traversed by thg ray before it strikes
the screen, Ho generality is lost if P, is taken to lie on TT', Since the
distance over P.P., 1 is large compared to the dimensions of the centers
of tufbulence, it follows that the curvature of the ray between P, and Pi .1
is uncorrelated with its curvature during its past or future histbry so that
the directions of projected path segments are uncorrelated,

The magnitude of x; can be found in the following way, using the sﬁall
angle assumption. If Di is th« distonce from Pi to TTt , then X = Diot . For
a large numbef n of deflections, the value of Di will apprecach an average
value given by (n - i) d,, where dx is the average distance betwcen Pi and

en x; = (n-1)o¢d,_. e algebraic 31gn'assoc1a ed wi any parti-
P Then x; = (n-1)xd, . The algebraic si iated with ti

i+41°
culaf x; has equal probability of being + or -. It can then be seen that

the distance from the point Q to the point P, can be found by summation over
gll the'xi's with the appropriate signs.

" Because the X;'s are uncorrelated, they can be considered to be the steps
in a one dimensional random walk: Let x;, the last of the x,'s be the (signed)
length of the first steb in the random walk, o1 the length of the second and
so on. Therefoz"e‘ absolute magnitude of the jth step will be Joudy, i=l .0

The size of the steps in this one dimensional random walk thus increase

linearly with each step.
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Tl DETALLS OF THE DERIVATICH

The probability distributicn for a one dimensional rondom wall: can
- be calculated in tha following way, The mean square doviation @ %(n)
of the distribution for & walk «f n steps is equal to the sum of the nean

square deviaticns for eacn step:

, . o .
a2(n) = Zj:u o_j'a y

viere
0y = j ot dy
iz the (signed) length of the jth step.

The:refore

o(l'a'df; [_ﬂ(nf«)(enf.?] | -

acn) = > q__ p:

o 2
3= jddzd"‘. =

For large n tho expression in brackets approaches : 03/ 3.
Therefore

TN = o®din3/3.

From a special central liait tiwcoren due to Liapcunoff ,»6 it can be
shown that the angular ‘probability distributicn approaches a nénnal (li.ﬁtri-
- bution whose mean is the positicn on ."t»he écreen reachéd by the undeviated
ray, Liapounoff"s Theoren states the f'ollow:i‘n!f;:. let xl; Xn, x3,. .o, be
independent randcm variables, and denote my and 0 as the mean and standard

‘deviation of Xje Supnose that the third absolute moment of X5 about -its

mean:t

/33,3 = Expectatron ( bx; = 'ﬁ:ir.%) .

5 Cremer, H., Hethematical Methods of Statistics (Princeton Univ. Press,
1946), p p. 215-216. :
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is finite for every j and definec /03 asg:
- N
- N . 3
/’ = Zq::l /)J .
Then if the condition "‘”n—;w (J(”\/G‘(n)]d)is satisfied, the result is thet
the sun o¢ < :E;;w Xy is asymptotically nomal,
This can be applied to the case of the ebove random walk in the fcllow-

ing wey:

. . n z 2
PAHM = 34 S 5% = °<3di[n ZHD ]r

X (—Jjac
For iawvge n:

pim= o’dint /g4,

end,

' 4/3 [ -3/ . Iy
‘\mn_.\ao p(m/r(n)] = Inmn,_,,m n /n,/ = I:mh_m?n =0 ,

and thus the hysothesis of Liapounoff‘s theoren is satisfiéd.

Hence it is shown that a contiuum of rays stért.’.ng with a given initiel
dircetion and which traverse a mediw: whose cptical properties are uniformly
turbulent will give rise to a continuum of terminal points on the target
;Slane such that the density of the roints projected onto the x-axis follows
a normal distributien,

Since

F=ndy

we myy write alternatively

2 — x> 3 for fixed o¢
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Thus the sproad of the Caussian probability distribution increcses as the
3/2 power of r, ‘e now introduce the angular variable wx,ii x/r. In termc
cf ¥y , the spread of the probability distribution Py, (%1) is proportional

to F"2 ., The normalized Gaussian probability distribution With root mean

—- [ b
Gx(")—— + "—‘3 o

square deviation given by

is:

