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SOME MATHE4ATICAL asPiCTS OF GEOPHYSICAL O#TICS CUNCEPTS
by Rudolph ¥W. Preisendorfer
Seripps Institution of Oceanography, University of California

La Jolla, California

1. Optical Medium

An optical medium is a quintuple (#, W, ¢, O, n), HsXx=,

That is, M is a cartesian product of two sets§ X, and = . X is
a subset of euclidean 3-space, where the latter is the collection
of all triples (xl& X0, x3) = X, Xy, X3, X3 being real numbers.
The triple x may Be.ciﬁzidcred a vector, and may be assigned the

2 —

length (xg + X5 + x§) . = is the collection of all vectors

which have unit length. X is the location spacej members of X are

wma—
——

location vectors. = 1is the direction space, members of = are

direction vectors. We shall use § as the ggnéral symbol for an

elament of =.. A point in M is a pair (x, §). N is a function
defined on M with values in the non negative subsct of the real

number system. L is the radiance function. The value of N at

(x, §) is written as N(x, §) and is called the radiance at (x, ).

3

The restriction of 1 to a point x in X is denoted by n(x, .) and

is called the radiance distribution at X. (Technically, this restric-

tion is called the X-scction of N determined by x in X.) a is a function

This paper represents results of research which has been suppar ted
by the Burcau of Ships, U. 5. Navy.
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detined on X with values ia the non negative subset of the real nuilba:

system. a is the (volume) atteinuation function. The value of a at x

is writter oo « (_>_c). v is 2 function defimed on X x = x X with non

negative real yalues, o is the (volume) scattering function. The valus
of 7 ¢t (x.7', ¥) is written os o(x, £, Y. n is defined en X with
values in the resl nasber Interval {1,e). n is the indux of refraction
Ww
function. Thu vilue of n ot x is written n(x), znd fs called the

index of rciraction of I ot x.

(Scatte ing ond absorption isotropy are implied by

the nota lon for a. Isotropy (in the geometrical
optical sgnse) is implied by the notation for n.
Further agsumptions about M such as unpala ized flux
and time independence of N are implicit in the notation.
Fixed wavelensths for N are implied.)

4 ray through (x, §) in . is the (unique) sct of points in M
defined by the soluticn of the Buler equations of motion for photons
in M with boundary condition given by (x, 5_). In other words, a ray
is the natuml trajectory taien by photons in M. 4 path is the subset
(ﬁ, E, r) of a ray comprised of all points at a distance less than or
equal to r from x, as wcasured along the rgy and in the direction §

from x.

(is more precise, but perhaps even less intelligible
definition is possible. For the present, this

definition will suffice. 4 diagmm of a ray wuld
look like:

4 diagram of o path would look like:

4 ray extonds indefinitely on either "side" of (5, f_).
& path is a sensed curve through (x, ¥) of fixed length.)
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If a 1s o constant function, rays in M are straight lines in M.
In this casc, the notation (x, §, r) for paths in M is especially con-
venient: Lny peint in the path is uniquely determined by the form
-

< < .
x *r' §, 0% r'= r. Vi call x the obsorvation point, and x' = x + r §

the target point, thusc definitions are to hold also in the general case,

the target point being denoted by x'. 4t times it will be eenvenient to

replace (x, ¥ r) by the symbol p.

2. Principle of Relative Scattoring Order (porso); Inherent Radiance.

The scattoring ordur of 2 given sample of radiant flux may be

arbitrarily fixed. The subscguent history of the sample as regards its

scottering order is ymiquely detormined relative to the fixed order by
means of the scattering propertics of M as summarized by o.
(This will be illustrated later. It is assumed here
vhat is meant by Vscattering order,! firediont flux,"
and' "given sample,” 'though each may be defined without
difficulty. The principle exploits the exparimental
indcterminateness of scattering order.)

