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A3STRACT

The increasing accuvacy of experimental. determinaticns of the
optical absorption and scastering properties of oceans, lakes, and
harbors has necessitated =xact tnowledge of the possible interrela-
tions between these proverties, The classical two-flow analysis of
the light field has been an important source of such relations. While
it continues to be a source of useful simple models for engineering
calculations, it has become inadequate to collate the data of basic
experimental research. The two~flow theory is reformulated to meet
these experimental needs. The reformulation is bascd on the exact
equations for the light field in scattering-absorbing media, The
main results give useful relations between the magnitudes of the down-
welling and upwelling irradiances, their depth-rates of change, and
the scattering and absorption properties of natural hydrosols. The
reformulations are applicable in general to arbitrarily stratified

plane-parallel media.
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INTRODUCTION

Radiative t~unsler theory, which arose ir ihe attempts of astro-
physicists te valerstend “he problem of the nigsi.ge of light through
stellar and pianchtarys atmorpaeres, was subsequently directed by geo-
physicists to a2 prediun cf The passage of ligat through natural
waters such as oceans 2nd lakws, While both fields of study share a
common interest in the theer: of optical media that ssatier an?
absorb light, tueir exncrimental procedures are vastly different:
the geophysicist has exsy access to his optical media and can amass
first hand data from even the remotest reaches of a natural hydrosol;
the astrophysicist has no such direct access and is forced to devise
mathematical models, and limit his explorations to theoretical studies

of such models and their observable consequences.

Thus when the geophysicists adopted the more useful of these
models, they inherited, for better or worse, certain simplifying
assumptions built into them, assumptions which had been explicitly
and deliberately introduced to make them analytically tractable
and of some practical worth, In the course of time, as the study of
the light fields in natural hydrosols became progressively more
exact and exhaustive, these adopted models, which were extremely
valuable in planning and interpreting the early geophysical experi-
ments, became progressively inadequate especially in their predic-
tive and correlative powers. However, the formulas connected with

these models had proved so convenient, and their simplicity so
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appealing, that their impending loss set off a search for more
exact replacemente whrich were to retain, whenever possible, the
utility and simplicity cf the classical formulas, The results of
such a searcn arzs sumnirited in the discussiorn that follows, The
model consicered is the modern version of the two-flow theory ori-
ginally deviged by Schnster, In what follows we will use the
general foimuiation of tn: *vo-flow equaticns, and rsquire precisc
knowledge of bz assuaptiors adented in the clursical formulaticns,
This groundwork hes baon coverad in adequate detail elsewhere , and

the following discussicn will draw freely from that source,

thile the motivaticon and main emphasis of this study is in
connection with that branch of radiative transfer known as hydro-
logical optics, it would perhaps be of interest to observe that the
results summarized below can actually be applied to the experimental
study of the transfer of radiation through any‘arbitrarily strati-
fied plane-parallel medium with arbitrary incident lighting and

reflecting boundary conditions.

R. Preisendorfer, "Unified Irradiance Equations," submitted for
publication to J. Opt. Soc. Am,

(3,
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"HEORETICAL K-FUNCTICNG

In the presert section we will prepave the wayr for “he desired
reformulations b erhibiting the two-flow theory 23 iU has veen
developed and used in hydrological optics, and b; icoletirg thore
formulas whicn have been of importance in checking wnd collating
experimental data. Tr2 ka2 notion in all that lollows is that of

the diffuse absorrtion coefficient k and its generalizations.
Classical Two-flow Theory

