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INTRODUCTICN

The ultimate purpose of this study is to lay the groundwork for
a topological characterization of the general time-dependent transport
processes common to the theory of radiative transfer and neutron
transport phenomena. In this way the recent formulations of topolo-
gical dynamical analysislwill be made available for the general
study of these phenomena, and will result in a new set of theoretical
tools for their respective theories. For the present, however,
our goal is more modest* In the first part of the study we will be
concerned with the introducticn and illustration of the notion of
the temporal semimetric on a general carrier space.2 The subsequent
four parts of the study will consider various extensions and applica-
tions of this concept to the general time-dependent multiple scattering
problem in radiative transfer theory. Besides preparing the ground-
work for the ultimate goal, the five parts of the present research
program provide a set of interesting facts about time~dependent
radiative transfer processes which may be studied for their intrinsic

interest.
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Before going into the initial details, we consider some of the

current approaches to the time-dependent multiple-scattering problem.

Direct Approach

The time-dependent multiple scattering problem in radiative

transfer theory may be explored from several points of view. The

direct approach in its most general aspects starts with the general

time-dependent form of equation of transfer

(0%) REVTE) NNk Ny
Dt 7

where i is the index of refraction function, U~ is the speed of
light function, < is the volume attenuation function, N is
the radiance function, Nr) is the emission function, and N*

is the path function defined by

)

Ny = {_onNdn

where (= is the volume scattering function. It is assumed that f)
(and hence " ), < , J  , and PJ7 are given on some carrier
space for each time in some given interval of time ( to, t‘ ).

N is assumed known at 'to at all points of the carrier space.
The main goal is to determine N on the carrier space for all

times f/ in the interval ( t o,-{, ).
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Invariant Imbedding Approach

An alternate approach to the time-dependent multiple scattering
problem is the so-called invariant-imbedding apppoachBWhich assumes
the existence of a certain set of generalized reflectance and
transmittance operators on the space of radiance functions. These
operators are shown to satisfy a certain set of functional
equations which in principle may be solved to yield the desired
solution on wide range of optical media. This approach is the
time-dependent extension of the classical steady state procedures
first explored by Ambarzumiane and later developed in detail for

certain simple contexts by Chandrasekhar.5
Disadvantages of the Above Approaches

Both the direct approach and the invariant imbedding approach
require an extensive calculation program (either theoretical or
numerical) to arrive at the required solutions before they yield
even the simplest details of the time-varying radiation field.

Thus while we possess two fundamentally powerful and exhaustive
analytical approaches to the time-dependent multiple scattering
problem, the information held within their formal;isms is locked
from view by formidable analytical barriers. For even the simplest
of contexts, the most elementary properties of the solutions

must await the complete solution before they are accessible to

view,



SIO Ref. 59 - 2 -y -

Divide and Conquer Principle

One way to provide a remedy for this state of affairs within
radiative transfer theory is to adopt the Divide and Conguer
Principle. It analyzes a problem into a formal sequence of
partial yet exactly formulated problems such that the "sum" of
the solutions of the partial problems equals the solution of the
whole problem. In particular the single infinitely difficult
multiple scattering problem can be analyzed into an infinite number
of easily solved partial problems. The accumulation of solutions
to the easy problems can be compounded as long as the will and
strength of the investigator holds out. Any ground gained as
progress is made along the sequence of problems is ground irreversibly
won. In many instances, the main features of the solution are

discernable after only a few partial problems are solved.

N -ary Scattering Approach

An explicit example of the general Divide and Congquer Prin-

ciple is the m-ary scattering approach in which the radiance

associated with single-scattered radiant energy is precisely
determinable once the initial radiance ccnditions are stipulated.
From this, in turn, the radiance of secondary-scattered radiant
energy is precisely determinable. By induction, once () -scattered
radiance is known, (n-y\) -scattered radiance is precisely
determinable, where {1 is any integer. The required radiance func-
tion is the sum of the convergent infinite series whose nth term

is the N -ary radiance function.
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Some workers are of the opinion that such an approach is too
elementary, too straight forward, or too laborious. For them, it
apparently is an uncomfortable realization that such an infinitely
complex problem has such a conceptually simple and completely
determinate solution procedare as the (-ary approach. When pressed
for a reason for their opinion they say that the N -ary approach
negates the entire purpose of the integro-differential formulation
of the problemé (the "direct" approach defined above). This is

a good answer, provided one shares a comparable reverence for the

integro-differential formulation.

