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ABSTRACT 

The increasing accuracy of experimental determinations of the 

optical absorption aid scattering properties of oceans, lakes, and 

harbors has necessitated -xact knowledge of the possible interrela­

tions between these properties. The classical two-flow analysis of 

the light field has been an important source of such relations. While 

it continues to be a source of useful simple models for engineering 

calculations, it has become inadequate to collate the data of basic 

experimental research. The two-flow theory is reformulated to meet 

these experimental needs. The reformulation is based on the exact 

equations for the light field in scattering-absorbing media. The 

main results give useful relations between the magnitudes of the down-

welling and upwelling irradiances, their depth-rates of change, and 

the scattering and absorption properties of natural hydrosols. The 

reformulations are applicable in general to arbitrarily stratified 

plane-parallel media. 
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INTRODUCTION 

Radiative transfer theory, which arose Lr. the sttempts of astro­

physicists to und(-.rjt£nd the problem of the pr.ssi.ge of light through 

stellar and plantar;- atmo-pneres, was subsequently directed by geo-

physicists to tbe prcb.'i.un cf \-h^ passage of light through natural 

waters such a a oo.eans and iakt*, While both fields of study share a 

common interest in ohe tho.-r,- of optical media that scatter ani 

absorb light, their experimental procedures are vastly different: 

the geophysicist has easy access to his optical media and can amass 

first hand data from even the remotest reaches of a natural hydrosol; 

the astrophysicist has no such direct access and is forced to devise 

mathematical models, and limit his explorations to theoretical studies 

of such models and their observable consequences. 

Thus when the geophysicists adopted the more useful of these 

models, ,they inherited, for better or worse, certain simplifying 

assumptions built into them, assumptions which had been explicitly 

and deliberately introduced to make them analytically tractable 

and of some practical worth. In the course of time, as the study of 

the light fields in natural hydrosols became progressively more 

exact and exhaustive, these adopted models, which were extremely 

valuable in planning and interpreting the early geophysical experi­

ments, became progressively inadequate especially in their predic­

tive and correlative powers. However, the formulas connected with 

these models had proved so convenient, and their simplicity so 
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appealing, that t h e i r impending loss set off a search for more 

exact replacements wrich were to r e t a in , whenever possible , the 

u t i l i t y and simplici ty cf the c l a s s i ca l formulas. The re su l t s of 

such a searcn arc- oumiaii-ised in the discussion that follows. The 

model cor.sic'-jred i s the modem version of the two-flow theory o r i ­

ginal ly devised by Schuster. In what follows wc w i l l use the 

general formulation of th z V.-o-flow equations, and require precise 

knowledge of ohe asai. .q-tiors adopted in the c l a r s i ^a l formulations. 
1 

Thi3 groundwork he ^ bann ccverod in adequate d e t a i l elsewhere , and 

the following discussion will draw freely from that source. 

While the motivation and main emphasis of this study is in 

connection with that branch of radiative transfer known as hydro-

logical optics, it would perhaps be of interest to observe that the 

results summarized below can actually be applied to the experimental 

study of the transfer of radiation through any arbitrarily strati­

fied plane-parallel medium with arbitrary incident lighting and 

reflecting boundary conditions. 

1 
R. Preisendorfer, "Unified Irradiance Equations," submitted for 
publication to J. Opt. Soc. Am. 



SIO Ref. No. 58-46 (4) 

•THEORETICAL K-FUNCTICN3 

In t h e p"P.sent s e c t i o n we w i l l p repare the way fr>r t h e d e s i r e d 

re fo rmula t ions by e : :h ib i t ing t h e two-flow theory a j i t has been 

developed and used i n hydro log ica l o p t i c s , ^nd by i c o l t t i r g t h o r e 

formulas whicn have been of importance i n checking and c o l l a t i n g 

exper imenta l d a t a . Tho ksy no t ion i n a l l t h a t fo l lows i s t h a t of 

t h e d i f f u s e absorp t ion c o e f f i c i e n t k and i t s g e n e r a l i z a t i o n s . 