Using the porso (usually implicitly) one derives the intcegral
equation of transfer for N. This derivotion may be mode from first
principles, or using the formal solution of the integrodifferential
g.uation for N. In the customary representation of the equation, N
is equated to two terias: NO, and N¥%, Thoe former term is associated
with the "o" group of photons comprising N. This group is presumed
to have arrived at (x, ¥) wit hout having suffercd any scattering actions
by M. The latter term is associated with the ™" group of photons

comprising N. This group is presuncd to have arrived at (x, §) only
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after having suffured at least onc scattering action by M. The sym-
bolic cquation, N = R Nei represents the gencral decomposition of

N into two components: the unscattcred, and scattercd componont respect
ively. Specific examples may be exhibited which demonstrate that this
decomposition is ot unique. This non-unicity stems froi the use of

the porso. For once non-unicity is a blessing rather thon sacevil:

it reflects (as will oe demonstrated later) the freedom af ohoice of
"inhcrent radiances,® and thus the freedonm of represcntation of "appercent
radiances." From what hos been developed so for, we may state the formal
definition of inherent radiance: N(x, §) at (x, ¥) is an inherent
radiancc if and only if the porso has been invoked to assign 0 scetter-
ing order to N(x, §); this assignation is denoted by NO(E, 5).

(Webster's New Collegiate Dictionary defines “inherem" os,
to be a fixed elecment or attribute" . . . "bclonging by
naturce or scttled habit." The choice of the tcrm "inherent"
in the light of the porso scums wellemade,

We toke the opportunity in this parenthotical pausc
to point up the cxistence of two classes of radiances:
ficld radicnces, and specific radiences. The radiance
N(x, §) is o speeific radiance (in the 1953 lecture notes,
called surface radiance) if the photon flow is in the
direction of §. N(x, §) is a ficld radicnce if the photon
flow is in the direction - £ .7 Their numerical valucs at
any point in M 2re of course equal; the use of onc¢ or the
othur is simply a matter of conceptual convenicnce and
individual prefurence, The specific radiance is the
goophysical counterpart to the astrophysical specific
intensity, and in each braach appenrs to be. preferred when
a lagrangien analysis of the history of an enscmble of
photons is ninde. Field radiocnce arises whaon & Gershun
tube is pointed.in the direction § and photons arc funneled
dovm the tubc in the direction — § to register tleir
prosance over the photoscnsitive device at the base of
the tube. The integro-differcntial oquation, for
example, 1s most easily derived using specific radiance.

The interpretation of the integral equation of transfer
more conveniently usce ficld radinnce.)
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3+ Tranomittauace and Scattering Oporaztors.

Let p = (x,5, r) bo a peth in X, We may associnte with p a rewh
awber T(x, 3) = expl-/p a(x") dr']l. The integrol is a lino integral

of o Lloig p. T is the transaittance operator, and for any wath,

Tutz, ) is tho weam transmittance of p. We uay usc T, for chert if x

and § arc understeed, i.e., if p is understood. If n is 2 senghent
function on M, thc line integral may be written more explicitly:

T.(x, §) = uxp{—/}'{zc. rrt a(x + rt §) dr']s If, in addition to thc
assumption of the constancy of n, we assume a constant over p, then tno
form for the beam transmittonce is cven simpler: T(x, 5) = exp[-ar],
where a denotes the constant veluc of the attenuation function over p.
We observe that n neced not be constant in ordur to deduce this simple
form: the constancy of a on p suffices to deduce the simple exponential

form of the becam transmittance of p.

Let p = (x, £, r) bec a path in M, let (x, §), and (x',§') be
observation and target points of p rospectively. Using the porso, let
¥°(x',§*) be the inherent radiance at the target point. Tha

To(x, $)N9(x’, §') is the transmitted radiance of the target point

(as seen) at the obscrvation point of p. We may write the transmitted
radiance as Np(x, £), or N? for short when p is understood. Thus,

Ng(g, _f_) = T.(x, $) No(zc_', i), or N;), = TI.N? for short.

