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INTRODUCTION 

When a steady point source of radiant energy is turned on in optical 

medium such as a cloud, a lake, or some given region of an ocean, there 

is a small yet finite period of time in which the light field produced by 

the source is in the process of building up to a steady state. During 

this period the radiant energy from the source is transmitted at the speed 

of light to the farthest reaches of the medium while simultaneously being 

diffused and rediffused within the characteristic spheroid (the interior 

of the region defined by the wavefront and the boundaries of the medium). 

Even though this transmission, diffusion, and final attainment of the 

steady state configuration of the light field take place in a relatively 

small interval of time, an enormous collection of complex radiometric 

events takes place. 

In this note we systematically isolate some of these radiometric 

events and show that they may be arrayed in orderly and informative se­

quence in time and space. The results of such a painfully detailed 

analysis of apparently imperceptible transient phenomena are immediately 

applicable to all radiative transfer processes, including those in the 
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so-called steady s t a t e , since these are viewable as superpositions of 

instantaneous t rans ien t s t a t e s . Furthermore, the approach to the time-

dependent problem presented here requires no exp l ic i t model of the l igh t 

f ie ld such as tha t represented by the equation of t r ans fe r . Specif ical ly , 

the approach of the present paper i s based on the idea of the n-ary 

temporal diameter of an opt ical medium. 

The n-ary tempo#al diameter Tr> 1 — 1,2, 3> )>••, of an op t ica l 

medium i s defined as the epoch time required for the n-ary scat tered 

radiance from some fundamental source to reach i t s steady s ta te in the 

medium. Since the observable radiance f ie ld may be represented as the sum 

of an i n f i n i t e s e r i e i of n-ary radiances, knowledge of the various times 

of steady s t a t e attainment of i t s components can lead to p rac t i ca l methods 

of determining the time at which the ent i re f i e ld w i l l be in steady s t a t e . 

In t h i s study the main emphasis w i l l be on the precise def in i t ions 

of the n-ary temporal diameters, and to a br ief systematic development of 

t h e i r sa l ient proper t ies . The background for the concepts and terminology 

used here w i l l be fount in the references. 
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TEMPORAL DIAMETER 

The s e t t i n g for the e n t i r e paper i s as fo l lows : a c l a s s i c a l c a r r i e r 

space ( ^ i | / j wi th a temporal m e t r i c funct ion "fc on ^ * $* • St5 

i s c losed and bounded with r e spec t t o "fc , and o p t i c a l l y convex. The 

"term, o p t i c a l l y convix, means t h a t i f p, <p.^ a re in <J> , then t h e t r a c k 

of t h e extrcjmal wi th t he se endpoin t s l i e s i n <p . According t o Theorem 

3 , paper I I I , we t h e n have "t—l~ on & ^Ik" , where"7~~ i s the l e a s t 

l o c a l epoch time m e t i i c . Therefore , we may work s o l e l y with the m e t r i c •£ 

which i s d e r i v a b l e from the c l a s s i c a l t r a n s f e r p rocess ^fj, on ($> cp -y) 

i n g e n e r a l , o r which may be o b t a i n e d — i f s p e c i f i c informat ion i s given on 

the index of r e f r a c t i o n func t ion fi on CO —from the Eu le r equa t ions 

for ex t r ema l s . The r e s u l t s of t h e p r e sen t s tudy may be e l e v a t e d t o more 

gene ra l s e t t i n g s , bu t the e s s e n t i a l p a r t s - o f the a s s e r t i o n s of t h e theorems 

remain unchanged. Therefore , t h e r e s u l t s a r e p r e sen t ed in the s imples t 

p o s s i b l e contex t in o rde r t h a t t h e b a s i c i dea s emerge c l e a r l y and with 

some i n t u i t i v e c o n t e n t . 

We begin wi th the d e f i n i t i o n of t h e temporal d iameter T~(c§) of <p . 

D e f i n i t i o n 1 . The temporal d iameter 7 7 ¥ ) of <j? i s def ined a s : 

T(£j - sopfUp-'jP-) : C^^Je $xf j t 
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This is exactly the way the diameter of a set is defined in general metric 

space theory. ~TC^?) is then the time associated with the points of 

greatest temporal separation in 2? . Since ^ is closed and bounded 

with respect to Z, , ~TC$) is bounded and we may actually find two 

points ^2./ and ^3. z on the termini i of a natural path '(f^'/fe *• I in 

<^~> such that 

T(§) = t(/Z,,/2z) . (1) 

Relation (l) would not generally be possible if any one of the 

boundedness, closure, Or convexity properties were dropped. Actually, 

the requirement that <p be closed is no restriction at all from the 

physical point of view. The difference betvoen an open set /c <=- -2? 

and its closure /Q is such that ~u(R.~/<l) = ® i.e., a set of optical 

measure zero. Hence the added convenience of having cj> closed so that 

(l) holds is bought at virtually no cost to the generality of c£> . The 

requirement that 5P be bounded is slightly more restrictive, however. 

