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INTRODUCTION

The purpose of this note is to present an example of the
aprlication of the vector theory of the photic field ("light
field") to an important class of scattering-absorbing optical
media, namely the class of natural hydrosols conéisting, €.8.,
of oceans, harbors, and lakes., The application is at the same
time of practical value in that it yields explicit expressions
for the depth-dependence of the light vector in terms of its
components at the surface and certain of the optical properties
of these media, Furthermore, the discussion presents particularly
simple interpretations of the quasipotential and related funcﬁions.
These interpretations emerge naturally from the geometry and
physics of the present application. In this way we add -to the
evidence that the formalism ofvthe photic field as developed by

Moon, Spencer, and others (1), (2), 3 is of more than academic

1 This paper represents results of research which has been
supported by the Bureau of Ships, U. S. Navy.

2 Scripps Institution of Oceanography, University of California,
La Jolla, California,

The boldface numbers in parentheses refer to references appen-
ded to this paper.
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interest, and in fact provides an elegant tool for the study
of the light vector in the practical settings encountered in

the study of hydrological optics.

While the practical context of the present discussion is
limited specifically to that of natural hydrosols, the mathema-
tical arzuments apply equally well to any arbitrary plane=
parallel scattering-absorbing medium in which the light vector

possesses a quasipotential.

THE ‘QUASI-IRROTATIONAL LIGHT FILLD IN NATURAL WATERS

The present discussion make: use of the concept of a
quasi-irrotational light field, i.e., a light field in which
at each depth # of a natural hydrosol, the light vector

satisfies the integrability condition:

H(2) crd H(Z) = O (1)

In general,_ﬁf , the light field (or vector irradiance function)
is defined at each point X = ()(/g) Z) of an optical medium

by the relation:

vy

puy=[_snasidE,
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where Z.. is the unit sphere (the collection of all unit vectors)

in euclidean three-space ~ ; , and M4 -} is the radiance

(or helios) distribution at point X

As shown in (12) below, the justification of the use of
(1) rests on the follcwing two vectorial statements of well-
known experimental facts about the spatial and directional dis-

tribution of light in natural hydrosols:

(I) For every given Z = 6167',2‘ is
independent of X and t{ .
(II) For every given pair (x Iy X K7 Z)

is parallel to a fixed vertlcal plane for

all 2. =2 O

Of course, some variations of ff on horizontal planes, and some
oscillations of the vertical plane containing lﬁf dq oceur in
all natural hydrosols. However, properties (I) and (II)
summarize the two most readily apparent and permanent gross

\

features of the light field in natural waters.
INTERPRETATICONS OF THEL INTEGRATING FACTOR

The general theory of vector fields asserts that to each
quasi-irrotational light field one may associate two real-valued
functions éﬁ and é: » defined on the appropriate subset of é;é
representing the optical medium, These fudctions have the

property that:
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(3)

&5, is the quasipotential function, and .” is the integrating
factor. Iiquation (3) is the necessary and sufficient condition

that

M. cowld 4 x) = O

at each X. of the medium (3).

In the present context the function 4:: has particularly

simple and interesting geometrical and physical interpretations.
The Geometrical Interpretation

Figure 1 defines the rectangular coordinate system usually
adopted for the discussion of the light fields in natural hydro-
sols. The fixed plane of property (II) is the X ;& -plane.

The unit vectors 42 anrd .f? are as shown. The unit vectord;(‘

along the positiveé% -axis is normal to the plane of the figure

and directed away from the reader.

Consider an arbitrary rectangular path ABCD in the
plane such that its sides are parallel to the coordinate axes.
According to (3) and properties (I) and (II) of the light field

in natural hydrosols, it follows that
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-~

! 7 . ‘_"/' s

and that

. . _ ; Ar;, N . T l/.u )
T B RS e = S EE e

DG

Since the integrating factor is unique to within a multipli-

cative constant, the preceding expression requires that

be independent of X and // . Letting

W a) = KD - £

we have

-

FZIH (i) = Z(F)H G 2)

From this and the preceding observation on the uniqueness

of | , we may write:

e

f( )/7 f’ J> = A _,f; £ ) (5)

for all ZZ (0 . Thus i  is a dimensionless quantity which
normalizes the horizontal component A/ (Z < ) to H €, s ) at

every depth 7% Z &
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The Physical Interpretation