C l a s s i c a l Two-flow Theory 

The c l a s s i c a l two-flow theory i s embodied i n t h e p a i r of 

e q u a t i o n s , 

dH *(*,-) - - [o . * + b* ] H*t*r) + bV<*,-0 - f °H°^,-) 
di u J (l) 

ol2 

Here H^CZ,-) a n d H *(?>-•-) are the irradiances at depth Z 

induced, respectively, by downwelling diffuse flux (-) and upwell-

ing diffuse flux (+). The term, diffuse flux, refers to flux 

which has been scattered one or more times. H°(Z-) is the down-

welling reduced irradiance at depth 2 a n d refers to flux which 

has not been scattered. CL , b r are the volume absorption and 

backward scattering coefficients for the diffuse flux. f and b 
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are the forward and backward scattering coefficients for the 

reduced flux. The quantities o* , b'K , f° , and b° , are 

assumed constant and known, H"(?,-) is assumed kn^n lor each 

depth '£ 

Diffuse Absorption Coefficient k 

The parameter which plays the greatest single role in the 

classical two-flow theory is the so-called diffuse absorption 

coefficient k, defined as 

The alternate expression follows from the assumption that the 

diffuse flux is described by a uniform radiance distribution in the 

upper and lower hemispheres, o. is the volume absorption coeffi-

cient, and is related to O- , under the above assumption, by 

a =r <?. a. . From a mathematical point of view, k is a natural 

consequence of the solution procedure for (1), which yields the gen­

eral solutions: 

' (3) 
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Here 
*-

S--(-x) i * • - ( • T> ' £ + - <>,H v ; > 

and c - j c+- are constants of integration determined by the values 

H* Co,-) , H^r.j-t-) , and H * ( o , - ) , where &, i* the depth or the 

nfeaiium. A is a determinable function. 

In order to ful.ly understand the significance of the experi­

mental K-functions dj.c-currsed below, we underscore the fact that k, 

as defined in (2), w d ~.s used in the system (3), is a mathematical 

construct: it is devoid of any physical meaning as it emerges 

from the solution procedure,, It has generally no basis in any 

realizable physical operation. Only in the case of an optically 

infinitely deep medium irradiated by a uniform radiance distribution 

may a physical interpretation be assigned to k. For, in this case, 

the system (3) reduces to 

H<z,-) = H"(2,-)*H*(2H - g . c e * 2 . Hfo.-Oe** 
(4) 

In order to obtain the system (4), it was assumed that H°C2,-) -

the reduced downwelling irradiance—is associated with an angularly 

uniform radiance distribution, and behaves with depth in the follow­

ing manner: 
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where ua i s a constant. Under t h i s assumption, i t turns out 

tha t Ad') - e . The f ina l step to (4) was to deduce 

that C t = o , and to r eca l l tha t the observable irradiance 

HC2,~) i s the 3UJE of H°C2,-0 and H ^ Z , * ! , Ir. the above 

case, and only that case, i s i t possible to in terpre t k as the 

decay-rate of the i rradiances for both streams; and the system (4) 

suggests the following operational defini t ion for k: 

H<ZrO ol2 M<2,+) ol2 ( 5 ) 

Even with this interpretation of k, its formal nature is 

inescapable; it is a rare medium, indeed, which exhibits a light 

field of exactly the structure described by the system (4). 

The term 'diffuse absorption coefficient,' for k stems from 

the following three observations: First, k is defined in terms of 

coefficients Q. , b which are associated with the diffuse 

flux making up the light field. Second, in the extreme case where 

the medium exhibits only absorption, we have formally, Jk =*• OL . 

And finally, if the medium exhibits no absorption> Jd •= 0 . 
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The R-infinity Formulas 

In addit ion to the determination of the depth dependence of 

the values H(Hj-) and H(-2,-»-) > the experimental determination of 

the ra t io H(£>-0/ H'2>-) i s of i n t e r e s t because knowledge of th i s 

r a t io aids in the solution of underwater v i s i b i l i t y and photography 

problems and cer ta in aspects of marine biology problems. 

The c l a s s i ca l two-flow model yie lds several expressions for th i s 

r a t i o , the most important, being: 

R . s HCZt^/H<2,~) = S - / S + = ( J - a * ) / ( ^ + a * ) , ( 6 ) 

which follows directly from (4). By using the definition of k, 

and some simple algebraic rearrangements, (6) may be cast into 

either of the following two equivalent forms: 

R„ = , (7) 
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The primary virtue of these formulas lies in their simple, 

explicit inclusion of b , whose magnitude may then be estimated 

if the remaining quantities are known. 

