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SOiviE iiiTHEiviaTICAL ^SPiiLTS OF GEOPHYSICAL OPTICS CONCEPTS 

by Rudolph "W. Pre isendorf er 

Se r ipps I n s t i t u t i o n of Oceanography, U n i v e r s i t y of C a l i f o r n i a 

La J o l l a , Ca l i f o rn i a 

1 . Opt ica l Medium 

An o p t i c a l medium i s a quin tuple (fci, N, a , a, n ) , S « X x ~ . 

That i s , M i s a c a r t e s i a n product of two s e t s ; X, and -=- . X i s 

a subset of euc l idean 3 - space , where t h e l a t t e r i s t he c o l l e c t i o n 

of a l l t r i p l e s ( x x , x 2 , x^) = x , x x , x 2 , x 3 be ing r e a l numbers. 

The t r i p l e x may be cons idered a v e c t o r , and may be ass igned the 
1/2 

l e n g t h (x? + x 2 + x | ) . 1=1 i s t h e c o l l e c t i o n of a l l v e c t o r s 

which have u n i t l e n g t h . X i s t h e l o c a t i o n space» members of X a r e 

l o c a t i o n v e c t o r s . 3 : i s t he d i r e c t i o n space , members of IsZ a r e 

d i r e c t i o n v e c t o r s . We s h a l l use 5 a s t h e gene ra l symbol for an 

element of ZHI. . A po in t i n M i s a p a i r ( x , § ) . N i s a func t ion 

def ined on M wi th v a l u e s i n t h e non nega t ive subset of t h e r e a l 

number system. N i s the r ad iance f u n c t i o n . The va lue of N a t 

( x , 5) i s w r i t t e n a s N(x, |_) and i s c a l l e d t h e r ad iance a t ( x , 5). 

The r e s t r i c t i o n of N t o a p o i n t x i n X i s denoted by bi(x, . ) and 

i s c a l l e d t h e r ad iance d i s t r i b u t i o n a t x . (Techn ica l ly , t h i s r e s t r i c ­

t i o n i s c a l l e d t h e X-sec t ion of W determined by x in X.) a i s a func t ion 

This paper r e p r e s e n t s r e s u l t s of r e sea rch which has been supported 
by t h e Bureau of Ships , U. S. Navy. 
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defined on X with values in the non negative subset of the real number 

system, a is the (volume) attenuation function. The value of a at x 

i s written as a ( x ) . a i s s. function defined on X x 2 ' x 2; with non 

negative r e a l ya lues . a i s the (volume)m 3Cattering function. The valu-.-: 

of a c.t ( x . ^ ' , 1) i s varitten as cr(x, f», £ ) . n i s defined on X with 

/a lues in tho rc.il nuabur in terval ( 1 , » ) . n i s the index of rofrfiction 

function. Thu valuo of n a t x i s wri t ten n (x) , and i s ca l led the 

index of Refraction of H o.t x. 

(Scattu ing end absorption iscrtropy axe implied by 
the not.i ion far a. Isotropy ( in the geometrical 
opt ica l sonse) i s implied by the notat ion for n . 
Further assumptions about M such as unpolar ized flux 
and time independence of N are impl ic i t in the notat ion. 
Fixed wavelengths for N are implied.) 

A ray through (x, 5_) in U i s the (unique) sot of points in M 

defined by the solution of tht; Euler equations of motion for photons 

in M with boundary condition given by (x, | _ ) . In other words, a ray 

i s the natural t ra jec tory taken by photons in M. A p_ath i s the subset 

(x, I , r ) of a ray comprised of a l l points at a distance less than or 

equal to r from x, as -measured along the rxi/ and in the d i rec t ion f 

from x. 

(A more precise, but perhaps even less intelligible 
definition is possible. For the present, this 
definition will suffice. A diagram of a ray would 
look like: 

A diagram of a path would look likej 

(_ M 

A ray extends indefinitely on either "side" of (x, T). 
i. path is a sensed curve through (x, 7) of fixed length.) 

http://rc.il
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If n is a constant function, rays in M are straight lines in M. 