However, anyone who has given more than cursory thought to
the multiple scattering problem, and tc the problems of mathematical
physics in general should arrive at a less superficial judgment
of the N -ary scattering approach. A more favorable judgment may
be based on the following three observations: First, the N -ary
scattering approach is a concrete physical realization of the
Neumann iterative procedure for solving very general types operator
equations. This method is at once simple and far-reaching in its
applacability. Not only does the multiple scattering problem
of radiant energy fall under its extensive domain, but also every
physical phenomenon represented by a functional equation (which,
incidentally, just about exhausts the content of all classical
and modern theoretical physics). §EEEE§’ the advent and rapid
development of modern large scale electronic computors has provided

a natural vehicle for the numerical solution of the Neumann
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formulation of physical problems. The basic iterative nature of
the Neumann formulation is natural grist for these electronic mills.
Once one of the larger of these mills has been supplied with the
appropriate program, the most formidable member of the species of
multiple scattering problems will yield to tabulation in a matter

of hours. Finally, the majority of workers who adopt the direct

approach, whether they deign to admit it or not, clearly negate

its inherent strength by first assuming extremely simple and
physically meaningless assumptions, (the most objectionable of
these is the isotropic-scattering assumption) and then handing

over the emasculated problem to large scale computors for numerical
solution. The point here is not that simplifications are to be
avoided in theoretical studies, but rather that simplifications
should never be used as unnecessary means to an end. If the
solution of the multiple scattering problem is to eventually end
up in numerical tabulations, it should then be done once and for
all with the most exact and powerful approach currently possible,
using realistic physical assumptions. The momentary cost to
accomplish this would be very high, but in the long run, it would
be the most economical and sensible step to take., If all the energy
lavished so far on the currently extant isotropic tabulations in
both radiative transfer and neutron transport theory is totalled,
there would be enough energy to solve at least a dozen well-chosen
sets of anisotropic, boundary-value problems— enough to supply
both theoreticians and applied workers in both fields with examples
of the true power of their mathematical models so that, perhaps for
the first time in each theory, crucial tests can be made of their

general validity.
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The Present Approach

The present approach belongs to the class of approaches under
the Divide and Conquer Principle. The approach leads to A minute
and exact examination of a very small subdomain of the general
multiple scattering problem. The basic idea behind the approach
has the appealing simplicity of the 1\ -ary scattering methodology,
and is endowed with the same potentialities: by an iterated
sequence of applications it is capable of a complete solution of

its assigned share of the basic problem.

Specifically, the present approach will be used to ask and
answer in complete detail the following five questions:
Given a general carrier space with a prescribed set of

initial conditions:

(a) What analytic tool will allow the representation
of the general radiation field in terms of the
more common notions extant in classical (euclidean)
carrier spaces? The answer is supplied by the
concept of the temporal metric, and the initial
stages of the answer will be given in the present

paper.

(b) At any given instant, what points in the carrier
space are actively contributing radiant flux to a
given point in the space? The answer may be phrased
in terms of the characteristic function, Details

are to be found in the second paper of the series.
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(¢) What regions in the carrier space are actively contri-
buting radiant flux to, and actively receiving flux
from a given point in the space? What, if any, are
the geometric features common to all such regions?

The answers are found in the concepts of characteristic
spheroids and characteristic ellipsoids. These objects

will be studied in the third paper.

(d) At what time after the initial instant %, will the
N -ary scattered radiant energy be in steady state
within the carrier space? What concept will deter-
mine that time t’ after to at which the entire
radiation field will be within a certain "distance"
of its steady state configuration? These and related
questions will be studied in the fourth paper dealing

with temporal diameters.

(e) Finally, the question of the correct definition of
time constants in bounded and unbounded spaces will

be answered and illustrated in the fifth paper.