Finally, by using the identity 

oC — C- -v x i =• Q . 

we have: 

p = ~ - * -A 

(9) 

b * 
Koi — * * r* *- f*+l (10) 

In the above formulas, «od is the volume attenuation coefficient 

for the diffuse flux. cxL is related to the basic volume attenua­

tion coefficient ot by the formula: oiv|(=f 2 oi . o< is the sum 

of the volume absorption coefficienta*, and the volume total scatter­

ing coefficient s. If o: is known, (9) and (10) may then be 

used to estimate $ . 

The Inequalities 

One final set of relations which have consistently proved 

their usefulness in checking the experimentally obtained values of 
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opt ical constants of turbid media are the inequa l i t i e s 

a* * Jk < c* . (11) 

The left inequality follows from (6) by observing that Roy, k, 

and a can never be negative. It also may be obtained from 

(2). 

The right hand inequality is more difficult to establish. It 

can be "proved," for example, if one introduces the additional 

physical requirement that radiances can never be infinite in media 

2 
that exhibit scattering. It is on this basis that the left hand 

+ 
inequality is understood to hold. 

Observations 

The increasing inadequacy of the two-flow model is perhaps 

most succinctly summarized in the proceding discussion of the 

basic inequalities of the theory. But this is a mathematical mat­

ter which may carry less weight than some more striking inadequacies 

2 
R. Preisendorfer, "A Simple Model for Radiance Distribution in 
Natural Hydrosols," submitted for publication to J. Opt. Soc. Am. 

+ 

In media that exhibit no scattering, there can be no diffuse flux. 
The definition of k is so rigid, however, that a formal contradic­
tion of the inequality j^<^oc can be obtained by setting A***0. 
For then b * = 0 , and J^ss. 0.*=: 2a. - £<*• • 
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on the experimental front: the observed non-constancy of R <*,. 

the lack of an operational definition of k, except in extreme 

hypothetical cases; and the fact that the basic system (l) 

refers to non-observable quantities, namely H *(«,?). Most of 

the trouble stems fiora the fact that the angular structure of ho.i-

the diffuse and reduced radiance distribution have, for all depth;, 

been assigned a fixed uniform structure in both the upper and 

lower hemispheres. From this follows the constancy of all the 

absorption and scattering coefficient functions, and that of <?c» >; 

which is in direct conflict with experimental observations. 

The question then arises: is there some procedure which retains 

the conceptual simplicity of the classical two-flow analysis and at 

the same time incorporates an accurate representation of the effects 

of the depth dependence of the observable radiance distributions? 

The answer is yes. The details are summarized below. 
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EXPERIMENTAL K-FUWCTIONS 

Distr ibution Functions 

The d i s t r ibu t ion functions for the dovrnwolling and upwelxin^ 

strearas are def.-nea by; 

: i « , - ) 
H(Z,~) " (12) 

D (*>+•) « 
H f 2 j + ) ' (13) 

The quantities fo^-.) and h (.?,+) are the scalar irradiances 

induced, respectively, by the down-and upwelling streams at depth 2 

They may be measured by suitably shielded spherical collectors, 

whereas, the ordinary irradiances H(Z,-) and H(2}-+) are 

measured by flat plate collectors. The ratio of a hemispherical sca­

lar irradiance to an irradiance provides a simple means of charac­

terizing the directional distribution of flux in each stream. But 

their usefulness extends considerably beyond this service, as we 

shall see below. 
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Exact Equations for the Two-Flew Theory 

In what follrVa, MCi,-) andH(Z,-0 are the undocornpesed 

downwelling ar.d urvellmg irradiances: the irradiancos actually 

measured by horizontal fl̂ .t plate collectors. The exact equation-, 

governing these ar-e. 

^ . ^ r 1 - _. I,, t ; V ) + ba,-)l H(2,-) •*• fe>f2..+)HfZ,+), 
df 

(14) 

dz 
= -[o.CZ,-n + b(Z>^~]H(2>+) + b(Z>-) rKH>-), 

The other functions appearing in (14) are the absorption j a.(2;±)? 

and backward scattering, b£Z,±) , functions for the respective 

streams, their exact definitions and properties are given in 

reference 1. For brevity, source terms have been omitted from the 

system (14); that is, terms which describe self-luminous sources 

of radiant flux distributed throughout the medium. Their inclusion 

requires only slight changes in the follovring results. 