The classical two-flow theory is embodied in the pair of

equations,

sk . } , < o o
D [ b* TH%e ) + bz ) + £

w
—dHT(z. 4 cfi'”.—.--{_a*-;— LXIH (2 4) + b H¥(2,-) + BT H(Z,-)
Here H:k(z,,) and HJK(Z,-+) are the irradiances at depth Z

induced, respectively, by downwelling diffuse flux (-) and upwell-

ing diffuse flux (+). The term, diffuse flux, refers to flux

which has been scattered one or more times, H®(Z,-) is the down-

welling reduced irradiance at depth Z and refers to flux which
*

has not been scattered, @ , b¥* are the volume absorption and

backward scattering coefficients for the diffuse flux, f° and b°
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are the forward and backward scattering coefficients foi the

m cya * b
reduced flux. The guantities @ , b™ , £°, an w° . are
assumed constant and known, H°(%-) is ascumed knmm ior each

depth Z .,
Diffuse Absorption Coefficint k
The parsmeter which plays the greatest singie rcle in the

classical two-flow theory is the so-called diffuse absorption

coefficient k, defined as

(2)

fur
fup~

il

2= +[df(a"+2b™)] 2[a(a+b™)]

-

The alternate expression follows from the assumption that the
diffuse flux is described by a uniform radiance distribution in the
upper and lower hemispheres. (. is the volume absorption coeffi-

=k
clent, and is related to O- , under the above assumption, by

%

G = aa , Frona mathematical point of view, k is a natural
consequence of the solution procedure for (1), which vields the gen-

eral solutions:

HHz-) = goo,e®t, g o R A(zYH (0,-)
(3)

fz

.

H>k(2)+)= g.;_ C+ ekz—*‘g_c_ e—



SI0 Ref. No. 58-46 (5

Here "
) ( < , W,
3—;'\‘“"31:) ) (34—:‘((" A

and C.  C. are constants of integratica deterained by tle —ralues
3K e . } .
H (o,-) , K (T, +) , and H%o0,-), whore %, 15 the depsh o1 She

mesium, & is a determincble function.,

In order ic fully understand the significance of the experi-
mental K-functions discussec below, we underscorc the fact that k,
as defined in (2). »u s uged in the system (3), is a2 mathemetical
construct: it is devoid of any physical meaning as it emerges
from the solution procedure, It has generally no basis in any
realizable physical operaticn. Only in the case of an cptically
infinitely deep medium irradiated by a uniform radiance distribution
may a physical interpretation be assigned to k. For, in this case,

the system (3) reduces to

&z
(L)

- %z
H(2,-) = Hz2-)r H¥ G2 = g, co e = Hio-) e

g_cC. st _ H(o+) e

H(2,+) = HOEZ,H+ H™(z,+)

(2, +)=0)

In order to obtain the system (4), it was assumed that H9(2,-) —

the reduced downwelling irradiance--is associated with an angularly
uniform radiance distribution, and behaves with depth in the follow-

ing manner:

-]

-
HO(Z,-) = H%(0,-) e
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where o¢® is a constant. Under this assumption, it turns out

~ 2

that A(d = e . The final step to (/; was to deduce
that Cir=0 > and to recall that the observable Frredience
H(z,-) is the suw of H9Y(2,~) and H™#,+) , Jr the chove

case, and only that case, is it possible to interpret k as the
decay-rate of the irradiances for both streams; and the systam (L)

suggests the following operational definition for k:

$. S dH@I | 1 dhezw
H(z,~) ol z ' H(Z,+) o Z

Even with this interpretation of k, its formal nature is
inescapable; it is a rare medium, indeed, which exhibits a light

field of exactly the structure described by the system (4).

The term 'diffuse absorption coefficient,! for k stems from

the following three observations: First, k is defined in terms of

coefficients @, b¥ which are associated with the diffuse

flux making up the light field, Second, in the extreme case where
the medium exhibits only absorption, we have formally, S = ka.

And finally, if the medium exhibits no absorption, .f = O .

(7)

(5)
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The R-infinity Formulas

In addition to the determination of the depth deperndence of
the values H(Z,-) and H(2,+) , the experimental determination of
the ratio H(z,-»)/ H(z,~) is of interest because knowledge or this
ratio aids in the solution of underwater visibility and photogranhy

problems and certain aspocts of marine biology problems.