The present series, because of the inherent nature of the Divide
and Conquer Principle, cannot exhaust all of the questions associated
with the present approach. However, it is hoped that the five
basic questions considered above will show the power of the approach

and encourage further research in this direction.
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Perhaps the greatest service that the present series can
hope to perform is to emphasize and illustrate a fundamental
thesis that all too few workers in radiative transfer and mathe-
matical physics in general have come to realize, much less put
into practice: the day of the exact abstract mathematical approach
in theoretical physics is here, and here to stay. The economy
of thought that this approach provides along with its far-reaching
generalizations allow it to outstrip all but the most advanced of
classical methods and endow it with power which cannot be dismissed

or ignored with impunity.
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EXTREMAL TIMES AND DISTANCES

Axiomatic Approach
2
In an earlier work we introduced the so-called Transfer Process
Axiom into the general mathematical framework of radiative transfer
theory. This axiom embodies in abstract form the geometrical optics
features of radiative transfer theory. In particular, the axiom
supplies a collection {Tl tz—g of one to one measure preserving
Yy

transformations T-t»,tz_ on the general carrier space (X, S )‘U)

onto itself. If 704, is a point of X , then the set

Plent) = 4 Tow () s =t §

is called the natural path in X determined by the point £, and

time interval (-E.)J; 7_) (see, Radiative Measure Axiom, ref-

erence 1), where

’ﬁ[ZT{.“,EL (A1) 5 L=1y2.

Conversely, suppose 4:2, and Ho are points in x on some
natural path in x . Then there exist times +, , ‘t, , and

‘tz and a point £, such that

ﬁ\ = —EO,{ZI (TZO) s

722 = T-'_to)‘{:'z.(’po) .
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This observation forms the basis for the following definition: The

temporal semimetric t+ is a non negative function on X?‘ X

into the set of real numbers such that for (#,,pz2) & X *X :

t(pop) = |bi-ta2] ,

where £, , 4, are associated with p, and 2, on a natural path,

in the manner described above,

In this way any two points 7a| sy Rz ona natural path in x
are assigned a temporal distance between them. The general carrier
space has no simple geometric structure. Hence no simple euclidean
separation —- or distance -- in the usual sense can meaningfully
be assigned to such pairs of points. However, by virtue of the
Transfer Process Axiom, we can always assign a '"temporal distance"
between such points in a carrier space, and this distance is supplied

by the temporal semimetric defined above.

By means of the axiomatized properties of the collection {Ti fz%
ts

of elements of the Transfer Process and the introduction of the

notion of temporal homogeneity (-]1.,{:2 = To,%,_—-i,\,{: above

possesses the usual properties of a semimetric as customarily

defined in general metric space theory. In particular, whenever

,P‘ and R, areona natural path, then temporal hcmogeneity

implies

(1) + (»p.,ﬁ—z) = 1’: (')Qz)ﬁ,) (symmetry property)
and in general,

(1) £ (@) ,L2) = O  if and only if £2,= 2, .(identity
property)
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rny non negative valued function ¢ which has properties (i)

and (ii), defines a temporal semimetric on X  and )( becomes

a temporal semimetric space. If in addition, ¢ has the property

(iii) f(ﬁ,,ﬂﬂ—&-f{ﬁl,ﬂ,) = 'ECPn P37 s (triangle inequality)

where ,ﬁ‘ s L2 > and ﬁj. are any three points of X such that

the pairs ( £ £ ), (ﬂz}ﬁ,), (Fl, L3 ) are on natural paths,

then ‘{L is called a temporal metric on X , and X becomes

a temporal metric space.

General carrier spaces therefore become temporal semimetric
spaces by introducing the temporal semimetric induced by the Transfer
Process {Ths‘tij . However, only very special kinds of carrier
spaces are privileged to possess the status of a temporal metric
space, i.e., a space in which ‘t (as defined by the transfer process)
satisfies (iii) in addition to the usual properties (i) and (ii).

We shall conclude this paper with an example which illustrates
this point. However, for the present we turn to an illustration
of how a temporal semimetric may be obtained in the classical

carrier spaces.
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Fermat's Principle and Natural Paths

Let 2’ and g be two points in ( £, P, ) , the
classical carrier space (see Introduction of reference 1l). Imbed
/ﬁ/ and 12” in some continuous curve in § . If by some method
we can constrain a light ray to travel along this curve between
/1,’ and ,{4‘” , we would find that the time of travel f(/@’} 27)

between ﬁ’ and [z”is given by:
Lephpn= 2 fpn(ﬁ)d*' 5

where N(g) is the index of refraction at g in X along the
path P , and ¢ is the velocity of light in a vacuum. The
integral is over the path P , and | denotes geometrical length

along P (as determined by the usual metric in é ). If the

factor I/C is removed, the integral has the dimensions of length:

alphr) = fnerdr.