K-Functions and Reflectance Functions 

In (5) the diffuse absorption coefficient was expressed as the 

logarithmic derivative of the irradiances of each flow. It was shown 

that this simple operational characterization was possible only in 
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a very spec ia l se t of c i rcumstances i n the c l a s s i c a l two-flow t h e o r y . 

I t t u r n s o u t , howevnr, t h a t such an ope ra t ion i s t h e n a t u r a l way t o 

c h a r a c t e r i z e the decay (and growth) r a t e of each stream i n r e a l media. 

Each stream i n g e n e r a l has i t s own d e p t h - r a t e of change. These r a t e s 

of change a re not complete ly independent , a s we s h a l l s e j below, and 

they are g e n e r a l l y d i f f e r e n t i n magnitude. Thus we a re l ed t o define., 

K(* ^ - - J dH(Z , -1 
HC?,-) dL2 

(15) 

-I dUcz,+) 
K C Z . - O = HCi> + } ^ 2 

J u s t as the K-funct ions for each stream a ro found to ch.-.n^o with 

dep th , so does the i r r a d i a n c e r a t i o , 

K'* ' "0 ~ H757TI ' (16) 

and hence i t s r e c i p r o c a l , 

* < z ^ = TTTiT) ; (17) 

exhibit change with depth. The expression (16) is the uxact experi­

mental counterpart to ROJ , and may be thought of as the reflectance 

of the hypothetical plane surface at depth 2- , with respect to 
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downwelling flux. A similar interpretation exists for (17). 

From (14) and the preceding definitions: 

Kcz,-) =.• a 1'•:,--• J- b<z,-; - b(z,+) Rr*.-^ , (U-) ,v\ 

- K f z , + ) = af^.*) ̂  bC2,-(-) - fe<2,-)£<a,+ ) ? (19) 

which show how the experimental K-functions are linked to the absorp­

tion and scattering properties of the medium. From these, we imme­

diately obtain the exact counterparts to (7) and (8): 

o(2,-) •+ fc(z.-) - \<CZ,~) 
R(Z,~) =r : 1 

b(2,-") 

(20) 

O(z^) - " " N (21) 
a(2,-H + b(z,-«o -f K£z,+) 

While the overall resemblance to (7) and (8) is quite evident, 

care should be taken to distinguish the relatively subtle roles now 

played by the functions associated with each flow. 
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The counterparts to (9) and (10) are obtained by making use of 
+ 

the general identi ty : 

Thus, in general 

«<.(^,-"> - -fa,-) - kCZ,-) 
Rcz,-) = 

bfZ,+ > 

b (z , -0 

C 2 ' } ~ <*I'*,-H) - f^Zi+i •+ !a?,4j 

(22) 

(23) 

The Basic Reflectance Relation 

The general counterpart to (6) is singled out for special 

attention because it is the most useful of reflectance functions 

in practice. It relates the six direct observables: the two K-

functions, the two distribution functions, the volume absorption 

function, and the reflectance function. It therefore may replace 

(6) by providing an exact formula to check the consistency of the 

experimentally determined values of these functions. Furthermore, 

from a theoretical point of view, it is closely related to the diver­

gence relation for the light field, in fact directly derivable 

from it as shown below. Alternate derivations, of course, can 

+ 
These are two equations. For one equation read all upper signs 
together, for the other, read all lower signs together. 
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be made from the system (14) . The divergence re la t ion for the l i gh t 

3 
f ie ld in s t r a t i f i e d media may be writ ten xn the form , 

&1 ' K2h) 

where H(2,+ )=- K'.*.ry-HC*r), h(2) is the scala- irradiance 

at depth f , an'-. '.%(>:' is the value of the volume absorption 

function at depth 7 

Rewriting this as 

dH(Z, t l d H ( 2 r ) « o ( £ ) [ k z , + ) 4 l l < Z » - ) ] , 

cU di. 

and dividing each side by, say H(Zj-) » v / e have, 

H(z,-i HC2.+) dz HCZ.-> d i [ H C Z ^ ) H ^ z ' - ) 

Applying the appropriate definitions, this may be rewritten 

- R ( ? r ) K M ^ ^ r ) = af^)[D(^)R(Zr)-<-D^i-)J 

3 R. Preisendorfer, "The Divergence of the Light Field in Optical 
Media," submitted for publication to J. Opt. Soc. Am. 
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(25) 

Solving for R(Z,-) : 

RtZ;-) « ? 