If L) is a subset of = , we associate with the triple (x, ¥, 0 )

the scattering operator Sg (x_) i), dcfined by,

S (x, £) =/ [.] o (x, §£*, £) dw(§'). This operator has as domain
the class of all radiance functians on M. In particular it operates on

the radiance distribution N(x,.) to yield a function Ng (x,.) on =
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which is the X-section determined by x of a function Ng defined on if,
ise, 8g(x, 5) IN(x, )] = -{Q_N(E: 5Ma(x, g?b g.) dw(.g.fj - N.;’L(.}EO g). =
triple (x, §, =) 4s of central importance ang¢ the most frequently uscd.

In this case we will write Su(x, §) [N(x,.)} = Nu(x, §)e Phyaically, Ny

assigng o radiancc per unit lungth to the ray through (x, §) ot this

point in M. N, is the path functien on M. If the radiensy distpidution
is agsigned a Scatter'ing order m at x, the scattering opcrator Sj (x,5)

assigns a scattering order m + 1 to N, (x, 3).

L« Path Radiance.

Let p = (x, §, r) be a path in M. The radiance, /pTr'(_zg, PIN(x", §") &

is the path radiancc of pe If n is constant on ¥, we may write more
X+r ¥

explicitly, 4 T (X, $)Ny(x « r'$,5) dr'. We designate the path

- * 3
radiance by the symbol N (x, §), or N for short if p is understood. If
. = r
* A
N along p is assigned the scattering order m, then N has the scattering
r .

order m + 1,

S. lLpparent Radiance.

Suppos¢ N is a radiance function on il and p = (}_5, 5, r) is a path in
M. Then N assigns to (x, §) and (x', §') (the obsorvation and target points
of p) the radiances N(x, §) and N(x', §') respectively. Now we usc the
porso to assign O rclative scattering order to N(x',5'), and write N°(X', £')
Second, we use the transmittance operator to obtain the transmitted radiarce
Ng(_:g, 5) = T(x, E)No(z', §'). Third, the path radiance N::(g, ) of p is
determined. It then follows from the integral equation for N tha N(x, §) =

¥
N (x, §) + N (x, 3). If py = (x, £, r)) is another path, ropeating the
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above thrce steps would yield a different decomposition of the value
N(x, )¢ = Norl(g, {_) + N:l(z, £). This illustrates the earlicr
remark that the docompoeition of vilues of K ipto the "o" «ad ™" grouy -
i3 not undque. To indioate the particular deggrnpogitz}.qu um@or émw,

i is then reoemucades te append an "r® to N, and wiﬂ;q D?r(g, £) =

N?.(lf, i)+ N; (x, ). Whencver N s décompostcd in this wéqy‘; ve chall

indicat o it verbally By saying thet Nr(gg, J) 4is tho apparcnt radiance

of the targct point (aé scen) at the obscrvat ien peint of the path (x, §,
aAppercnt radiance ig always—-by definition—agsociated with a given path
in . The synbol r in the abbreviated notation is the vestigal reminder
of this important fact,

(it any point (x, §) in an optical medium ¥ there is a

path (x, ¥, r) such that x' is on thec boundary of M.

Therefore, r may or may not bc infinite. We may asso-

ciate with (x', §') an inhcrent radiance. It follows

that the values of the radiance function in any medium

nay be interpreted as the apparent radiance of the

boundary of the medium.)