The classical two-flow model vields several expressions for this
v

ratio, the most importunt being:

Re = H(.Z,+\/H(z,--) = 3-/3,{ = (,ﬁ‘-a>‘:)/</?z+0~*)q (6)

which follows directly from (4). By using the definition of k,
and some simple algebraic rearrangements, (6) may be cast into

either of the following two equivalent forms:

= *
a’ + b - % (7
b"‘r{

Reo

i

) *
b (@)

o+ b* 4+ &
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The primary virtue of these formulas lies in their simple s
-
explicit inclusion of b » whose magnitude may then be estimated

if the remaining cquantities are known,

Finally, by using the identity

3 = 44 3 < "
O(_K‘::& "—41 = C]_*-J‘f,' -¥b‘9
we have:
fx* _ 5:9,: _ /&
Ru) = ?
K
b (9)
bt
Ra = , ’
R . (10)

In the above formulas, .oé* is the wvolume attenuation coefficient
for the diffuse flux, odE“ is related to the basic volume attenua-
tion coefficient o¢ by the formula: < F=2o¢ . o¢ is the sum
of the volume absorption coefficient i, and the volume total scatter-
ing coefficient s. If o¢ is known, (9) and (10) may then be

used to estimate f*.

The Inequalities

One final set of reclaticns which have consistently proved

their usefulness in checking the experimentally obtained values of



SIC Ref. No. 58-46 (10)

optical constants of turbid media are the inequalities

A= b o< o, (11)

The left inequality follows from (6) by observing that R, k,
and Cl* can never be negative. It also may be obtained from

(2).

The right hand inequality is more difficult to establish. It
can be "proved," for example, if one introduccs the additiocnal
physical requirement that radiances can never be infinite in media
that exhibit scattering.2 It is on this basis that the left hand

+
inequality is understood to hold,
Observations

The increasing inadequacy of the two-flow model is perhaps
most succinctly summarized in the proceding discussion of the
basic inequalities of the theory. But this is a mathematical mat-

ter which may carry less weight than some more striking inadequacies

R, Preisendorfer, "A Simple Model for Radiance Distribution in
Natural Hydrosols," submitted for publication to J. Opt. Soc. Am,

In media that exhibit no scattering, there can be no diffuse flux.
The definition of k is so rigid, however, that a formal contradic-
tion of the inequality & < o¢ can be obtained by setting 4 =0,

For then b¥=o0 yand B= a™=c2a = 2 .
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on the experimental front: the observed non-constancy of R,

the lack of an operational definition of k, except in extreme
hypothetical cases; and the fact that the basic system (1)

refers to non-observable quantities, namely H™(E,¥), Most of
the trouble stems from the fact that the angular structure of ro.t
the diffuse and redvced radiance distribution have, for all depth:,
beecn assigned a fixed uniform structure in both the upper and
lower hemispheros. From this follows the constancy of all the
absorption and scattering coefficient functions, and that of Reoy

which is in direct conflict with experimental observaticns,

The question then arisus: is there some proccdure which retains
the conceptual simplicity of thu classical two-flow analysis and at
the same time incorporates an accurate representation of the effects
of the depth dependence of the observable radiance distributions?

The answer is yes, The¢ details are summarized below,
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EXFERIMENTAL K~-FUNCTIONS
Jisztribution Functions

The distributica functions for the devmwelling and uvpweliiag
streams are defineu ™y

";(Z-;—) )
H(z,-) ’ (12)

- -
L/’\él_) ==

) ) = ";(2,4") .
DIz = e (13)

The quantities h(z,—) and h(2,+) are the scalar irradiances
induced, respectively, by the down-and upwelling streams at depth Z .
They may be measured by suitably shielded spherical collectors,
whereas, the ordinary irradiances HI(Z,-) and H(z,+) are
measured by flat plate collectors. The ratio of a hemispherical sca-
lar irradiance to an irradiance provides a simple means of charac-
terizing the directional distribution of flux in each stream, But
their usefulness extends considerably beyond this service, as we

shall see below,
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Exact Equaticns for the Two-Flew Theery

In what folichs, (% =) and H(z,+) are the andecompeaed
downwelling and vrvelling irrediances: the irrediences actnally
measured by horizontal flot plate collectors. The exact equations
governing these cre.