K(2, + ) -*• a (?,+ ; 

which is the desired experimental counterpart to (C). 

The Inequalities 

To obtain the counterparts to the classical inequalities (11), 

we encounter a reversal of difficulty: the counterpart to i < « 

is relatively simple to establish, and its validity is completely 

general; the counterpart to o '=.; Jk. requires additional assumptions, 

but of a kind which are a consequence of the generality of the 

present formulations rather than their shortcomings. 

1 The first member of (14) may be written as : 

=s -ot(2,-)HfZ,-) -*• j N*(*,I) dSl(T) 

so that 

K 

Since the subtracted member of the right side is never negative, we 

have immediately: 

for all Z 
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Final ly, ;vhenever O - K < Z - , - 0 , we have (see note 1, below) from 

(25): 

which es tabl ishes the desired inequa l i t i e s : 

cUZ,-J « ! < ( ? , - ) « c ^ C Z , - ) , ( 2 6 ) 

or equivalently: 

/,. Wz»-) 

A corresponding set of inequalities for the upwelling stream may be 

obtained in a similar way: 

«(Z»«-)^ -WZ,-*-) ^ «*(Z,-0 (2?) 

or equivalently: 
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The right-hand side of (27), as that of (26), holds in general; the 

l e f t side of (27) holds whenever f ^ Z , - ) ^ 0 , a condition 

completely symmetric bo the condition, Q* «,?, + ) , ased to es tabl ish 

the l e f t side of (26). 

Observations and Notes 

1, The i- i^rdficwcj cf the condition, O^ l<(.2,-r-) , used to 

establ ish the i ^ t ,,ide uf (26), i s quite important: and the adoption 

of t h i s condition ra i ses some in teres t ing questions. F i rs t of a l l , 

we observe that if the condition holds, then the denominator of 

(25) i s pos i t ive . Since ,?( ;? . , - ) i r pos i t ive , chls then requires 

the numerator of (?.5) t.> be y .^ i t ive , from which the desired inequali ty 

follows. But one may ask: i s t h i s condition ever violated? In 

other words, can we ever have: K ( 2 ) + ) < 0 ? B e f o r e answering 

t h i s , we r eca l l tha t K(2»+-)<0 means tha t W 5 . + ) i s 

negative, and physically t h i s means tha t the function"*" H( • 7 + ) 

i s increasing, with increasing depth at ? . A similar i n t e rp re ­

t a t ion ex is t s for the condition ktZ^XO . The preceding question 

may then be put very concretely as follows: As one measures upwelling 

and downwelling i r radiances in a rea l s t r a t i f i ed opt ical medium, 

i s i t ever possible to observe an increase in these i r radiances as 

depth i s increased? The answer i s yes . There are two possible mecha­

nisms which generally allow such a phenomenon to be observed. 

This symbol stands for the i r radiance function: we are simply observing 
the need t o dis t inguish between a function and i t s values. H( • -*- \ 
i s the function, and \^c^} + ) i s i t s value a t 2 . * ' 
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The first mechanism is that associated with self-luminous 

sources within the medium. For example, light-giving organisms 

distributed in a horizontal layer of water clearly make it possible 

for increases of irradiance to be observed as the irradiance collec­

tors approach the layer and pass downward through the layer. These 

layers can occur ?t quite large depths. Other examples are given 

by various physical emission processes, scattering with change in 

wavelength, et cetera, The latter mechanisms play a subordinate 

role in natural hydrosols, but in the atmosphere, thes' can be impor­

tant. 

The second mechanism is that of simple scattering processes: 

the redirection of radiant flux without change in wavelength. This 

results in an effective storage of radiant energy within scattering 

media. It soems plausible that if an increase of irradiance is 

induced by this mechanism; the increase should occur at depths near 

the surface of the medium. For in these regions of small depth 

the diffuse light field is sti.ll building up in magnitude. Gen­

erally, in optically deep scattering media, the downwelling diffuse 

radiant flux is zero at the surface, increases with increasing depth, 

reaches a maximum at some depth, and then falls off in a more or 

less exponential way ever afterward. But the diffuse irradiance 

(.)* ( l, —.) is not directly observed. Superimposed on it is 

the reduced irradiance H°{i)^-) , which clearly must decrease 

continuously with depth, starting right from the upper surface. Thus, 
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whether or not the observable i rradiance MC^i" ) — H ° ( 2 , t ) •+• H (2 ; ± ) 

exhibi ts any increase with increasing depth c lear ly depends upon the 

r e l a t i ve ra tes of change of each of i t s components. 