In this case, the notation (x, F, r) for paths in M is especially con­

venient: .'jiy point in the path is uniquely determined by the form 

x • r* f, 0" r'* r. V/e call x the observation point, and x* * x «- r £ 

the target pointj those definitions are to hold also in the general case, 

the target point being denoted by x'. At times it will be oonvenient to 

replace (x, 5 r) by the symbol p. 

2. Principle of Relative Scattering Order (porso); Inherent liadiance. 

The scattering order of a given sample of radiant flux may bo 

arbitrarily fixed. The subsequent history of the sample as regards its 

scattering order is uniquely determined relative to the fixed order by 

means of the scattering properties of M as summarized by a. 

(This will be illustrated later. It is assumed here 
whet is meant by "scattering order," "radiant flux," 
and'"given sample," 'though each may be defined without 
difficulty. The principle exploits the experimental 
indcterninateness of scattering order.) 

. Using the porso (usually implicitly) one derives the integral 

equation of transfer for N. This derivation may be made from first 

principles, or using the formal solution of the integrodifferential 

equation for N. In the customary representation of the equation, N 

is equated to two terms.: N°, and N* . The former term is associated 

with the "o" group of photons comprising N. This group is presumed 

to have arrived at (x, £) without having suffered any scattering actions 

by M. The latter tern is associated with the "*" group of photons 

comprising N. This group is presumed to have arrived at (x, £) only 
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after having suffered at least ono scattering action by M. The sym-

o * 
bolic equation, K « il + N represents the general decomposition of 

N into tv/o components.; the unscattered, an» scattered component respect 

ively. Specific examples may be exhibited which demonstrate that this 

decomposition is not unique. This non-unicifcy steam tvdk the use of 

the porso. For once non-unicity is a blessing rather then •»»«Til« 

it reflects (as will oe demonstrated later) the freedom of ohoico of 

"inherent radiances," and thus the freedom of representation of "apparent 

radiances." From what has boon developed so far, we may state the formal 

definition of inherent radiance: N(x, J ) at (x, ?) is an inherent 

radiance if and only if the porso has been invoked to assign 0 scatter­

ing order to N(x, £)j this assignation is denoted by N°(x, I). 

(Y/ebstor's Now Collegiate Dictionary defines "inherent" as, 
to be a fixed element or attribute" . . . "belonging by 
nature or settled habit." The choice of the term "inherent" 
in the light of the porso seems well-made. 

We take the opportunity in this parenthetical pause 
to point up the existence of two classes of radiances: 
field radiances, and specific radiances. The radiance 
N(x, S) is a spec ific radianc e (in the 1953 lecture notes, 
called surface radiance) if the photon flow is in the 
direction of J. N(x, fj is a field radiance if the photon 
flow is in the direction - I . Their numerical values at 
any point in M are of course equal; the use of one or the 
other is simply a matter of conceptual convenience and 
individual preference. The specific radiance is the 
geophysical counterpart to the astrophysical specific 
intensity, and in each branch appears to be preferred when 
a lagrangian analysis of the history of an ensemble of 
photons is made. Field radiance arises when a Gershun 
tube is pointed.in the direction 5 and photons arc funneled 
down the tube in the direction — _£ to register the ir 
proaancie. over the photosensitive device at the base of 
the tube. The intcgro-differontial oquation, for 
exanple, is most easily derived using specific radiance. 
The interpretation of the integral equation of transfer 
more conveniently uses field radiance.) 
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3- Transmittance and Scattering Operators. 

Let p = (x,£, r) bo a path in 11, We may associate with p a rcu. 

number Tr(x, 3) = exp[-/p a(x") dr
1]. The integral is a lino integral 

of o i.loag p. T is the transiaittnnco operator j and for any path, 

V zl» D is t h o 1*e&a tranamittance of p. We way use ? for sb.#rt if x 

and £ arc un*U»*st*«d, i-e., If p is understood. If n is a «t»<A?.ftt 

function on w, the lino intcgr.nl may be written more explicitly! 

V£» D = C j X P f " ^ - + r - a(x • r« £) dr']. If, in addition to the 

assumption of the constancy of n, we assume a constant over p, then tne 

form for the beam transmittance is even simplerJ T (x, |_) » exp[~ar], 

where a denotes the constant v-.luo of the attenuation function over p. 

we observe that n need not be constant in order to deduce this simple 

form.: the constancy of a on p suffices to deduce the simple exponential 

form of the beam transmittance of p. 