The invariance with depth of the product

shows that the depth dependence of {? (;Z:) is such that its
logarithmic derivative is equal, to within an algebraic sign,
to the logarithmic derivative of the net horizontal irradiance

(pharosage) /A (7 ;g/ﬂ) . That is

...!.._ ‘:‘:/_{/_{,7 ,> ,..::j_.__‘, /‘."::‘l & (’/ T )

i gE T Hlal)

N
N
(1
N/

Now the logarithmic derivative A /f"" £ ) of M / < ,4)
is but one member of an important family of apparent optical
properties used in modern hydrological optics (L). This family

of optical properties includes such well-known quantities as

/7 :_i_ §Z§f€£€f2
ZA(E) = r T ET (7)

where

N ~

)

wile 2)d (%) (8)
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is the scalar irradiance (space pharosage) at depth £ . Thus
the logarithmic derivative of % is none other than the

A: ~function for the net horizontal irradiance in the:&j—direction.

According to (5) we may represent 6/""('Z)as
Jle)=p € (9)

where we have set

cE)={ Fzi)dz (10)

THE CURL AND DIVERGENCE OF THE SUBHARINE LICGHT FILLD
The Curl

Under the present assumptions (I) and (II) about the light
field, and with the adopted coordinate system, the curl of {?/

takes the form:

o Hiz) = -2 LHEC L)
Sk 70N ‘/ // tz-:z_ i 5
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so that

2 e S ACELDIH (2.
el ﬁC)*Z KCZL)H (2L ) )

It follows that:

HE) cd 1 (2) =0
(12)

The Divergence

The derivation of the divergence relation for the light

field in (source-free) scattering-absorbing media will require

the use of the equation of transfer for radiance:

, VA/Q(f )= -t _/,X)A/L/?;",.,f)?‘ /‘{f, @,ﬁ.‘f), (13)

1t

y
|8

e

where the path function (heliosent) /34¢ is defined as:

NG~ |58 mls’) d LG,

———
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Here ¢ and & are, respectively, the volume scattering function

and the volume attenuation function.

If we set

A x) = _ o ’), ) s (5), ()

~
s
=

which is the (volume) total scattering function, then from

general radiative transfer theory,

LX) =alt) + o (1), (16)

where @ is the volume absorption function.

Returning to (13) and integrating over —— , we have:

——
[ ———

dy A= —K K)HE) +a () /;&’/ )

which reduces to the required divergence relation:

Ly H )= -Gl (17)
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For the present geometry, (17) reduces to

— P

S e s et ot et s e

d 2 (8)

Het)= H(E). 2 (19)

is the vertical component (the net upward irradiance) of the light

vector at denth Z .

GENERAL REPRESENTATION OF THE SUBMARINE LIGHT FIELD

The starting point of the present derivation is taken as

theorem 9 of reference (1) which asserts (in the present notation)

that if
dyvt (#)= -a(z)h (2)

and

/L/(z),&x/LZ/-/(?:)= 0,

-
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then a quasipotential _55_ and integrating factor ‘g” exist such

that

VL) 5 b 9 (5, ) by e ]

(20)"

It follows from properties (i) and (II) and the preceding equation

that_ﬁ% can be at most linear in X andc;g , so that from (3):

HE) =5 [+ 2L s N = _ ,
L C=5a [F 5 72 3y T 32 /5
we have
22 _ 4
DX 7 (22)

a ccnstant. Furthermore, b - virtue of the present coordinate

system,

2% _ o (23)



H) = o Aloc)e Cp )i don i@y |
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Hence 7Q- may be represented in the present context by

Foz2)=Axrf(z).