A theo re t i ca l discussion of the conditions which govern the 

growth of t he - l i gh t f ie ld in s t rat i f ied.media i s out of place here . 

We merely note i n passing that n;ar?y such conditions can be extracted 

from expressions l i ke (14); (18), or (19) given above; furthermore, 

various approximate models of J\;v? l igh t f i e ld such as the two-D 

theory discussed in reference 1 give very exp l i c i t , i f only approxi­

mate, c r i t e r i a for the growth of the l i gh t f i e l d . Final ly , the 

poss ib i l i ty of the growth of radjr;.ince values has been predicted by 

a simple model for radiance d i s t r ibu t ions in natural hydrosols. This 

prediction has been ver i f ied by experiment. The d e t a i l s are given 

in reference 3* 

2e For source-free s t r a t i f i e d media, we can make several 

general observations about the re la t ive magnitudes of the observable 

H-values and K-values. These have been of help in checking and 

col la t ing experimental data, F i r s t of a l l , from the integrated 

re la t ion (21), we deduce that 

2. . 
H(ZU-) 4- H ( Z ^ H - ) ~ f O.CZ) htz) d z - S O , 

so tha t 

H (Hi,--.) -= H C H W > - ) , (28) 
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which demonstrates that the net downward irradiance function H ( * , ~ ) s 

s H (* j - •) — H('>~M never increases with depth. Here 

Zt , and £2. are any two depths, 2 z being the g rea te r . 

If the medium i s , in par t i cu la r , f i n i t e l y deep with a bottom whose 

reflentance r" i s Q i r"*=. 1 ., t,hen (28) immediately implies t h a t , 

for a l l depths j? , 

H t2~) (29) 

If the medium is optically infinitely deep, we have a similar 

result. For in this case, we have for all depths Z- : 

HCZ,-) = j at2')h(2') d2' . 2 O 
n 

so that 

from which (29) follows once more,, 

We can derive a correspondingly general inequality that must 

hold between K(2y-) and K(Z,-<-) . From (25): 

f^2,-) - i<(2,+) R(2-^ = QfZ/-» + Qi*'+) £<*/-) s-o 
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whence 

K(2, + ) M2,~) *; \<t1-) (30) 

or equivalently: 

dl ~" d* 

This relation throv;s some light on the questions raised above. 

Relation (30) shows that if KC2,~) is negative, then necessarily 

K(Z >+) is negative too. Conversely, if K(2, + ) is positive, 

then so must X C. Z >-) be positive. Finally, (3C) hints at 

real situations in which K(Z)+) may well be negative while K(Z >-) 

is positive. Examples of each of these three situations are easily 

found. 

3. The classical two-flow theory gives a convenient expression 

for k in terms of absorption and scattering coefficients. There is no 

correspondingly simple formula which individually characterizes (<(?>-) 

or K(2,+-) , outside of (18) and (19). The closest counterpart 

to (2) is obtained by eliminating R(f,-) from (20) and (21). 

The result is: 

b<z,-> b<z.+ > , N 

(31) 
k<z,-)-ci«-» K(z,+)-+- aCZ^ 



SIO Ref. No. 58-46 (25) 

This may be verif ied to be the appropriate generalization of (2) 

by se t t i ng , as such a ver i f ica t ion requi res , be*,-")-* bC*rO = b » 

atz,-)= cx(2, + ) = OL*- , and K< a,-") » • l< (Z,+) = >& , 

When t h i s i s done, (31) reduces to ( 2 ) . 