Let p = (x, £, r) be a path in M, let (x, £ ) , and (x*,£') be 

observation and target points of p respectively. Using the porso, let 

N°(x',£') be the inherent radiance at the target point. Thai 

Tr(£> £)N°(x', £•) is the transmitted radiance of the target point 

(as seen) at the observation point of p. We may write the transmitted 

radiance as Nr(x, £ ) , or N
0, for short when p is understood. Thus, 

Nr^> I* = Tr(x-> D N°(x', £'), or N° - T^° for short. 

If ̂ -O. is a subset of 1 , we associate with the triple (x, £, n ) 

the scattering operator S A(x, f)9 defined by, 

S.n. (*> £) = / t»] a (x, £', £) dtc>(_f'). This operator has as domain 

the class of all radiance functions on M. In particular it operates on 

the radiance distribution N(x,..) to yield a function N_a.(x,.) on 3 ! , 

http://intcgr.nl
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which i s the X-section determined by x of a function N ^ defined on M, 

i . e . , S^ix, I) [N(x, . ) ] - 4 N ( x , £ ')<*<X, |f8 y d ^ ( J ' ) « H ^ x , £ ) . T o 

t r i p l e (x , £, H ) i s of cen t ra l importance and "tefae mo«t freepi^ntly used, 

In t h i s case wc w i l l wri te S*(x, £) [NCx,^)) * HJJ.(X, £ ) . Fhysically, N# 

arjsi^ns a radiance pvr un i t length to the ray through (st, £)' fit ^his 

point in M. N# i s the path function on M. If the ra4i«r»f dJ#fc#ibtttion 

i s assigned a Scattering order ra a t x, the sca t te r ing operator S t v (x ,£ ) 

assigns a sca t ter ing order m + 1 to N ^ ( x , 5) . -

U. Path Radiance. 

Let p «» (x, 3 , r ) be a path in M. The radiance, / T ' ( x , J ) IL(x" , 5") di 
— — p r ~ • * — _ 

is the path radiance of p. If n is constant on M, wo may write oore 
x+r J 

explicitly, £ Tr,(x,£)N*(x * r'£,_f) dr'. We designate the path 
" ~ • « • * 

radiance by the symbol N (x, J ) , or N for short if p is understood. If 
r, — - r 

•H-
N along p is assigned the scattering order m, then N has the scattering 

r 
order m + 1. 

5. Apparent Radiance. 

Suppose N is a radiance function on M and p *» (x, f, r) is a path in 

M. Thai N assigns to (x, J) and (x', £') (the observation and target points 

of p) the radiances N(x, f) and N(x*, £') respectively. Now wo use the 

porso to assign 0 relative scattering order to N(x*,£'), ^nd write N°(X', F') 

Second, we use the transmittance operator to obtain the transmitted radiance 
•X-

N?^5* D " V * * I ) W ° ( £ S ! ' ) • Third, the path radiance N (x , J ) of p i s 

determined. I t then follows from the in tegra l equation for N thefc N(x, F) = 

N^x* 5) + N (x , £ ) . If P-L = (x, £, T±) i s another path, repeating the 
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above three steps would yield a different decomposition of the value 

N<x> D * • K^-' 0 * Nr.;/*» V' ^ i s i l l u s t r a t e s the e a r l i e r 

remark tha t the decorapoeition of values of K into the "o" :<j& "*" grouj -

i? not unique. To in i ioa to the par t i cu la r teejjmpo^fcjja^ ua^or study, 

i t i s then reo»ntuc»ie* t» append an n r n to N, end lwifeo ty ( a . f ) » 

Wr^-» I* * Nr (£* 1^* ^enover N i s docompos** in tfcl* w^# w« ^ 1 

indiedbo i t verbally by saying tha t N r(x, £) i s th» apparent radiance 

of the ta rge t point (as seen) a t the observation p»int of the path (x, S, 

Apparent, radiance ift always—by definiioon—associated with a given path 

in 'd. The symbol r in the abbreviated notation i s the ves t iga l reminder 

of t h i s important f a c t , 

(At any point (jc, £) in an opt ica l medium M there i s a 

path (x , £, r ) such t h a t x ' i s on the boundary of M. 