For while we do not actually have truly unbounded carrier spaces in nature, 

many of the mathematician's models of carrier spaces are infinite subsets 

of £;= (slabs, half-spaces, etc.) which do have infinite extent in one 

or more directions about each point. In the interests of completeness, 

the definition of temporal diameters for unbounded carrier spaces will be 

briefly covered in paper V of this series, wherein it will be shown that 

unbounded carrier spaces under an appropriate point of view may have 

associated with them well defined finite temporal diameters. 
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Therefore , r e s u l t s concerning bounded spaces may a lso be a p p l i c a b l e to 

unbounded spaces . 

D e f i n i t i o n 2 . Let J^ be a po in t of <jE> , and l e t ^2/ and j2z. be the 

endpoints of the temporal d iamete r of <£> . Then def ine £^ (/Q-) a s : 

i„(fL)= "><*.x {£(/*,/&,), icfr/Li)], 

Theorem 1. 2im{fi)Z^Tt£>) for a l l &£$> . 

Proof: By the t r i angle inequal i ty , T(£) ^ £ (ft, ft) + £(/*,#*)• 

Further, by defini t ion of £»,(£) , {(/Zl}/l) -t-iCfl,^) < 2 6'm ft)'-

Hence ~T(£) ^ 2 lrr,(/l)• 
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PRIMARY TEMPORAL DIAMETER 

*K "T" 

Definition 3 . Let A be a local source in ^P . Then the primary 

temporal diameter ~T~ (&. *J of gp with respect to the local source *2. 

i s defined as 

T(fi*) = suju. }ltfi*,/&') + £(/&j/Z) : C/L^j £<£*§ 

Since the function r defined by 

for each /O. i s a oontinuous function on ^ A J ' , a closed bounded set 

with the product topology induced by •£• , there exis t (not necessar i ly 

unique) points J&-/ . it z €3-? such tha t 

For such a t r i p l e of points as tha t in (2 ) , /^-z. i s among the l a s t 

points of j±P to receive primrry scattered flux from the source / £ 

ll (/Q. ) may be interpreted as the local epoch time, measured at jg , 

at which, for a l l points / 2 / in g; , primary scattered flux from yt2 ' 

has reached a steady {state. ~7J (/2.^ } i s c lear ly dependent on the geo­

metric s t ructure of £P , and of course on /2 , the index of refraction 

function on c p . /J (O ) i s bounded on jjp . The proof of t h i s fact 
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w i l l be deferred u n t i l we have defined the n-ary temporal diameter 

~Tn(il • / . At thr.t time we w i l l prove the boundedness of ~7n(/&^) o n c e 

and for a l l /? -52̂  / , and exhibit exp l ic i t bounds. 

Examples of Primary Temporal Diameters 

Example 1. Let g^ be a rectangular paral lelepiped in £"3 with 

constant n and non zero volume scat ter ing function <J~ on ^p (see 

Figure l ) . In t h i s c^se, T, (fi. ') — -£(/2*V,)-h {;(\ztj \/L) , where |/> 

and Vi are diagonally opposite ver t i ces of gP such that T~mf/2 ) 

i s L(fli<
) Vf J . Here we may write ttmf/L^) 2r-hv3(/2 J> where 2/~ i s 

the speed of l i gh t in <J? • If O i s the diameter of < 5̂ ( in the 

usual metr ic) , then, ~T(q?) =" D/V~ , and 

We observe that i f /Z. = Vz , then ~fj(l/z)-= 2 7 7 $ > ) • 

Example 2. Let ^ p be a spheroid in EEa with diameter £2) (Figure 2) 

and with an / ^ / A J as defined in Example 1. Then 

I,(/L*) = [h»(fl.*) + OJ/TT. 

Example 3» Let <p be a general bounded closed convex body, as in Figure 

3. In analogy with the results of Examples 1 and 2, we may tentatively 

write: 

T<fi*)= [*-« (**) +ol/v, 



SIO Ref: 59-17 - 8 -

where £) i s the diameter ( in the usual metric) of fP . We must 

observe, however, that while t h i s expression for ~fi(j&^() i s t rue for 

a multitude of convex bodies ( e . g , , those in Examples 1, 2 ) , i t i s in 

general only an approximate formula, (Can the reader find counter ex­

amples to the above expression for ~T{ (fi. ) ?) Later (Theorems 4, 5, 6) 

attempts are made to see jus t how good such an approximate rule i s in 

the case of the general n-ary temporal diameter, ~~fn f £ ^y . The basic 

reason that the preceding formula for 7 7 (A J i s o n l y of l imited 

va l id i ty may be found in the following theorem, when one reca l l s the 

defini t ion of Z-mf/l.)' 