R () \(—'G“(r) e.xP{ G‘(”)a} |

The abovce derivation may be extended to the two-dimensional case. The
new derivation is similar in all details to the former. In particular thc
sae angle o is used.. H§Wever, the projections of all ray segments are now
onto the y-axds in the jplanc TT';'énd in géneral a .new aveorage distance dyp

must be introduced. The result is:

I ' ' J
Alk) = EX' 3 ay(r ¥ P{ ogm ; , = y/Fy @)=y
In general the two-dimensional probability distribution is of the form:

I - I ~ “P! 2:_.224)‘(‘{’ " L'jl
G’k("’a,"’s)é 2T Tl Gy () (1= ) exP{W) [(0'-“”) Tx(F) Ty H) (ﬁ';

where /3 is the corrclation coefficicent between Pa (‘kx) and Ty ( ?g )

Along a horizontal path of olght the vcrtlcal dlsplacanent of a point would
be expected to be uncorrelated with the horizontal displacement, In this

case .
' . | qﬂc LP,
63»- (%,4’,) -3 ¢ G;(r)a‘\:.(:) exp {’ 2 [ 5';5-)\ (0’,0)1 ] .

If the turbulence is isotropic, i.e., if d; = dy = d, then

d(l
G =Gy =\ S = acn .
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$ 2 2 ) . '
If we set P = Yo + Wg , then under these assumptions (/9= 0, dy = dj)

we have

(Ph (l/' SA ) 57 5’:;2‘;,’ é?‘/’[ a‘(/-)) f

The foregoing formulas give the ﬂrobability that the terminal poinﬂ P on

TT! of a light ray aimed alcng P.Q lies in the directicn (V@: ¢') as seen
from Py. By tracing the light ray in the opposite dircction, thesc formulas .
adimit the following interpretation: they give the probablllty that the

image of the point (d&, ¢§) on TT! is at the origin (o o) of TT!'. For fixe

r, P, is thus the reguired function defined in (1).

OPTiCAL*AIR STATE

The lower limit on the.size of o¢ is determined by the condition that

" the direction of successive steps be uncorrelated. This condition will be
fulfilled if (as assumed above) the average distances d, and dy between
successive P;'s is large compared to the dimensicns of the inhomogeneities
of the medium. It follows that the quantities Ay = X°/3d) and Ay = (0€%/ 34,

are properties only of the medium and not of the target. The pair of num-

bers (Ax’Ay) is called the optical air state of the medium and gives a useful
measure of the optiéai turbulence of the atmosphere., If the turbulence is

isotropic, the optical air state is a single number A = Ay = Ay. In most

applications the turbulence is essentially isctropic. The assumptionsf? =

Ay = Ay will be. in force for the remainder of the paper. As a consequence

we may write

F1(¢Q) 2T:f;r' 6;:P{:~ éi?i -% y

. | - ;
R((/)‘J)z Venr RF E-’JCP_{ 2Ar } Y

.
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and

o
(;L.(¢L, ¢L) = F%J:%&) Fi( ¢3) = ,évrf?k

where

- < %& < + w , —_< 9.< +w0 ¢$2== ¢%24-

TIME-AVERAGED APPARLENT RADIANCE

Actual compﬁtat_ions of the tiirle—avei'aged epparent radiance distribution
ﬁr can now be carried out by means of formuda (1) in which the explicit
exnression (2) for the functionCP is used. A particularly useful formula .
for ﬁ arises in the following spec1a1 but important éontext- let a target _
occupy a ..,ubreglon WF,‘ of object space ﬁ {(sl/,’,l¢ ) ~ew< ¢'x<°°; *°°<5" < oo
let the apparent. radiance distribution N, over :Pt be uniform and of magni-
tude (N,.. Let the remaining. portion "Ifb- of ‘the object space (the background -
of the target) have uniform‘apparent radilance' of magnitude bNx',>-O'. Then, B

from (]..)‘: . o ' . -
J‘Y N, Ojr = J"'_l[f* Ne G + f’}PbNF @, + f"f’t bM— ® - fY«L /,M. @