Therefore, r may or may not be i n f i n i t e . We may asso­

c i a t e with ( x ' , f•) an inherent radiance* I t follows 

tha t the values of the radiance function in any medium 

may be interpreted as the apparent radiance of the 

boundary of the medium.) 

6. N°,. N°, and N0. 

For any path (x, £, r) in M such that r = 0, we have T (x, T) = 1, 

and NQ (x, J) = 0. It follows from the expression for apparent radiance 

that N° = N^ = NQ. In this case the symbols may be used interchangeably 

in numerical computations. For a path (x, £,0), however, their inter-

nretartijons remain distinct$. (apparent- radiance) = (transmitted radiance) 
N N° 

( inhi^ejj^j^^iancvo) -
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I t seems possible to employ the following rule governing the use of 

••':, ana N ; N sha l l be used as an inherent radiance being prepared for 

avi i'Ttcndci transmission ( i . e . . , an amplication of ? ) ; t h i s leaves room 

.i.',,-" ohe resuloing r miOFcr'.pt. N shal l bo used if no use of Tp i s cen­

t-imp li.tou '.~,%.. i r the doi ' inition and manipulations of inherent contrast 

••/ciu.Lrinp no appl ic i t ionc of T ) . 

If (x, ••") xs a. point in J , tne backccrov.nd G of .f i s thy set of a l l 

;; _: I.. -"̂  or.ch tha t J f £, Tn general, the background, of a set A. of 

unit vectors ic> the set G - ZL -A. If (x^, £ , ) and ( x 2 , jfO "-re any two 

points of M, the r e a l number (N(xn, LO/N(Xo, J ) ) - ! i s the staple 

contrast of N(x,, £,) with respect to N(x2, f O . If (x , J ) i s a point 

of M, and [F. ] i s a sequence of "actors in the background of 5 which 

converges to 5, then the l im i t , i f i t e x i s t s , of the sequence 

[(N(x, £)/N(x, T . ) ) - l ] of sLiple cont ras ts i s said to be the [£j_] -

contrast of N(x, £) with respect to i t s background, 

( I t i s not hard to concoct an example which y ie lds con­
t r a s t depending upon the choice of sequence used to 
approach the d i rec t ion f. The complicated formulation 
of a (sequential) - contrast r e f l ec t s the generally com­
pl icated problem of determining what one means by the 
contrast of a point or extended object in an actual scene 
when viewod Against a non-uniform and non-continuous 
radiance background. The time i s soon to come when we wi l l 
reach the cross-road in the matter of the def in i t ion of 
con t ras t . As i t appears now, at the cross-road at l eas t 
one of two sacr i f ices must be made: (a) Sacrif ice log ica l 
c l a r i t y j r e t a in the in tu i t ive ly simple but ambiguous 
notion of cont ras t , (b) Sacrif ice the appealing simple 
and in tu i t i ve notion; re ta in log ica l c l a r i t y . Since the 
notion of contrast i s designed primarily as the measure of 
the d e t e c t i b i l i t y of the radiance under question, and since 
the detector (eye or machine) w i l l do the task of di s-
concerning, perhaps the notion of contrast can be t a i lo red 
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to the detector': one notion for the eye, another for the 
machine. The precision with which each notion can bo 
defined will rest or. the precision of knowledge of the 
properties af the detector. In this light, the notion cf 
contrast fcr a machine can be put into logical and unam-
blguoas form before that associated with the eye, pre-
runrbly because the mechanics of the •rdinry machine is 
more readly determinable than that _»r tho eye.) 

Suppose the radiance function has a simple discontinuity at ( J ^ J ) such 

that the background »f ̂  has uniform radiance, thai the above dcHnitio/. 

yields a contrast independent of every sequence. Thim is the state of 

?rffnir3 usually assumed in order to obtain a moanir.grul- definition of 

contrast, and in practice the assumption of uniform background, at lerso 

in the neighborhood of the target, can be made with some justification 

If the radiance distribution N(x,.) is continuous, then every sequen­

tial-contrast is zero* 

Let x be a point in X„ An extended target with respect to x is 

the set of all target points of a given collection of paths through x. 