6. N°, N, and N_.

For any path (x, 5, r) in M such that r = 0, we have T (%, ) =1,
and NZ (;_c, 5_ ) = 0. It follows from the cxpression for apparcnt radiance
that N° = NO = N . In this case ths symbols may be uscd interchangeably
in numerical computations. For a path (x, §, 0), however, thcir inter-
pretations remain distincty (apparemt radiance) = (tramsmittgd radinance) -

N N
(. )“enir 14 )‘ [e] o]
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Tt scoemg possible to employ the following rule governing the use of

. 0 e . . .
wyoana N': N shall be used as arn inhercent radiance being preparcd for

a1 intendeld transmission (i.c., an application of Tr); this lcaves roon
v vhe resuleing rosubser'pt. M shall be used if pe use of T, is con-
tapletau (oege, ip Uhe dedinition and manipulaticis of inhercnt centrasw

cLgLiriag e applict ione of Tr)'

TL fx, ) 25 & poine in 4, toe bacigrovnd G of £ is the sct of 2l
;0 ia T2 sueh thnt _‘j' # 5. Tn genera). the background of a seh A of
it voetors it the set G = I L. If (X, gl) and (52, 52) are any tvo
points of M, the real number (N(_J_c_l, il)/N(gr;Z, _}”_2))-1 is the simnle
contrast of N(x), §;) with respect to N(x,, £,). If (x, £) is a point
of M, and [E&] is a sequence of wucvors in the background of f which
converges to §, thea the limi%, if it exdsts, of the sequence

[(N(x, 3)/N(x, _f_i))-l] of siuple contrasts is said to be the [§;] -

contrast of N(x, §) with ruspect to its backgrounds

(It is not hard to concoct an cxample which yields con-
trast depending upon the choice of sequence used to
approach the direction 5., The complicated formulation
of a (sequential) - contrast reflects the generally com-
plicated problem of determining what one nicans by the
contrast of a point or cxtended object in an actual sccne
when viewed ageinet a non-uniform and non-continuous
radiance background. The time is soon to come when we will
rcach the cross-road in the matter of the definition of
contrast. As it appcars now, at the cross-road at least
one of two sacrifices must be made: (a) Sacrificc logical
clarity; rctain the intuitively simple but ambiguous
notion of contrast. (b) Sacrifice the appealing simpk
and intuitive notionj retain logical clarity. Since the
notion of centrast is designed primarily as the measurc of
the detectibility of the radiance under question, and since
the detector (eye or machine) will do the task of dis-
concerning, perhaps the notion of contrast can be tailored
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ta the detector: one notion for the eyc, ancther for the

machines The precision with which each notion can be

defined will rost or the precimsion of knowledge of the

propertios of the dcetector., In this light, the netion cr

contrast fcr 2 machine can be mt inte logical and unam-

biguous ferm beforc that associatsd with the eye s Pre-

suncbly because the mechanics ot the erdinry machine is

morc read ly doteorsinable thon that Jer tha eyc.)
Tupposs the madionce function has a simple discentinuity ot (x, 5) sucn
whab tac bockeround ef ; has wniform radiance, than the obave doffnitin.
viclds & contrast independont of every sequurce. This is the state ol
sifrirs woually assumod in order to obtain a meanirgiuil- definition of
cenirast, and in practice the asswption of uniform backgrourd, at lees.
ir. the neighborhood of the torget, can be made with same justification.

If the radiance distribution N{x,.) is continuous, then cvery sequen-

tial-contrast is zaro.

Let x be a2 point in X, 4n extended target with respect to X is

the sct of all target points of 2 given collection of paths through X
Thus for a given point x in X, an cxtended target with reg ect to X
defines a subset X' of X. Conversely, suppose x is a point of X and X'
is a subsct of X, If x' is any point of X', then the pair (x, x')
defincs at least one path in M through both x and x'. It follows that
X' is an cxtended target wvith respect to Xo With cach extendcdt arget
X' with respect to x, there is a collection 4 of unit vectors associated
with X' (which point from X to points x' of Xf). The background of

X' is defined as the background G .of L. For radiomctric (and photo-
metric) purposes i may without scrious'cmfusion be identified with--
X's In other words, a target may be considered a collection of direc-
tions from a point x in X, and the background of the target is another

collection of vectors in =2 .,
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Let X' be an extended targot with respect to x in Xo  Let L be
the collection of direction vectors associated with X', aud 't G
be the backgrourd of 4, If x' is a point of X', and (x, ¥, r) is the
path hetweon x and x* , and §' is a point of G, then |