= (N =N, P+ N,
. - 1 -

This result, in more detail, states that

TJ,(%,JJ,); (aly- oN,) fy@(sbxésb;,ﬂ-s/@’)dséé d¥ + LM ¢
t - | -

for all (¢x,¢,). © in lﬁ,
A perusal of the derivation of@r would show that (3) (and in fact any '

. formula making use of the derived@l;) is strictly applicable only to those
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regicns "Ft of '!If wlﬁ.ch arc angularly small, It is precisely this kind

of target, howeyer » which is of primary concern in contrast reduction problem:
involving atniospheric boil, These targéts have their time;a,véraged radiance
greatly influenced by their béckgmund radiance, On the other hand, the
time-averaged background radiance of such targets is virtuaily unaffected

by the target's radiance,
 TIME-AVERAGED APPARTNT CONTRAST

The introduction of the notion of centrast greatly facilitates the
solution of visibility problems. Let (ﬁl',,, 4’5;) and ( ¥, [/’g') be any
two points in either image or objéct space. The contrast C ( Wx, ‘/fy) ‘

of (*}’,‘ ¢3) with respect to ( (/’;,S{g) is defined as
Clbe ) = [NCEH) - N T INCHL HG) 5

where Il is a giveh radiance distributibn; N ¢_,;) ¢,’) >0

As an example consider the apparent radiance distribution Ny defined i'n the

preceding section., Let ( Sl’,/c‘ ‘l’; ) be an arbitrary fixed point in 217,,' . Then

the apparent contrast function Cy on Y has the following form:

Cy .*F»ob' (¢x,¢,) in % , C,=

Crikty) = B |
o O for (e ¥) m Y, .

]

In this context we can say that the target 'ﬂrfl “has a contrast Cp with

respect to its backge round Yh . In accordance with the general definition

of contrast, the time-averaged 'apparent contrast function '4617 necessarily

has the form:

&b by = [Tt = N, bl ] [Foco, 45y . |
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. , i . .
Now let (‘ﬁ&; ¢b,) be an arbitrary fixed point in EP; . In view of the

corments of the prccedlng scctlon, we may for all 1mportant cases write

C (‘Px,q}g) as:
C,(d’ Sl’g)— [Nr(‘;'x, )-bNr]/ler ’ (4)

where (¢&,¢5) is any point'in 'ﬂ7 + By adopting this convention (3) /<

yields the following approximate but highly useful contrast formula:

& (4, %) = Cr f*h G, (-, by =¥y ) d¥u d i

From this we immediately decduce the g neral facts that

ICed=d) < 1C  sran (%) ¥,
and the handy rulo of thumb for vcry small targets of area Gl and arbltrary

uhape

= <3 |
Cr= Crzmarr - (6)

This points up among other things'an inverse-~cube decay of 6} with range r,

This relation way be used to expldin in simple terms the loss of fine detail

. on targects as the observer-target distance is increaééd. For by sﬁbdividing'

the given target_inﬁo sufficiantly small elements each of area & , (6)

will describe the time-averaged conirast bfjthe element against its back=-

ground consisting of the remainder of the target area, Now while the flux

from the element falls off at a rate proportlonal to ¥~ ', the contrast

(and hence the detectabll1tj) of the element falls off at a rate proporticnal

"to F~* ., 1In short, fine detail on a receding target is lost at a greater

rate than the flux from the entire target. 'As'a'consequencé, the detail on

a target is lost from view sooner than the target itself,
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Desyite the concessicn t. comzlexity made in (4), the rosulting formusla (5)
raithfully reproduces the main features of the tiwe-averaging uffect of

atmosnheric boil phenomena, as the following examples illustrate

EXALPLES

‘A, Long Struiesht Edgc. Consider an infinitely long etraight bounde.i.ry Setweuh
two regions of objuct space cach with u distinct uniform apparent roadiancs.
(Figurce 2), For this example, the target ’E consists of all points

( Ya, 4’5) such that Yy < O, The backgromxd.' Y, ia the;.comﬁlxmnt:‘:.r'y
region of all points (¥, “’3 ) such that 4’1?0 - ¥, is ;Lssighod the

uniform apparent radiance g N, . From (3) with (2):

o @® . oo
— ) ! . “Wweye g ._ Pye ) o ,
Nt-(‘/'x,'/"a) = (*N}" bur)[a-,“q; \L /me-’CP}‘éL %— %)H*l—(% %) fdﬂ a’%]