Thus for a given point x in X, an extended target with resj) ect to x 

defines a subset X1 of X. Conversely, suppose x is a point of X and X' 

is a subset of X. If x' is any point of X1, then the pair (x, x') 

defines at least one path in M through both x and x». It follows that 

X1 is an extended target with respect to x. With each extendedt arget 

X' with respect to x, there is a collection A of unit vectors associated 

with X' (which point from x to points x* of X»). The background of 

X1 is defined as the background Q.of A. For radiometric (and photo­

metric) purposes A may without serious confusion be identified with •• • 

X'. In other words, a target may be considered a collection of direc­

tions from a point x in X, .and the background of the target is another 

collection of vectors in 2H. . 
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Let X' be an extended target with respect to x in X. Let A be 

the col lec t ion of d i rec t ion vectors associated with X*, and I t 0 

be the background of A, If x ' i s a point of X% and (jt, £, r ) i s the 

path between x and x ' , and £ ' i s a point of 3, tfcen 

- ' u * N(x, i ' ) 

is the apparent contrast of X1 (in the direction £) with respect to its 

background G (in the direction £'). This definition is made in terms 

of simple contrasts* in view of the remarks above (in the parentheses) 

it is unwise at present to attest a comprehensive definition of !tap-

par^.^5nt.ras.t» in terras of sequences. The above definition is phrased 

so as to allow an apparent contrast to be assigned to such an intangible 

as a cloud (or even a transparent subset of X) and at the same time be 

applicable to more substantial targets as planes, ships, etc. Saying 

that N (x, £) is an apparent radiance commits us to write it in terras 

of a transmitted and a path radiance, yet in view of the conclusions 

of section 5, the target point of (x, £, r) need not be associated 

with a material point in X. Ey the same analysis, the N in the denomi­

nator may be interpreted as an apparent radiance, and written explicitly 

as such if need be. This latter possibility will be exploited in 

the derivation of the expression for contrast transmitfc&nce. 

A sequential definition of contrast for an extended target is 

possible if N(x, .) is constant over A and over some neighborhood 

of A in G. In this case we write: 
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A A ? . ) - £ ^ £ -1. 

:.b**icfjy, the r should not 'be re ta ined, but usual ly, with the i n i t i a l 

<'ijuiuptien of unifora radiance over A and G i s thu ">,uc1od :xrcvieo tha t 

••.l.». r:oint;; of X' are a t the sfxao distance r from x, and v i th t h i s in 

l e - ce , r way b-3 coaningfully re ta ined. The l e t t e r p resc r ip t s ftvpear 

es:,eutial for an unambiguous notation which wi l l s^rvc to identify the 

cb.-.cvf, JV rw.Ljion under consideration. This notation suy be used even 

v.n.-!!-: , consis ts of a single vector J . In .accordance with the rules of 

use f,>r N,., (sect ion 6) we :.r.y v,Tite 

n .N .G^.(x) - A"o(x) - 1 

u (x) 

for the inherent contrast of A with respect to G. 

8. Contrast Tratic;uittance. 

In o.ny optical medium of practical interest, n is assumed t- h.-.ve 

continuous derivatives of the first order for all its sections, ?.nd 

a, a, and A are assumed integrable (in th~ sense of Lubcsguo, if noi,d be), 

It follows that paths (x, ?, r ) , associated transmittanccs T .rnd •>.-.th 

~" r 

radiances Nr are a l l continuous in each of tlu. var iables x, f, -nd r . 

F..r iaora del icate arguments, r, i s required to have only discc n t inui t ius 

>f the f i r s t kind: lira N(x, f) ex is ts frr every (x« f •) 
(x, £) -* (x» ,? ' ) "" ~ ~ L 

1U : i . - -
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Let (x, £, r) = p, and (x, £l,• rx) = p^^ be two paths in M 

(observe that they have the same observation point in X). Consider 

the simple eontrast 

*> s, cr(x) * ^ te jy - 1 - . 
- - 1 - N (x, ^ ) 

tsr.ijg p-p the denominator may be written as a* »p|»arc»t radiance, 

Using the porso, N(x-[, JV) (the radiance at the target point of 

p̂ .) is assigned (relative) ixattering order 0 and is designated 

by N°(x' J'). Thus we have, Mr (x, ? ) - T (x, £ )N*(xJ, /') 
X X J-X — —X ry — —1 ~1 —1 

•i'. , . . * ' 
•f -.' i x , . j r O . We set r » r , and examine tho l i x C (x ) . 