Cl%izﬁ = e E )+ bE R + BRI HE Y,

(14)
_dH(E,

- = ~[az,0 + bEM]HE® + b(z,-) H @),
:

The other functions appearing in (14) are the absorption , a(z,*),
and backward scattering, locz,:r), functions for the respective
streams, their exact definitions and properties are given in
reference 1. For brevity, sourcc terms have been omitted from the
system (14); that is, terms which describe self-luminous sources
of radiant flux distributed throughout the medium. Their inclusicn

requires only slight changes in the following results.
K-Functions and Reflectance Functions
In (5) the diffuse absorption coefficient was expressed as the

logarithmic derivative of the irradiances of each flow. It was shcwn

that this simple operational characterization was possible only in
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a very special set of ciccumstances in the clas:icel two-flow theory.
It turns out, howevsr, that such an operation is the natural way to
characterize the decay (aud growth) rate of each stream in real media,
Bach stream in genersl hos its own depth-rate of change. Thess rates
of change are not conpletnly independent, as we shall sec below, ~rd

they are gencrallyr ¢iflfercnt in magnitude. Thus we 2re led to ceiine,

Kiz -y = —3 _ dHE
' Yz, A Z

~~
1=

R

~

-~ dHz,+

Just as the K-frnstions for cach stream ore found lo chrnge with

depth, so does the irradiance ratic,

H(Z,+)
Z,~) = ——i— A
Rez,-) Az, (16)
and hence its reciprocal,
H(Z,~1
R(Z,» = Tz’ (17

exhibit change with depth. The expression (16) is the oxact experi-
mental counterpart to Ra , and may be thought of as the reflectance

of the hypothetical planc surface at depth 2 , with respect to
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downwelling flux, A similar interpretation exists for (17).

From (14) and the vreceding definitions:

K(Z,-~)

i

QT+ b2, =) = bz, v )RR (L)

—K(2z,+) G(Z,+) + b(Z,+) = b(2,-) (2:+), (19)

]

which show how the expcrimental K-functions are linked to the absorp-
tion and scattering propertics of the medium, From these, we imme-

diately obtain the exact counterparts to (7) and (8):

a(Z,=) -t bcz,~) -~ K(Z,~)

]
3

R¢Z,~) (20)

bz +)

!9(2;‘7
M = - X ) (21)
Rz~ a(z,+ + b(2,+) + K(2,+)

“hile the overall resemblance to (7) and (8) is quite evident,
care should be taken to dist‘inguish the relatively subtle roles now

played by the functions associated with each flow,
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The counterparts to (9) and (10) are obtained by making use of
+

the general identity:

>¢(2,2) = Q2 E)+A(2 L) = a(z,w) + L0, ey - hez vy,

Thus, in general

-.'}L(EZ," - {(il") - K(z;‘)

R(.Z,‘) = T m—— k)

b(2,+) (22)

b(z;")

—

-

Rez -) = A2, +) ~ Fez,+) + 1 2,+)

The Basic Reflectance Relation

The general counterpart to (6) is singled out for special
attention because it is the most useful of reflectance functions
in practice. It relates the six direcct observables: the two K-
functions, the two distribution functions, the volume absorption
function, and the reflectance function, It therefore may replace
(6) by providing an exact formula to check the consistency of the
experimentally determined values of these functions. Furthermore,
from a theoretical point of view, it is closely related to the diver-
gence relation for the light field, in fact directly derivable

from it as shown below, Alternate derivations, of course, can

+
These are two equations. For one equation read all upper signs
together, for the other, read all lower signs together.
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be made from the system (14). The divergence relation for the light
field in stratified media may be written in the fov,'m3 s

IRIY)  Gaavhez)

A? {2h)

where F(Z.*) = P12 v,-H2,-), h(2) 1is the scalaw irradiance
at depth # , an~” (%' is the value of the volume absorption

function at depth 72 .