According to (20) it remains to determine A and jgx?kt):<7§§agz/éz;g‘

Equation (20) may then be written:

Fle)-i(ze) - 7@ ale)bfz) =0

The integrating factor for this differential equation is clearly

__!—\ - : "C.(é’)
Fez) T ¢ -“'
so that
. /- N/ //
(;"(2;)//2f-62;%/) - (G?'), j(i?'? B
and

L | 2 , .
][(2.‘)/[,{(5’) ~7{1/ff 1 G E)dz’

)

Finally, from (21) it follows that

-
s |

-t



SIO Ref. 58-66 -13 -

which is the desired general representation of /1,

A

EXAHFLISS
The Case of lsotropic S3cattering

For the remaining portion of this note we will assume that
the medium is homogeneous, i.e., that <X (and hence ™ , 4.,
and & ) is independent of depth #& . The present paragraph
will be concerned with an illustration of the particular form
that A C;?J takes in a medium that scatters isotropically
and which is irraiiated at the upper boundary by collimated flux
incident at an angle B,z arc¢ces ,'Uaj. @ = ( , where ¢9

is measured in a horizontal plane from the positive X -axis,

Now it is easy tc verify that the diffuse component of the
light field (i.e., that part consisting of all radiant flux
scattered one or more times) is symmetrical about the F -axis.
Hence the net horizontal irradiance receives no contribution from

the diffuse light field. Therefore

NS /2
HEe)=H @,é)é / J (25)
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so that A~ (2,(;; } in this case is represented by
£ (Z,;{:, = OQ/;&}; 5 (26)

and

(27)

Asymptotic Form of the Light Field

In optically infinitely deep media the values %f?—)
of the function % derined in (7) rapidly approach, with
increasing Z , a fixed magnitude J,,which is indep‘endent of
| the external lighting conditions and which depends only on the

inherent optical properties of the medium (5). In view of this

it is permissible, for most engineering calculations, to assume
that there is a depth Z .= O below which ,’é(&’) = %90

From the divergence relation (18) we see that in general

. 7,
/7/(23/.%)’ H(’:‘,'J_é’/’):j Q,(Z)///i?/)(//z} )), (28)
.Z/ ‘
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so that in particular,
_ - Z \ /
H(ZF£)- //(’ri',é):j w (2 h(z) 7z
v

Furthermore, in the present case,

— - s 2 ; 4 N
HE)-HE.£)- a‘) L)z = wh ("—c-)) ¢ oz
£,

= -ahl(2)e é”é[e - . éa 2 7
%.. - -
= M/-/_ e -é/.m (:Z—Z,) ]
£ | /

It follows that the % ~component of //(Z) in (24) may

-

———

be written

2
R k) Blk) [ a(2)bie) d2°
_FEh)[alarh@)dz
<,

"] ' - L A.(Z-Z,
=H(.E)+ 1%’13;1//‘ e ) ]

Now since H (Z,.._é)‘? o as Z —3oa , it follows that we

may set:
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so that (24) reduces to

LS _c(22) _ A (z-2)
& = Hiz, L)e™ """ A HzL) e .
) . (e

for )? ;;.j?o ,

A further simplification is effected if we observe that for 2z 2

©)

the diffuse component of the light field is essentially summetrical

about the Z -axis (5), so that, as in the isotropic case,

£z L)=2D°%K

where we take

, /
~7DL/': o
~ /00
for clear sunny skies with sun at &, = 4¥rccos /, from the

zenith, or

2°=/

for overcast days. Thus, with these assumptions, (24) takes

the particularly simple a;iproximate form:

—_ ) - — ’/éva (Z"'Z")
H@=iFe,o e 27 g d . d)e (30)

2
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a2
where \/) may take either of the above special values. For
most engineering aprlications it is permissible to take Z, =0

in (29) or (30).

We conclude by making a few observations on the limiting

directions of // as z ~»s» . First, if .4 F < , then

v K (:f) . 1If, in addition, we also have & £ ©
then from (30) and the fact that & (2 £ ) <o it is
clear that

HE) £

/9/77 T = T X

2o 4 ()]

If, on the other hand we have ¢ = @ , then ff(g é));o

and
22y
[# (2)]
for all Z ; the sign being that of /7(0, é; . Finally,

ifr L =0 , then the problem of the explicit determination

of /1 (Z )for all Z reduces to a relatively trivial
(although sometimes tedious) calculation, In this case the
limiting direction of /i/ depends in a sinple way only

on the external lighting conditions. If /VJK’,’)ID‘ > represents
the incident radiance distribution at Z# =0 , s;ppose/_\'fuf,, Zf /
is the largest value for which & 'Zﬁjé‘, ) 71_ oy Then the
limiting direction as & -»-. , of {“:/ (Z) is along the line

o
.

N
ANy

defined by

-
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