1 x < * - > * ) / , ^ r ~ 
•It. i s clear that oho form for the simple contrast -*- " 
is : h Xft ^ •" 

[r(xj£')-I!°(x[, /x)3T r(x,f) + [Tr(x,£) - T r (x ,£ ) ]N°(x^)H'N*(x,£)- - N ^ x ^ ) ] 
- — . • ' . & • • • • . • . . ^ 

To emphasize the fact that (x',!') is the target-,. we.write N^x'^J') 

as ; .N (x1, t ' ) , and:since J is in the background of 5, we write 
H — — —]_ . — •' 

N'°(*i* -i ) a s o^^i/IiJ''' 

Set, rN°(x', J') = lim Ji^x" J')', and 

. f! -> I ^ 

N (x,.I) = lim N°(x, 5 0 . 

•«• 

t Whenever possible. Otherwise the argument is trivially modified. 



Geophysical Optics Concepts - 13 -

By contir.aity.. 

li-a [T_(x. f) - T r (x , f )] = 0 , an?. 

l l ->_f 

l i n [N''(x, 3) - N"'(x. - , ) ] = 0 . 
r - — r - ' *1 

5-->r 
If we wr i t e , 

A 0 3 r (x) - lim ^ ^ C r ( x ) , then 

lCM*} * I f , . G, , Vx, l). 

G^°US f' [AN°^'» r> - GN°(~,J £f) 3 

(M*-' I> GNo(x!, £') Tr(x,I), 

This i s the general form for the apparent contrast (of the sequential typ 

associated Tilth the pdbh p . If r = 0, then T r = 1, and fffit'*-.*$•$.*)?> 

nN (x 1 , f ' ) (sect ion 6 ) . Hence 
ta ( j O — * — 

Thus we may write, 

AGCr^> 
QNQ(X', I') Tr(x, 5) AGCo^')=T;\iGCo(x») 
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As an in te res t ing but i ? l e nota t ional cu r io s i ty , we exhibit in abbroviatec 

form the.following invariant ( invariant along a l l rays in H): 

AC/V ;•$> & - ,G°o J ? &> . 

The number in square brackots ((T*) on the proceJins page) i s the 

contrast t r a n s m i t t a l s associated with the path p . Contrast t ransmit! a • 

unlike b^aro t ransmit taace, i s dependent upon the " l ight f i e ld" along t>c 

This l o s t i s made pore evident by writ ing the cont ras t trar.smittance of ; 

in the following form'. 

contrast tranumi stance of p * > 

1 + 4'(x, £) 

* w° 
where p =» (x, f, r), and N r is the path radiance, and G

 r is the 

(limit of the) transmitted background radiance at the target point, 

as seen at the observation point of p. 

Summary: Contrast is one of the more complicated concepts of 

Geophysical Optics both as an analytic and as an epistemic concept. 

It can be defined analytically with rigor, but perhaps at the expense 

of epistomological significance. At present we will be satisfied with 

the definition of simple contrast, and sequential contrasts in light 

fields with simple discs ntinuities and uniform target and background 

radiances. Definitions of contrast in these settings appear to 

simultaneously satisfy simple and meaningful interpretations both on 

an analytic and epistemic level. A derivation of the contrast trans­

mit tance associated v/ith a path in M is made under the simple setting, 

with the proposed notation appearing in full dress. 
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} - .Further Radiometric Notations. 

Let n denote a fixed unit vector . Define £1 + m I £ J f»n * 0 ] , 

and S} _ •= [ £ : £.n « 0 ] . Then for any pa i r (x , n) in 1.1, we 

define H(x, n) - ,/V N(x, f' )n . f dco (J») as the i r ra^iaace a t 

(x, n ) . , The function H, l i ke M, i s defined on ii . Tfoen n i s fixed 

a,id known throughout a f;ivon discussion ( a s , e . g . , the uni t upward 

normal i s a semi-infini te p lane-para l le l op t ica l modiuja such as t he 

c-isoomary model of a natural hydrosol) we may wri te H for H(»,n), 

•:uid H_ for H ( . , - n ) . ( In an expanded expository account care must 

be exercised in s tipul'iLing which radiance~specif ic or f i e ld—is 

being used in order to avoid confusion as to the d i r ec t i ona l i t y 

of flow of the radiant energy across the surface normal to n.) In 

t h i s case, H+ and H_ are functions on X. 