Rewriting this as

dH@E, v dHE-) - o(z)[h(z,ﬂ + h(z,*)] )

dz d2

and dividing ecach side by, say H(Z,-) s vie have,
HewY L dHeEH deﬂ‘-aaqhﬂﬁ‘Huﬁ)+
H(z,-) HEZH dz Hz2=Y dz2 R (2,+) H(Z,-)

Applying the appropriate definitions, this may be rewritten

— R(2,-) K(2,+) + K(2,~) = a(Z) ):D(Z-*) R(Zy) = D(E) - )]

]

a(2,+4) R(2,7) + a(Z,-)

3 R. Preisendorfer, "The Divergence of the Light Field in Optical
Media," submitted for publication to J. Opt. Soc. Am,
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Solving for R(Z,~) :

!’((2)") - Q(Z,—)

R(-z)—) =e
K(Z,+) + a(2,+) (25)

which is the desired experimental counterpart to (J).
The Inequalities

To obtain the counterparts to the classical inequalities (11),
we encounter a reversal of difficulty: the counterpart to A < «
is relatively simple to establish, and its validity is completely
general; the counterpart to Od;f,%, requires addi%lcinel assumphions,
but of a kind which are a consequence of the generality of the

present formulations rather than their shortcomings.

1
The first member of (14) may be written as :

dH(Z»-)

= < a(Z,~VH(Z,~) Ny (2,3) dQ(3)
= + S;— +(2,F)

so that

K(Z,~) = ol(2,~) — ml'z*“s S.’_ N*(z;i)dﬂ(f) .

Since the subtracted member of the right side is never negative, we
have immediately:
K(2,-) = o((Z,-)

for all X4 .
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Finally, whenever O< K(z,+)
(25):

» Wwe have (sce note 1, below) from

alE-) = K(z,-)

which establishes the desired inequalities:

wle)-) = 1K(2)~) € o((E,-), (26)
or equivalently:
K(Z)-)
= X (2) .
o (2) Dz,~) =

A Corresponding set of inequalities for the upwelling stream may be

obtained in a similar way:

A(Z)+) = ~K(Z,+) < X(2,+) (27)

or equivalently:

-~ kKEz+)

a(z) = DEa S <(F).
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The right-hand side of (27), as that of (26), holds in general; the
left side of (27) holds whenever K(Z,~)< O , a cendition
completely symmetriz to the conditicn, O= [K/7,+, . ased to establish

the left side of (26),
Cbservations and Notes

1. The sigrificanc: ¢ the condition, =% (<(Z,+% , used to
establish th. Left side of Z6), is quite important; and the adeption
of this condition raises some interesting questions. First of all,
we observe that if the conditicn holds, then the dencminator of
(25) is positive. Sinca « 02,=3  ic positive, :his then requires
the numerator of (25) t, be vouitive, from which the desired inequality
follows, But one may ask: is this condition ever violated? 1In
other words, can we ever have: K(Z,+)<0O ? Before answering
this, we recall that KK(2,+<0O means that K(Z,+) is
negative, and physically this means that the function+ H(-, +)
is increasing with increasing depth at Z . A similar imterpre-
tation exists for the condition K(2,-Y<O0 . The preceding question
may then be put very concretely as follows: As one measures upwelling
and downwelling irradiances in a real stratified optical medium,
is it ever possible to observe an increase in these irradiances as
depth is increased? The answer is yes. There are two possible mecha-

nisms which gonereliy allow such a phenomenon to be observed.

+
This symbol stands for the irradiance function; we are simply observing

the need to distinguish between a function and its values, H(., +)
is the function, and H(z,+) is its value at =Z.
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The first mechanism is that associated with self-luminous
sources within the medium, Fcr example, light-giving organisms
distributed in a horizontal layer of water clearly make it possible
for increases of irradiance to be observed as the irradiance collec-
tors approach the layar and pass downward through the layer, These
layers can occur 2t guite large depths. Other examples are given
by varicus physical emission processes, scattering with change in
wavelength, ot cetera, T[he latter mechanisms play a subordinate
role in natural hydroscls, but in the atmosphere, they can be impor-

tant.