4. Since the experimental counterpart to Q<x> generally var ies 

with depth, i t i s of i n t e r e s t to characterize the var ia t ion i n terms 

of the experimental K-functions. The desired formula follows imme­

d ia te ly from the def in i t ion of R ^ r ) : 

d(U2,-J = R ( £ ) _ ) [ | < ( 2 , - ) - K(Z> + 1~] . 
dl (32) 

From this we see that the constancy of £(-,-) is equivalent 

to the equality of R ( V ) and l< (-,-*-) . In other words, 

£(-,-) is constant over any interval (2.,Z0 of depths when 

and only when K (2,-) = K ( Z,+) *"" ^ " V d e ? t h * ± n t h e i n t e r" 

val (_2, ,2-i) 

• 5. In this paragraph we will briefly discuss the connection 

between the k of the classical theory and the K-functions of the 

present work. First of all we observe the simple connection that 

exists between the scalar irradiances f,(l,t) ^ t h e irradiances 

|-U*>±) within the framework of the classical theory. Recall 

that both the diffuse and reduced radiance distributions in both the 
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upper and lower hemispheres are assumed uniform, therefore, for all 

depths jz , 

h(Z,±) 
0C2,±) = ' - Z , 

H Cl,t) 

This means that h(*>±) and H^Z>r1 d i f fer by a fixed factor 2. 

Thus the operational def ini t ion (5) for k l e t s us conclude: 

c - / „ ctH(2,±) = __j d\n(i.t) 

In other words, the classical theory says that k may be estimated 

equally well from measurements of scalar irradiances or ordinary irra­

diances. As demonstrated above, distinctions between h and H are 

necessary not only in theory but in careful experimental practice. So 

that when it becomes necessary to discuss the growth or decay of, 

say> H(- ,-) with depth, its logarithmic derivative is generally 

considered distinct from that of H(-j-) . A similar statement 

is true for h('>+) • T h u s w e a r e led t o consider operations of the 

kind: 

h(2,±) d i 7 
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and to dist inguish these from the operations 

we set 

cfWz,±1 

d ( E ( t l «J 2: 
= Jk(2,±). 

As a mnemonic, we observe that the little k's go with little h's, and 

big K's go with big H's. In real media the connection between these 

is: 

Ji(i.i) = K(2,:r) - a D(2>T) 
0(2,T) tfq. 

We may now state the connection we set out to establish: Jk (. . ,2) 

and K(- 3±) are equal over some interval (?,,2t) of depths 

when and only when the distribution function 0( • , i") is con­

stant over that interval. This is precisely the situation that holds 

for optically infinitely deep media in the classical theory so that 

JR.I' ,±) - K( • ) i*) • furthermore, in this case, (?(•}-) = /?<», 

and thus is independent of depth. From (32) we may then conclude that 

K( * i -) = K ( • , +) . The net conclusion is that for each 

depth 2 , ^ ( Z ;. H , Jk{it-) > |<(£, + ) > \<(Z,-) , 

which are generally four distinct quantities in real media, are con­

strained in the two-flow theory to be identical, their common value 
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being k, as given by ( 2 ) . 

6. The K-functions discussed in t h i s note are associated with 

a two-flow analysis of the l igh t f i e ld . They are the l i t t l e k ' s 

for the l i t t l e h ' s , and the big K's for the big H's . In more 

detai led experimental studies of the l igh t f i e l d , namely those tha t 

document the radiance d i s t r ibu t ion values \J(2t0><£>) a t each 

depth 2 in a l l d i rec t ions (&,<£) , a corresponding K-function 

has been found extremely useful in graphical and tabular represen­

ta t ions of these d i s t r i bu t ions . I t i s defined as : 

- I d N(Z>Q><t>) 

(33) 

No confusion should a r i se from the continued use of the l e t t e r 

K, (33) w i l l a lways.expl ici t ly exhibit three var iables , the other 

K's only one. We note in passing tha t th i s function, analogously 

to the other K-functions discussed above, has several in te res t ing 

theore t i ca l consequences in addit ion to i t s immediate experimental uses . 

However, a discussion of these matters would be out of place here. 

To round out the discussion on the experimental K-functions, we 

note tha t a l l of the K-functions defined above f a l l into a specific 

c lass , each member of which i s defined by an operation of the kind: 



SIO Ref. No. 53-46 (29) 

where A could be any of the functions: H ( • , ± \ , h ( . , ± ) 

N 0 j e , <t>) . some further p o s s i b i l i t i e s for A a re , h ( •) 

H £ '» +) . F inal ly , we observe, by means of the divergence r e l a ­

t ion (21)j tha t the basic volume absorption function may be defined 

as the resu l t of the operation, 

1 djj 

on the two types of irradiances shown. On the basis of these 

examples, it appears that the most general notion of an experimental 

attenuation function (i.e., a general K-function) is definable by an 

operation of the kind, 

_L d_B 
A CJ2-'' 

on any two observable i r radiance- l ike quant i t ies A and B. 