/ M
4(,0 ) P )is called the optical length of ~ ; this term is

drawn from classical geometrical optics. Under suitable conditicns
there is only one natural path between ,0’ and @’ . The
natural paths can be distinguished from all other paths between ﬂ’
and P” by the following criterion, which is one form of Fermat's
Principle:

Let @:{P P at A} be the family of all continuous curves
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Pa in & with p/ andp# as initial and terminal points.
The index set A is some copy of Enn , N =1 . Then for each

as A » there is a real number T(a) defined by

Y T a) :S-P nd# .

@

Assuming T is differentiable on A , we then define the

natural path (P/,7¥) between p’ and o’ to be that R, € (

with the property

ad T(a) _ 0o
da a="V - ' (1)

The Principle makes no assertion about the nature of the length
of B_ , i.e., whether it is a local maximum or minimum. The
statement of the Principle simply asserts that the functicn
takes on an extreme value at @=7 .. To see whether T(7) is
a minimum or maximum we must examine the sign of
dzT(e)
da? a=71
4 particularly useful special case of the operation of /da
described above is the well known "first variation" operation found
in the calculus of variaticns. The first variation operation is
excellently suited for engineering applications of the Principle
in that it allows the Principle to be transfommed into a set of
partial differential equations for the natural path. The solutions
of these equaticns are called extremals. The tracks of these

solutions in % are the natural paths.
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Classical Temporal Seminetrics

The natural path P(p', ) as found by the Femat Principle
has associated with it a real number ‘l:(p’}p”i defined by:
Eonprmy =8y nimydr,
PCp, P!t

the extremal time. It follows immediately that the real valued

function t on § X % as defined above has the properties (i)

and (ii) of the temporal semimetric. ~,: is called the classical

temporal semimetric, In this way §2 becomes a temporal semi-

metric space. as is the case of the general arrier space, § is

not necessarily a temporal metric space. The number

A(p',ph) = SP n(p) o
(PJ)P//)

is the extremal distance associated with P(p/,p#) , which does

not necessarily exist in general carrier spaces.
Euler Equations for the Extremals

Let F be a cartesian frome of reference for the location
space component x cof @ . (Recall that é is the cartesian
product of a location space (some well-defined subset of E 3 )
and the unit sphere in E3). a curve in X may be defined by two
continuous real valued functions *J and Z of o< ; any point
on the curve may thus be represented by the triple ( 2¢, ‘g(x-) ’ 2(1)\

of real numbers,
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Consider the integral
Teehpy= Y, Fxnzy,20) dx
P p)
of a function  along P(p’)p") . Here y’zd{j/olx , and
2 =dz2/dx . The first variation of J(p{p#) on the
family (;) of all continuous curves between /7' and /9*' yields

the following two (Euler) differential equations:

or _ d 25T

oy dx Loy

JF _ d T3F. 7 —~n .
5z  dz Z?E?’] 0

Fcr the problem of determining the natural paths, we require F

to be of the form:

'/L
Fex,9,2,4,2) = n(x,g,z)[w—jrz-t-z" ;i

With this F s, the Euler differential equations become:

(‘+j/z+212) g_g. —_ n;all :Oj

12 [} an _ oo
(1+y'*+ 2 )52 nz 0.
EXAMPLES

We now go on to consider some examples of the solution of
the Buler equaticns, and conclude with an example which shows
that the triangle inequality property of a metric is not in general
satisfied by the extremal time function which defines the classical

temporal semimetric.
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Example 1
Let (&, ég, V) be a classical carrier space in which
nee)= n , & constant for all p € §§° , some subset of éE-

Then the Euler egquations become:

so that the pair of extremals
g:—; X+ b .

Zz = cx+d .

define the general natural paths in §§° . It is clear that the
general natural path in this case is a straight line (i.e., the
track of a pair of linear functions of a single variable X ).

It is easily shown that in this case
a*T(a)
dOz o=

so that the extremal times are minima.