00

- (w,—'.,x\/,)[i/—c—?—#;_? [ expf -

¢ _‘f{}dp;] *  M,

&_’Hﬁ

Hp is plotbed an Fipure 2.
‘Tho time averaged appareut contrast is, by (5):

[& - e,

x

The limits
hm\f"»w T, (¥ ¢/3):: o
iy o T (P, ) = C1
which hold for all f’ﬂ , agree with the values one would expect on the basis

of the values of the unshimmered contrast C,. -discussed in the preceding action.
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B, Long Thin Bar. A long thin bar may be represented by the sub-

region "If{ of ¥ consisting of all points (¥, ¢b) such that —a=< 4 :
All other points of '}[’ form the background "FL . ‘![Q: is assigned the
uniform radiance ¢ N, 'SE‘b , the radiance y N, . Then from (5) with (2):
. ! /
— . - . 1 ((yx"’x )2'-4»(5"3’4"1)2
Cv(‘l'm/'a) = ETIHF I chp{ 3 AT da(C
-a ™

Y+

Cr 12
= \arvAr q,[_ ez" inr }_OW"'
x ) .

It is easy to verify that |Gy attains a maximum at the point (0,0).
..-511-(0,6) is the extreme contrast attained by Er over '_,‘I_f , leed, E.’-’ (0,0) is
either a maximum (if €(0,0) ic wositive) or a minimum (if Cn(0,0) is negativ
It is clear from the geometry in this and the preceding example that E’r is
independent of ‘l’j . Some contrast profiles of shimmered bars are shown in
Figure 5. Observe that the widths of the barg are given in terms|of the
dimensionless parameter \FFTI: . These facts will be of some uge in the
discussicn of the measuremen£ of A, |

C.‘ Rectangle. A rectangle in "f centered on the origin is defined

"as the subregion 'E‘_ consisting of all points (‘/’,«, V’,) such that ~a<¢, = &

- 4’3 <b . From (5) with (2), after some reductions,
‘P,l-kcu l}':’.;-b
c l; ; ' /
bt = ETA:T[(‘S @""’g 2P. %ds‘»][q}f:x‘,{- 2/; }d’[’ ‘
o - \-

The computations of Ef. for a rectangle can therefore be carried out by

using the results of example B,
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D. Circular Disk. A circular disk "h in ¥ centered on the origin

and of angular radius ¢ is the set of all points (¥,%y) such that ¥« ¥/ <
(Figure 3). - Frecm (5) with () the associated contrast expreésion is:
— ¢, - b A .
Cs (b, ) [[ expf- B ot oYy

;4 'P:l ‘/Jz
. , ) — s w1
An examination of the functicn Ct. would shew that in this case C,([‘}i ""kg] -

arAr

Cy (Yx, ‘/’,) (circular symmetry). It is therefore sufficient to
consider the evaluation of :
P (Px-0l) e )t -
ff G.I/) - = Aaf;) + ‘3 } a’)’ﬁ"d“,’
pll ,P'as ¢a :

Adopting the following transformation of coordlnates t//x’;—_ Y'cos&’ .

‘// ¢’sm@'

Er“br:o):' 27rAI-

we have:

&, (¥ero) = mo/ xp[ (¢:Afz)}/fe_xpzj ¢ b cose}dej

The inner integral is readily evaluated:

ar » . m &y
[exp[i‘ COSO/;O(9/= é’/cos(x'z s/ng')dé’z 27!’].-(,(2)3 £ = -7_:’_’
o o

where Io is a modified Bessel function of the first kind, of zero order, whicl

has the series representation:

~ Z\oh
= j___..._. .
Lz Z ke (R1)2
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Yence | | J : 4/,%‘)8&

_ Cr ([sw (zm
C,("l’z,o)—*— A: {[Z&;a%

which may'be rewritten asg:

2AF

]'e.xp {V-M{) } Y Y :