Nu(x, 8) -1
N(x, §')

o5 ort®) -
is the apparent contrugh of X' (in the direction §) with respect to its
background G (in the directicn §'). This definition is nade in terms

of simple contrastsy in wview of the remarks above (in the marentheses)
it is unwise at prescnt to attempt a comprehensive definition of 99@—
p§féﬁ§&§ﬂ¥&fgspﬂ in ternms of sequences. The above definition is phrased
S0 és to allow aﬁ apparent contrast to be assigned to such an intangible
as a cloud {or even a traﬁsparent subset of X) and at the same time be
applicable to more substantial targets as planes, ships,'etc; Saying
that Nr(§,_§9 is an apparent radiance commits us to writc it in terms

of a transmitted and a path rediance, yet in view of the conclusions

of section 5, the target point of (x, g, r) nced not be associated

with a material point in X. By the same analysis, the N in the dcnomi-
nator may be interpreted as an apparent radiance, and written explicitly
as such if need be. This latter possibility will be exploited in

the derivation of the expression for contrast transai tbance.

A sequential definition of contrast for an extended target is
possible if N({, .) is constant over i and over some neighborhood

of A in G, 1In this case we writes
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ANr( x)

T

Sractuy, the v should ot e retained, but usually, with the indtiadl
cuwEgtion of unifera rediznce over A and G is the wdod Syevien that
clu pointo of X' are ot the sé;-;ae distence r from x, ~nd v.ith this in

leree, roway by pieningfully retzined, The letter vroseri, ts anogar

esseuvial for an unaabigrous actation which will somwve to idzutify the
et ov region widor considereticon.  This potation gayr be used et
vhon o consists of a single vector _f In . acecordance with the rules of

use for N (section 8) wo any vmrite

Co . N
LGR(x) = do(x) -1
G (x)

for the inherent contrast »f 4 with respect to G,

8. Contrast Traaocuittance,

In any optienl modiwe of .ractical intorest s D is ossuned to hove
continuous derivatives of the first order for all its suetions, and
ay, 0, md Joare asswied integrable (in the sonse of Lebesgue, it aced be).
It follows that paths (x, _f_, r), =ssociatud transaittances Tr and eoth
N

radiances Nr are all continucus in coch of the varinbloes X, §, "na r,

For aora delicate arguicnts s 11 1s required to have only disec ntinuitice

of the tirst kinds 1lin N(x, §) wxists for cvery (x', £")
(x, §) -»(x',§")

in i,

(p)
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Let (x, §, r) = p, and (x, ﬁ_:l,»rl) = py be two paths in M
(observe that they have the same obscrvation point in X). Consider
the simple contrast

5,8 co() = M (x5 o
rlX _T_—T:fl

LSf.ug Py, the denominator may be written as as apparemt radiance.
Using th: porso, N(xi. 5 ) (the radiance at the tapget point of

}Il) is assigrad (rclative) rca‘"bering order 0 and is doaignabed

vy K° (x ') Thus we Lave, N, l\y, 4 ) =T, (x, f\N (x\‘L 3 )

+ ‘_‘:;':1-\3_,,;_1). We sct r = rlﬁ,. anxd excmine tho 1lix C (x).

(£,-> fl £ 5 '
Tt is clear that the form fer the simple contrast -

is: 5 f C. (x) =
fN“(gc_ -xro( l)]Tr(x £)+[Tp(x, f) - To(x, 51)]N°(x fi)+.£N§i(5,§)-- N_(x3.5))]

=~ - i

%

>

N (xl,f Yoo .
To emphas:.zc the fact that (x', 3' ) is the targct wé wrltc No(x ) )

"as 'AN (x', f ), and; s;nce ‘f'l is in th(, background of 5, we wrlte

| W(x, §1)as GNO(_,Si,.-ii"):.