Example 2

The second example may ccnceivably be of use in estimating
the local geometric structure of natural paths in a general
classical carrier space. Let N(3¢,Y4,Z) = N(Z)} . Inan

arbitrary space this situation can be approximated locally by taking
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the gradient of the scalar point function 1}  and then aligning .
the Z -axis of the reference frame along the direction of the

gradient.,

The Euler equations now become:

yr=o

(,+j/z+2/z) %_QZ =nz" ,

whence

,5(=a:x+b)

which shows that the natural paths are constrained to lie in the

plane defined by @:az+b.

The first integral of the other Euler equation is evaluated by

setting ,Z’:.—p . Then

(|+Q‘+P‘)%ﬂ2— = DP%’;} 2

which is separable:

dn _ i

—

N (I“OZ"*PZ)

where (@ is the constant of integration of the first of the Euler

equations. Integrating, we have

n k(1«0 + p2)?”

i
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where K is 1 constant of integraticn. From th. Buler equaticn

we have
(+af+ 2”)?_ N
2" an/dz
sc that
2\ .
(1+a?2+ Z2'2)7? . (1+~at+ 2'%) 72
z" an/d 2

The left side is preciscly the radius of curvature R (2, fm)
of the natural path through the general point (X, ’j, z ),
where M = d}/d/){. evaluated at 2 . Therefore
n 2( 20)

R (Za,mp) =
" K(Zo) [dnjd 2] ’

where K (Z,) is the value of the constant K  for the

natural path thrcugh ( o . Yo, Zo), thus

N¢CRs)
(1+a? + md )72

K(Zo) =

There is nothing essential about the orientation of the plane
j: ax+b ; therefore, we are at liberty to choose A =0 .

The formula for the radius of curvature becomes

Nezs) (1+mZ )"

[dn/dz ] 4,

Q(Eo,nmo) =
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If any space satisfies the hypothesis of this example, the
natural paths would then be plane curves. The torsion of such a
curve is zero at each of its points. In general the analytical
expression for the natural path can be determined given its torsion
and radius of curvature at each point. Thus we can, if desired,
reverse the present procedure and start with torsion and curvature
conditions for P(p’,p”] and deduce its geometric features from

its natural equations.
Example 3

This example shows why the triangle inequality cannot be
expected to,hold even in the most commonplace of classical carrier
spaces. Figure 1 represents a region of a classical carrier space
which has an index of refraction N(p)=N ==] at all points except
for the subregion X.-o defined by the (open set) rectangular
parallelpiped outlined by but not including the points 1234 yin
which ((P)=n = | at each point @ . The dimensions of X.’o-
are 2 x 2 x 2a units of length (in the usual metric:' of the space).
It is easy to verify that a natural path AA A, C of length La
exists between A and C and is a straight line. The other natural
paths AR, BC which are also straight lines (Example 1) are
chosen such that d(A,3)=c(B,C) and such that R B meets
2, and BC meets 3. Now using d , the triangle inequality

(which holds for d ) yields in particular:

d(p,B)+ d(B,c) = d(A.c).
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It will be shown that the ccrresponding inequality for the
temporal distances does not hold. That is, we will show in

particular that

tn,B8) +t(B,c) < Ep,c) .

Now {(H,B)= d(H)B)/C, and +(B,C)= d(B;C)/C , where C

is the speed of light associated with an index of refraction N=1.

Further
t(ﬁ C) — d(ﬂ)ﬁ‘) -~ d(ﬂl,ﬁz) -~ d{Hle) ,
’ < (e/n) c
therefore
tn,e) = (n+1) 2a /e
Finally
b))+ tee)= 401+02)" /c |
Hence
te)+t®@ca  z2(1+0)”
E¢h,c) a(n+l)

An inequality is obtained if, for example @ =& and N=1.-3 .
This is sufficient to show that the triangle inequality for {-
does not hold in general; there are, nevertheless, an infinite

number of pairs (0)0) for which the triangle inequality does hold,
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The breakdown of the triangle inequality is essentially the
consequence of a non-constant index of refraction function on >(° .
It will be shown in a subsequent study that an arbitrary temporal
semimetric space can be imbedded in a temporal metric space by the

adoption of the concept of least local epoch time. In this way the

powerful battery of theorems associated with metric space theory

will be made accessible to the study of temporal metric spaces.
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