Theorem 2. If (fi./j£z ) i s a point pair in an a rb i t ra ry SB such that 

T, (ALV = if* *A, ) +£f*Al then lm /A *) ^ 2? ft Y A,) . 

Proof: We observe that t ^ (fi ^') -/- Tf^) i s a sum of the kind in 

Definition 3 , therefore, 

This inequal i ty may be strengthened by wri t ing: 

whence the statement of the theorem follows. 
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n-ARY TEMPORAL DIAMETER 

We now cons ide r t he genera l d e f i n i t i o n of t h e n -a ry temporal d iameter 

and deduce some of i t s important p r o p e r t i e s . We w i l l say t h a t Wo p o i n t s 

(p.,/2.1) , (/I", {L'") of cg"x g£ are ad jacent i n g S X $ i f 

d'^fL" . Let 3n~ ($%^?) > i.e., Sn i s t n e n-fold cartesian 

product of ^x^f* • Let Srj be the set of all points of S/> whose 

ith and (i+l)th coordinates are adjacent in <£>#. <£> ,^! — / t „ ,~ /?— / . 

Definition 4. Let & be a local source in Cg . Then the n-ary 

temporal diameter Tn(p^) of ^p with respect to the source /2 

is defined as: 

Sn C 

For the same reasons as those in the case of /9= / , it is possible 

to 

such that 

find a point in S ^ > / say {(/2.fj/iz) ? .. . y (/2.n,/2n+,j)> 

n • (3) Tn(/L*) ~ t fa*/*,) + <2̂ ,, it^j,^,) 

This point in S/) is not necessarily unique, but the time 

7̂ 7 //L ) associated with all such points is, of course, unique. 
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Example of n-ary Temporal Diameter 

Example 4 . Figure 2 shows a spheroidal C£> with diameter / O (in the 

usual met r ic ) . For any Z2, in tt> , i t i s c lear that 

T/>*v = r+~ (*•*) -+•n &]/v, 

where / ^ /&L ) i s as shown in the f igure . 

Theorems on n-ary Temporal Diameters 

We now prove that Tr\ (A *) i s bounded on <g . 

Theorem 3 . If (n (A- J i s the n-ary temporal diameter of g with 

ye 
respect to the local source /& . then 

1Z(A*) ^ £*>(?*) +(n+im£) . 

Proof: Suppose that the conclusion were fa l se , i . e . , that 

UffL* ) > Z-M(A J +(lr)4-z)T(i>J. Now there ex is t n adjacent point 

pa i rs such that ~Tn (A ^)~ ~£ (/2*ffi/)-u,"+~Llpn ^ \ and for each such 

pa i r , -L(AA)P<^.I)'^ 7~(E) . I t follows that 

l(A*,t,) + nT(£) > T«(A*) => -+>*fA*}-+(" + i}T(£). 

Hence 

i(?.*fi.) 7>4n.{i*>r raj A 
7 
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so t ha t , by Theorem 1, 

£(A*,fi,) > re I) 

which i s impossible, by defini t ion of ~J~(3?) • Hence the stated bound i s 

t rue , and the theorem i s proved. 

Corollary: The f i r s t summand £(/2- j Z2/) in the representation of 

7~n(A>K) s a t i s f i e s the inequal i ty t n ( j&* ) ^ ^(^fij. 

The bound given in Theorem 2 i s adequate for our present purposes, 

but i t i s not the sharpest , as may be seen by an examination of e i ther 

Examples 1, 2 or 4 above. Consider Example 4. In pa r t i cu la r , l e t 

fi\* — O , the center of the diameter of jj> . Then •£* So) = T~(£)/2- , 

and ~fn(0) ~~T($)/z -h rt T($) -?(fl•*• —) T(E?) > whereas the bound formula 

s ta tes that Tr\(o\ ^£ (fl + /)Tfcfe) i n t h i s case. 

A convenient rule of thumb for /n / o J i s obtained by replacing 

* W / £ *i by T($)/2. , so tha t 17) (A^)^ (f)+/)l7£). However, 

for large n, t h i s rule of thumb may be sharpened, and the bas is for the 

rule l i e s in the following theorem which shows tha t /n ('/£• ' —*" ^ /(£J 

for every &- £ 3? . 