(o] . o : '
Set, ~N (x', §') = lim N(x}, £'), and
G (-}E - 1§ - 5,(_1- — - .
3y °3
Nr(x, 5) = l:Lm ->j' C-N (x, 5 )

7 . _ - ’ .
) Vihencver possible. OQOtharwise the argument is trivially modifi.d.
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3y convirolity.

Ma [Tlxy £) - T(x, £)] =0, am

]
Y ey - _o.
in (N (%, 3) -8 (x, -)]
.5
L we write,
AGgr(x) = l{m .; -Elcr(!)’ thon
§,=->

— -

AT
AGGT(E) - E - G

C—i'\rr(?-(" _f) 7
GN(S(?i.’ 5‘) {ANO(.}S" i’) = GNO(?.E': S.') ]
o T(x, 3)-
he(x, T o(x, i) % 3)

This is the general form for the apparent contrast (of the sequential typ

associated v th the psh p. If r = 0, then T, = 1, and GN‘?'(i_'{*;“-ﬁf),;.

= oNo(x*s £') (section 6). Hence

hNO()_c') _{') - d\‘o(ily z')
No(x', §")

ugCo(x") =

Thus we may write,

AcCr(x) = olx', 19 T(x, 3) aglolx!) = T: Colx")
aNe(x, 3 :
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is an interesting but ifle notational curiosity, we exhibit in abbreviatec

farm the follmwing iuvarinnt (invariant along all rays in H):
AGCI' ."LNg Glllr = AGC o AN]?' GNO .

The mumber in squarc brackets ((‘1‘;‘:) on the proceding page) is tho

contrast trenamittance asscciated with the path me  Centrast transmitta -
anlike beam tronsmitionce, is dependent upon tho M jeht field" along e
Tis o2t is made more ridemt by writing the centrast transmittance of -
in the following forme
contrast tranemititance of p = s
¥
l + Nr(?_c_, z)
M
NEHX, §)
: 0

where p = (x, §, r), 2nd Nlr is the path radiance, and G T is the

(limit of the) transmitted background radiance at the target point,

as seen at the observation point of p.

Suanary:s Contrast is one of the amore complicated concepts of
Geophysical Optics both as an analytic and as an episteiic concept.
Tt can be defined analytically with rigor, but perhaps al the oxpense
of epistomological significance. .t present we will be satisfied with

the definition of simple contrast, and sequential contrasts in light

}‘i.elds with simple dis® ntinuities ond uniform target and background
radiances. Definitions of contrast in these settings appear to
simultancously satisfy simple and meaningful interpretations both on
an analytic and epistemic level. . derivation of the contrast trans—
mittance associated with a path in ii is made under the simple setting,

with the proposed notation appearing in full dress.
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7« Further Radiometric Notations.

Let n denote a fixed unit vector. Define ), = [ 5: §.n ) 1,

wd 0= i S £0 ). Then for any pair (x, E) in i, ve
definc H(x, n) = [fo, N(.E, §')n . §' dw(§') a8 the u'rad:wnce at
(%, n).. The functieri H, like N, is defined on i, Whén n is fixed
nud imown throughout a siven discussion (as, c.é., t}}e unit upverd
normsl is 2 semi-infinite planc~-parallel optical noddum such as the
cistomary medel of a matural hydrosol) we may write H_ for H(.,n),
1ad H_ for H(.,-n). (In an oxpanded expositowy accoumt care mmist
be exercised ir stipul:ling which radiancc--specific or field—is
being used in order to avoid confusion as to the directionality

of flow of the radiont enersgy across the surface normal to n.) In

this casc, H_ and H_ arc functions on X.

+

H(x) = /. N(x, §') §' dw(§') is the vector irradiancc at x.