The second mechanism is that of simple scattering processes:
the redirection of radiant fiux without change in wavelength. This
results in an effective storege of radiant energy within scattering
media. It ssems plausibie that if an increase of irradiance is

induced by this mechanism, the increase should occur at depths near

the surface of the medivm, TFor in these regions of small depth

the diffuse light ficld is still building up in magnitude, Gen-
erally, in optically deep scattering media, the downweiling diffuse
radiant flux is zero at the surface, increases with increasing depth,
reaches a maximum at some depth, and then falls off in a more or
less exnonential way ever afterward, But the diffuse irradiance
H*(Z, <) igs not directly observed. Superimposed on it is

the reduced ivradiance H(2,=) , which clearly must decrcase

continuously with depth, starting right from the upper surface. Thus,
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whether or not the cbservable irradiance H(Z,%) =H(Z,t)+H *(2 2
exhibits any increase with increasing depth clearly depends upon the

relative rates of change of each of its comronents,

A theorctical discussion »f the conditions which govern the
growth of the-light field in stratified media is out of place here,
We merely note in passing thet nany such conditions can be extracted
from expressions like (1.}, (1), or (19) given above; furthermore,
various approximate moceis of *he Tight field such as the two-D
theory discussed in reference 1 give very explicit, if only approxi-
mate, criteria for the growth of the light fisld, Finally, the
possibility of the growth of radiance values has been predicted by
a simple model for radiance distributions in natural hydrosols. This
prediction has been verified by experiment, The details are given

in reference 3,

2. Tor scurce~free stratified media, we can make several
general observations about the rélative magnitudes of the observable
H-values and K-values. These have been of help in checking and
collating experimental data, FFirst of all, from the integrated

relation (21), we deduce that
Z?.
ﬁ(ar)4.g(bw+)::g. a(ﬂfﬂé)dz = o,

Z

s0 that

Hizm,—) = H(Z¢ =)y (28)
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which demonstrates that the net downward irradiance function H(» ,m )=

Hes =) = H(-,+) never increases with depth, Here

)

Z, , and Z, are any two depths, 2, Dbeing the greater,
If the medium is, in particular, finitely deep with a bottom whcse
reflentance I is Q=% F=< | , then (28) immediately implies that,

for 211 depths 2 )

Rz = HEM .

H (2)") (29)

If the medium is optically infinitely deejp, we have a similar

result, T[or in this case, we have for all depths Z

— QO
H(zZ,-) =§ a2 iz dz2’ = 0O

x J
&

50 that

H(Z,+) = H(Z2,-),

from whi.ch (29) follows oncec more,

We can derive a corrcspondingly general inequality that must

hold between K(Z,6~-) and K(z,+) . From (25):

K(Z,~) - K(Z,+) R(E,m) = a(z,-)+ a@?) R(Z~-) =0 4
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whence

KOZ,+) R(Z,~) = K(Z,-) (30)

or equivalently:

A ; 3
Adr(z, ) < a Hiz,+

. et e g
— e St e -

dz d 2

This relation throws some light on the questions raised above,

Relation (30) shows that if K(Z,~) is negative, then necessarily
K(Z,+) 1is negative too. Conversely, if K(Z,6 +) is positive,
then so must K (Z#,~) be positive. TFinally, (3C) hints at

real situaticns in which K(Z,+) may well be negative while K(Z,-)

is positive, Ixamples of cach of these three situations are easily

found.

3. The classical two-flow theory gives a convenient expression
for k in terms of absorption and scattering coefficients. There is no
correspondingly simple formula which individually characterizes [|K(Z,-)
or K(2Z.,+) , outside of (18) and (19). The closest counterpart
to (2) is obtained by eliminating R (Z,-) from (20) and (2).

The result is: .

b(z,-) bz, +)

K(Z,-) ~ a(Z~) K(Z,%) + c(Z,+)




This may be verified to be the appropriate generalization of (2)
by setting, as such a verification requires, b(z,~1=h(2,+) = ',
O(Z,-)= a(3,+) = O‘“" 5 and l<(2,—)x'i<(2)+)=/&,

When this is dome, (31) reduces to (2).