Theorem 4. If In (A ' i s the n-ary temporal diameter of _£•" with respect 

to the loca l source J2- " * and ~7~(j?) i s the temporal diameter of jgf t 

then 

/,- _ l^^i = • » — 7, = T($) t 
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for a l l £iJb 
Proof: We observe f i r s t tha t •Lm(/2 ) •*-f) 77' £>j i s a sum of the kind 

occurring in Definition 4. Therefore, ~Is\(A*) ^ *£m (A*) ^ ft 7~(&) 

Further, by Theorem 3 , In (A-*) i s bounded by -{n, (p *) -t (/)+£ )T^j . 

Hence 

Dividing th i s set of inequa l i t i e s by n and taking the l imi t , as 

r)-*ed , we have the desired r e s u l t . 

Corollary: An estimate of the dif f erence [Tn f/2 )/n J — 77 j5 ] for 

each n and fl' i s obtained by the following i nequa l i t i e s : 

The preceding theorem appears to imply that the individual summands 

of ~T^(CL ) approach T( $) as n increases . The precise form of 

t h i s fact i s proved in : 

Theorem 5. Let jTn(/2. ) - , 0 — \>2> "< j be a sequence of n-ary temporal 

diameters of Sr with respect to a fixed point fi. . Then the sequence 

of terminal summands j l(f2-» > Pr>*-i) \ 0f l<n (fi. V j s convergent with 

limit "77J) . 
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Proof: From the defini t ion of ~|7(f2.*) , we have, for a l l H 2 l , 

Tr,(p*) ^ im(^) +nT($) . 

Using the summation representation of ~~[7i (&) , t h i s inequal i ty may be 

writ ten as : 

By def ini t ion of TT«£) , we have X ( ^ fa-j) ~T($) ~ O for 

X - / ; n. ; n • Furthermore, 0 < i.(A*A>) - 4»« (A-*)~T(^' 

Hence the preceding inequal i ty may be strengthened to read 

v s > * Z.?„, [ Uw,..) -T<3)] z o (u) 

We now hypothesize that 

for more than a f i n i t e number of integers ./2TI , where £ i s an arb i ­

t r a ry posi t ive number. From the hypothesis, i t follows tha t for t h i s & 

there i s an integer K)^ such that 

which contradicts (4) for each \n ((L I with H 2 r M 6 . Hence 0 0 i s 
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untenable and the alternate possibility implies 

which proves the theorem. 

We concluse the present set of theorems with the following, which i s 

helpful in the construction of n-ary temporal diameters. 

Theorem 6. If /2 and £. are the endpoints of a temporal diameter of 

^ and l(fl.*Pi)+"<+ ~C(f<-r> , fir,*,) is a representation of T^fA*) 

such that either point f& / or A f'+i of the summand ^(AJ, Pji-> ) has an 

endpoint in common with ffi-_ or / ^ . then, all summands subsequent to 

*• (pj ,fij+() have magnitude. 77£1 , 

Proof: For if any subsequent term is not of magnitude 1~(£) , a new 

finite sum representation Trif/l*) of Tn(A^) may b e constructed 

starting with L{AJH fijti) s u c h t n a t t h e Po^ts o f t n e subsequent com­

ponents of 77> (fi^) a r e coincident with the endpoints f& „ /2 of 

T(£) . I t follows that Tn(/2*)>Tn(fi**)» contradicting the defi­

nition of ln(/t- / > which proves the theorem. 
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FURTHER PROBLEMS 

We w i l l i n d i c a t e in t h i s concluding s e c t i o n some f u r t h e r d i r e c t i o n s 

of r e sea rch i n t o t h e p r o p e r t i e s of ~[~n (A ) which w i l l r e s u l t in deeper 

and more d e t a i l e d knowledge of n - a r y temporal d i a m e t e r s . Some ques t ions 

of immediate i n t e r e s t a r e : 

1 . Under what cond i t i ons a re the summands of ~fn (A I 

non-decreas ing? I t i s con jec tu red t h a t t h i s p r o p e r t y holds 

fo r a l l convex ^ . 

2 . When may fr)4-i(A ' b e ob ta ined from ~Tn (£ ) b y simply 

adding t h e summand T (Ai-»',J?s)+i) t o ~7~r' (ft- ' * l e av ing a l l 

o t h e r summands i n v a r i a n t ? 

3 . In the r e p r e s e n t a t i o n of TY£J t i f we s e t 

<9^ = TY£) — t(A^j fi*~\) what a re t h e f u l l p r o p e r t i e s 

of convergence of the sequence / (Xj J ( i . e . , r a p i d i t y 

of convergence, t r u n c a t i o n e r r o r e s t i m a t e s , e t c . ) ? 
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