H(x) => /___ N(x, V ) £* d " ( r ) i s the vector i rradiance at x . 

H i s defined on X and has values in X (considered as a vector space), 

but to avoid confusion we may replace i t s range space by a copy of 

X with each t r i p l e assigned a dimension of i r rad iance . 

h(x) = / _ N(x, £ ' ) du (£ ' ) i s the sca lar i rradiance a t x . h i s 

defined on X and has range in the real number system. 

(At present h serves both for scalar irradiance 
and scalar illuminance. It is suggested that e 
be used to denote scalar illuminance. This ao m-
pletes the analogy£ H is to h, as E is to e. 
lifter some consideration , it is felt that no 
serious confusion can occur from the use of e as 
a scalar illuminance and in an exponential expres­
sion. From a typographical point of view, it is 
furthermore desirable to write exp[-kz] than e~ , 
and beam transmittance T already obviates to need 
for frequent use of exponentials*) 



Geophysical Optics Concepts - 16 -

The remaining symbols V9 U, J, P, and u need no further special 

attention in this discussion, other than the observation that W and u 

are functions of the typo of H and h respectively, and that J can b« 

dispensed with, it being at best a trouble-maker f «r begi»aers ?.nd 

experts alike. J cannot bo defined in terns of 11, and conversely. 

This fact in itself provides sufficient grounds for a i*athciaatician or 

a mathematical pnyoicist to exclude it from any discussion involving an 

optical medium (i.e., the quintuple (M, N, a, a, n)). Anything 

that a J was supposed to do can be done better by an integral or a 

differential of N over- >i surface in X. (This can be convincingly 

illustrated in an expanded account.) Finally, we define N = N /a, 

as the equilibrium radiancer 

10. Refleotances t Transnittances. 

r(9), and t(0) can be used for the values of Fresnel reflectances 

and transmittance3, with n understood, r, and t can be used for general 

reflectances and transmittancesj functional modifiers and subscripts 

may be added when needed. These lower case letters should be reserved 

for reflectances and transmittances associated with surfaces. In this 

way we are free to use T and R for transmittances and reflectances 

associated with regions (or subsets) of M with three-dimensional extant. 

It is felt that these symbols may be used in both radiometric and 

photometric contexts without any possibility of confusion, 

11. Auxiliary Attenuating Functions, 

(i) a, and a taken as basic. 

(ii) s = X^. a du) , total scattering function. 
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(iv) f - J or d^ , forward scat ter ing function, ( c o l l . flux) 

[iioro precise def > in expanded accounts] 

(v) b <-. fj.sa dcu, backward sca t te r ing function, ( c o l l . flux) 

Hence s • b + f. 

(vi) D * h/H, d i s t r ibu t ion fac tor . 

( v i i ) k (lower case) irr-rdi'noo at tenuat ion function (ariadnR frora 

Schuster two-fl.iK, f:'^o:.'.1-radiance ana lys i s ) , 

( v i i i ) t*S.:i s/a scatt-n-i:i&••r.i.t.•.•oration r a t i o (albecb for single 

s ca t t e r i ng ) . 

In an expanded account, greater p rec i s , nn and c l a r i t y can be 

a t ta ined . For the present , we are in teres ted only in the nota t ional 

aspects as regards choice of symbols. 

12. RangeSJ Attenuating Lengths. 

( i ) If p - (x, £, r ) i s a path in i\I, and aQ i s some fixed 

(reference) value of a, then r ( x , £, r ) = ( l / a Q ) / a(x") dr» i s the 

opt ical range of p . We may write r ( x , £ , r ) » ( - l / a Q ) l n T r(x, £ ) , 

or ? » (-1/a ) In T for short when p i s understood. If a i s con-
o r 

stant on p , then r = r , if a » a ( x ) . 