H is defined on X and has values in X (considered as a vector space),
but to avoid confusion we may rcplace its range space by a copy of

X wdth each triple assigned a dimension of irradiance.

h(x) = /_ N(x, §') dw (5') is the scalar irradiance at x. h is

defined on X and has range in the real number system.

(it present h serves both for scalar irradiance
and scalar illuminance. It is suggested that o
be used to denote scalar illuminance. This @ m=
pletes the analogyl H is to h, as E is to e.
After some consideration , it is felt that no
scrious confusion can occur from the use of ¢ as
a scalar illuminance and in an exponential expres-
sion. From a typographical point of view, it is
furtheruwore desirable to write exp[-kz] than ¢™®2,
and beam transmittance T, ~lready obviates to necd
for frequent use of expohentials.)
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the remeining sywbols W, U, J, P, and u nsed no further special
attention in this discussion, other than the obscrwation thot W and u
arc functions of the type of H nnd h respectivily, and that J can be
dispensed with, it ®eing at best o trouble-makur fer pegimuers and
experts alike. J cannot bo defined in terns eof U, ond cenversdy.,
This fact in itseclf provides safficient groumds for ¢ sathomatician or
a nathematical physicict to cxclude it'from any discussion involving au
opbical medium (i.c., tw quintunle (M, N, a, O, n). fnything
that a J was supposed to do 2n be done better by an integral or a
differential of N over a surface in X. (This can be convincingly.
illustrated in an oxprnded account.) Finally, we define Nq = N, /a,

as the equilibrium radiance.

10. Refleotances, Transmittances.

r(0), and t(8) can be used for the values of Fresnel reflectances
and transmittances, with n understoods r, and t can be uscd for general
rcflectances and transmittances; functional modifiers and subscripts
may be added when neeoded. These lower case letters should be reserved
for reflectances and transmittances associated with surfaces. In this
way we are free to use T and R for transmittances ond reflectances
associated with regions (or subsets) of I with three-dimensional extent.
It is felt that these syimbols may be used in both radiometric and

photometric contexts without any possibility of confusion,.

11. Auxiliary Attenuating Functions.

(1) a, «nd o taken as basic,

(i1) s =/ o dw , total scattering function.

——

(iii) a = o - s, volwae absorption function. Hence a = 2 + s.
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(iv) f = /IHJ dw , forwerd scotturing function. (coll. flux)

[Hore precise def, in expanded accounts]

(v) b= /f,-0dw, bociward scattering function. (coll. flux)
uneLion
Hence s = b + £,
(vi) D = h/H, distribubion factor.
(vii) k (lower case) irind.-nse attenuation function (arising froo

RO

shuster two-flix, fixoli-radicnce analysis).

(viii) W, s/a scattorii-nifamotion ratie (albed for single

scattering).
In an expanded acconnt, greater precisinn nnd clarity can be
attained. For the present, we are interested only ia the notational

aspects as regards choice of symbols.,

12, Raneesg sHttenuating Lengths.

(i) If p = (x, I, r) is a path in H, and o  is some fixed
(reference) valuc of a, then r(x, ¥, r) = (1/ao)fpa(§") dr' is the

optical range of p. e nay write F(gc_, f, r) = (-l/ao)ln Tr(zc_, £)

or ¥ = (-1/a ) In T for short when p is understood. If a is con-
o

stant on p, then T = r, if a = a(x).