. B
¢Zﬁ"‘o (‘@,)2{1(96 &‘*')

Cr («Ac,o) = c, e
_< ’vhere Ma; &ﬂ) f ‘3 e d? defineé the incomplete Gamma function, for
which tabulations e)ust7, and $_= ¢ /2/5;«, q6-=vt//?/2/!/“ . It is easy
tc check that | Er|lis a decreasiné function fof increasing be , so that
~ {Cy| attains a maximum at (0,0). Thus if ]6} (o,o)] is below a threshold
centrast, the entlrc disk is undetectable. The formula for Er(‘0,0) is

w;arnly rbtained

‘ _\Pa/aAl—
C(O O)“- Cp— P("Va/cA) ) C;-(l-
For angularly small,disks o R
. ) _. A-. ' . .. | i N ‘a‘. .
Crt0,0) = Cr Zyarps
- where Q: m(Yr)€ , and which agrees with (6). If ‘)l’=00 , i.e., if the

disk is infinitely large, then since ['(wo ,ﬁ-n)_-_-(&.' , the general expression
yields:

P Uy

as expected

'E. Ono exain; ».Lp of the effect of afmosphcrlc bml on the ability to resclve
two objects which are f"Lo @ topebher is illustrated in Figure 4. Two identical
black bars of mgulal wtdth Fr B Sepa rated an anguluar distance a\JAr

have theiy contrast profllr-:s smeared inte. & characteristic shape

7. Fearson, Korl, Taiaies'of the‘Incomplete'Gamné function (Camb. Univ. Press,
1946) . ' . o
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shown by the dashed curve.' Th.u oeject space c-:ntraSt of -lb’l&, the center of
each bar is invarlably raised to - 0,6 1n Lhe J.mage bnace, and the zero
contmst at the center cf the gap ‘botween the. bars is mvar).a.bly pulled dowu.
to - 0.74. Such predictable feature of sh.’unmered ccntrast proflles can be .
used tc generate an experlmenta.l proocdurc for detemlnmg A, one of w.uch is .-
appended below, o |

,msmm»mm OF OFTICAL AIR STATE

For a bar whose w1dth 2a is less than 5\[ o, the values ‘C,.( kP,' Wb)\
are meaourably less tha.n] Cr l. Flgure 5 depicts the contrast proflles

of four long black bars’ (hence Cr = -1).. The wldth of each dlffers:

by a factor of four fron 1t=: predecessor. From exa.mple B,

';‘Etza{':;"

C (0»0) -:. ) 4'

'By means oi thlu mtegral, each ch01ce of the r'ttlo ea/ﬁ Lwds ta a
corresponding value Cr\0,0). The corre_mondeﬂceb are gra: ﬂhed in Flpure 6..
" The ekp*rimental procedure' cans:n.sts in meas uring Cr\u O) for each bar by
scanning the bar wlth a telephotomet(,r at a given range r. The four corres
ponding values of 2a/\)—T~ arc ther: mc:ked from the- graph. Sinec r is.
- fixed, and 2a is 'nown for each bar, A caxx then be det: rm*ned s

We chserve f1na1 ly thlt before using the graph in Flgurt 6 ‘the measurrd )
va.l.\.e (‘r\O 0) must be crrrected te Tenove th(- reductlon effect on the: contmsT’-' |
1nduced by tha :,orzt.terlng e.nd mbsorntlon mcchanisms of ‘the atmo.;phere. v'.F.‘o'r
horizontal rﬁths of sight, wlth the u=ual un1f< rmlty pronertles, the- correct~
values are glven by CI(O O) e,cp{+- t-/L} where L is the attenuaticn length

of the dtmosphere.
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CAPTIONS

Figure 1, Illustrating the geometry of the derivation of &Cp.

Figure 2, Illustrating the time-averaged radiance profile of a shimmered
edge (Example A).

Figure 3., Diagram for the derivation in example D,

Figure 4. The characteristic shape of the time-averagedcontrast profile
of two long black bars of the dimensicns shown.

Figure 5, 'Illustrating the characteristic time-averaged contrast profiles
.of long black bars as a function of bar-width,

Figure 6, Graph used in the experimental determination of A,
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