., Since the experimental counterpart to Qe generally varies
with denth, it is of interest to characterize the variation in terms
of the experimental K-functions. The desired formula follows imme-

diately from the definition of 2(2,7)

JRES) | gz | kzm) - k@]
dz ' (32)

From this we see that the constancy of (- -) is equivalent
to the equality of K( -, -) and K(-,~+) . In other words,
R(-),—) is constant over any interval (% ,Z.) of depths when

and only when K(2,-)= K ( Z2,+) for every depth Z  in the inter-

Va.l LZI\Z’L) .

5, In this paragraph we will briefly discuss the connection
between the k of the classical theory and the K-functions of the
present work, First of all we cbserve the simple connection that
exists between the scalar irradiances hez,+) and the irradiances

Hiz,t) within the framework of the classical theory. Recall

that both the diffuse and reduced radiance distributions in both the
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upper and lower hemispheres are assumed uniform, therefore, for all

depths g s

hi(z,t)
D(z,x) = = 2,
H (2,%)
This means that h(2,*) and H(2,x) differ by a fixed factor 2 .

Thus the operational definition (5) for k lets us conclude:

- dHzE) =l odh(z *)
£~ WeEn oz hiz> dz

In other words, the classical theory says that k may be estimated
equally well from measurements of scalar irradiances or ordinary irra-
diances. As demonstrated above, distinctions between h and H are
necessary not only in theory but in careful experimental practice. So
that when it becomes necessary to discuss the growth or decay of,

say, h(. y=) with depth, its logarithmic derivative is generally
considered distinct from that of [H(-,-) . A similar statement

is true for Q{.,+) . Thus we are led to consider operations of the
kind:

- dh{i,i’)
hiz,t] a3z
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and to distinguish these from the operations

- ! dH(z,¥)
e oz T KT,

- | dh(z,t] — /&(2':'_ )
hi(z,®) oz

As a mnemonic, we observe that the little k's go with little h's, and

big K's go with big H's, In real media the connection between these

is:
{ d D2, x)
= 2,%) - —— iz
/Z(Z:I\ K( ! 0(2::) dz
Yie may now state the connection we set out to establish: /%( c,x)
and K(-,%) are equal over some interval (Z,,2,) of depths
when and only when the distribution function (-, ) is con-

stant over that interval, This is precisely the situation that holds
for optically infinitely deep media in the classical theory so that

R ,2) = K(-,%) . Furthermore, in this case, R(+)-)= Reo ,
and thus is independent of depth, From (32) we may then conclude that

K{ =) = K(-,+) . The net conclusicn is that for each

depth # /&(3)-(-] ’ /PL(Z,") s K(2Z,+) s K(2,~) 2

which are generally four distinct quantities in real media, are con-

strained in the two-flow theory to be identical, their common value
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being k, as given by (2).

6. The K-functions discussed in this note are associated with
a two-flow analysis of the light field., They are the little k's
for the little h's, and the big K!'s for the big H's. In more
detailed experimental studies of the light field, namely those that
document the radiance distribution values N (2,e,¢) at each
depth #Z  in all directions (e,¢) , a corresponding K-function
has been found extremely useful in graphical and tabular represen-

tations of these distributions., It is defined as:

- | dN(Z,0,#)
Kiz,e,¢) = N(Z,8, &) dz )

(33)

No confusion should arise from the continued use of the letter
K, (33) will always.explicitly exhibit three variables, the other
K's only one. We note in passing that this functicn, analogously
to the other K-functions discussed above, has several interesting
theoretical consequences in addition to its immediate experimental uses.

However, a discussion of these matters would be out of place here.

To round out the discussion on the experimental K-functions, we
note that all of the K-functions defined above fall into a specific

class, each member of which is defined by an operaticn of the kind:

-1 dA
A dz
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where A could be any of the functions: W (- ;y ¥) s (-, T) s
N(-,6,¢) . Some further possibilities for A are, h(:) s
H(*+) . Finally, we observe, by means of the divergence rela-

tion (21), that the basic volume absorption function may be defined
as the result of the operation,
| dH

h dz’
on the two types of irradiances shown. On the basis of these
examples, it appears that the most general notion of an experimental

attenuation function (i.e;, a general K~-function) is definable by an

operation of the kind,

1 ds
A o

4

N

on any two observable irradiance-like quantities A and B.