(ii) Let (x, §) be a point in M. If thure exists a path
(x, £, v) through (x, §) and in H, such th t thc contrast transwittance

of (x, 5, v) is 0.02, then we say that the environmental range at

(x, §) is vo If il is a natural aerosol (hydrosol) then v is the

meteorological (respectively, hydrological) range ot (x, £). If

N(x,.) = N(x",.) for all x" along the ray through (x, £), then it
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may be shown that v(x. 5, v) = InS0/a . If in addition, a is constunt
en the ray, v = laS0/a_, if o, = a(x) : cach of these cuses hold

‘.

providing the oith (x, ¥, v) i5 in L

riis;  If v stands noncntorily for any of the wmbols 3 «, s, &, k ("nd
any okher of the auxiliary attecnvating functions) the quantity 1w
it a lengbh, cnd will be aeszgnated by Lw’ and is conerally weferrced to

as an attenvaving Lo th, Ia particular, La is an attumuction lenzth

L, a scattering scaqth, ote

(=]

13. Miscellancous.

We have suzzes-ed rotations for the smost frecquently occuring
radionmetric and atteru:*ing functions, and in this way hopc to stabilize
then for futurc papers, reports, etc. which will require symbolic repre-
sentations of these notions. Considerable study of the symbols has shown
that virtually cevery case considered in radintive transfor can somchow
be covered by the present cdopted notation, with perhaps an crrant
subscript or other cmbellishmar t needed here and there in particularly
complex situations, but thesc too, may be fixed after carcful choice
when they arce encountered. Except for sca-state which is sywbolized
by 8 and is fairly well cntrenched, we should be reasonably free to
choose anong X, y, and 2z for cartesicn coordinates, and 8, ~nd ¢ as

polar coordinatcs (zenith and azimuth respectively)e
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1h. Examplcs of Usc of Wotation

(i) The (integro-differcntial) Equation of Transfer.

aN(x, £) . _ AX)N(x, T) + /o Mx, £)e(x, £, 5) dw (£1)
—== =

= "C(E)N(}_&) E_) v N-);-(?S, _5_) .

Tnis cquntion f& ~lwys associctad with 2 rey. d/dr is the Lagrangionug

derivative ¢f M along the ray. Heve the radiance function is cone

venienvly thougnt o7 as spoeeific rndinuce. The abbreviated foma of the

cquation iss

AN s o+ v,
dr e

(ii) The (integral) Equation «i Transfer.
o *
N(x, §) = N (x, §) « N (x, §)

= T.(x, ON(x', §1) + [ Tp(x, X__)N*(g", ") ar!
P .

This equation is always associated with a path p = (x, §, r).

Here the radionce is conveniently thought of as a field radiance. The

abbrevinted form of the equation is:

3¢
N, =‘N‘; +N .

(iii) Spceific targets; .arguments understood.
—¥———- [ — % A
i
3 v
'R

LA ALY o (& & A ot o 0 A v

idpparent radiance of target A:
#

O
ANr(:g’) = NO(2) + Np(z)
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Here the argunent (i.c., the symbol in parentheses) indicates
where the observer or instrument is. The subscript indicotes symbolically
the distencs wo the Gerget i, ond the prescript identifies the target.
The need for the prescript is pointed up if, in addition to the target 4,
we wish to consider tho radiancc of its background 0. Ve donote this ty
éﬁ(z}; we are 2t z, looking alone a predeternmincd dircctiom which is
assumed co.rion knowledge, hence it is not cxplieitly siowng we are lool-
ing at object G, which in thiu cice is the background of A, If the nocd
arises to consider éﬁ(ﬁ) as aa apparent radiance, then we append a

subscript r, with the appropriate magnitude,

(iv) Schuster inalysis of radiant Flux.

One of the equations would look like:
3

* 3 * %
T = e} o)IE)(2) + BH (2) + £200(2),
dZ , . . ’
3¢ 3%
Here Hﬁ and H_ ropresent down and upwelling irradiances comprised of

radicnt flux having suffercd at least one scattering operation (hance
the asterisk)s HY is the transmitted irradiance which is downwclling
(cf., Ni). ai, and bi are absorption and backscattering coofficients
for Hf; another sct would be available for H%_. Without going into
adaitional details, this example should demonstrate the appropriate use
of the s/mbology, and its versatility through proper usc of super-and

subscripts tacked onto basic letters,
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