( i i ) Let (x , \) be a point in M. If there ex is t s a path 

(x, J , v) through (x , |_) and in M, such tha t the contrast transiaittance 

of (x, X, v) i s 0.02, then we say tha t the environmental range a t 

(x, £) is v. If id i s a natural aerosol (hydrosol) then v i s the 

meteorological ( respect ively , hydrological) range at (x , J ) . If 

i\l(x, 0 " N(x", .) for a l l x" along the ray through (x, J ) , then i t 
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may be shown tha t v(x, 5, v) = ln50/aQ . If in addit ion, a i s constant 

on the ray, v • ln50/a , i f a = a(x) : each of these cases hold 

providing the path (x , £, v) i s in M. 

'.ii:.) If v stands momentarily for any of the sjwbola a «» »t e* lc ^nd 

any oto.er of the auxi l iary at tenuating functions) the quantity 1/w 

in a Ions Sir, r.ni v.ill be nesi^n-itod by Lw, and i s Generally referred to 

as an a t t e n u a t i n g ! . * r''h , J n pa r t i cu l a r , La i s an at tenuat ion length, 

Lc- a scat ter ing length ' o b c 

13. Miscellaneous. 

We have suggested notations for the most frequently occuring 

radiometric and at tenuating functions, and in t h i s way hope to s t ab i l i ze 

them for future papers, r epor t s , e t c . which wi l l require symbolic repre­

sentations of these not ions. Considerable study of the symbols has shown 

that v i r t ua l ly every case considered in rad ia t ive t ransfer can somehow 

be covered by the present adopted notat ion, with perhaps an errant 

subscript or other embellishmtn t needed here and there in par t i cu la r ly 

complex s i tua t ions , but these too , may be fixed af ter carefu l choice 

when they arc encountered. Except for sea -s ta te which i s symbolized 

by S and i s f a i r ly well entrenched, we should be reasonably free t o 

choose among x, y, and z for car tes ian coordinates , and ©, and <f> as 

polar coordinates (zenith and azimuth respec t ive ly) . 
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llw Examples of Use of flotation 

(i) The (integro-differontial) Equation of Transfer. 

m*> -} - - a(x)N(x, f) • /_ N(x, I'M** £ \ V *»(£') 
dr 

- -c(x)N(x, ?) * N„(x, £) . 

Tnis equation i s always associated with a ray . d/4r i s the Lagrangraa 

derivat ive cf V. along the ray . Hry-e the radiance function i s con­

veniently thought or! 0.3 specific radiance. The abbreviated form of the 

equation is.» 

dN i .QJJ + N # 
dr * 

(ii) The (integral) Equation ox Transfer. 

* M & I> " Nr(£> LJ ' Nr(x-' 1> 

• V - ' DN°(*'> L') + / Tri<*» L)N*(x", f") dr' 
P 

This equation is always associated with a path p = (x, £, r). 

Here the radiance is conveniently thought of as a field radiance. The 

abbreviated form of the equation is: 

N - N° + N ' . r • r r 

(iii) Specific targets; Arguments understood. 

-z ft 

4— v 
Apparent radiance of target A: 

/ r ( ^ - AN°(z) • /(z) 
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Here the argument (i.e., the symbol in parentheses) indicates 

where the observer or instrument is. The subscript indicates symbolically 

the distance to the target 4.., and the prescript identifies the targeto 

The need for the prescript is pointed up if, in addition to the target A, 

wc wish to consider tho radia-.ice of its background Q. W© denote this by 

£N(z)-: we are at z, looking along a predetermined direction which is 

assumed co.oroon knowledge, hence it is not explicitly shorn} we are look­

ing at object G, which in thijj co.se is the background of A. If the need 

arises to consider Gft('z) as an apparent radiance, then we append a 

subscript r, with the appropriate magnitude. 

(iv) Schuster Analysis of radiant Flux. 

One of the equations would look like: 

•)(• 

™* - -(a? + bX'(z) + b*H*(z) + f°H°(z), 
~dT* . . . -r- + + 

Here H+ and H_ represent down and upwelling irradiancos comprised of 

radiant flux having suffered at least one scattering operation (hence 

the asterisk). H° is the transmitted irradiance which is doxmwelling 

(cf., N ). a+, and b+ are absorption and backscattering coefficients 

for H4| another set would be available for H __. Without going into 

additional details, this example should demonstrate the appropriate use 

of the symbology, and its versatility through proper use of super-and 

subscripts tacked onto basic letters. 
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