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INTRODUCTION 

If a truck travels along an open highway from city A to city B one 

hundred miles away, and if it is known that the truck cannot go faster 

than forty-five miles an hour and that the driver does not go slower than 

forty miles an hour in trucks on open highways, then it is easy to bracket 

the expected time of travel of this truck from city A to city B. Evidently 

an upper bound on the time of travel is 100/40 = 2 1/2 hours, and a lower 

bound on the time of travel is 100/45 = 2 2/9 hours. Hence the time of 

travel is predictable, in this case, to within 5/18 of an hour, or about 

seventeen minutes. 

In many problems of mathematical physics, workers encounter problems 

similar to the simple example above, wherein the magnitude of a certain 

variable cannot, by the nature of things, be predicted exactly. Never­

theless as in the preceding example, there exists certain information 

about the variable which will allow a reasonable estimate of its range of 

variation in a particular context. A quantity which is smaller than all 

the quantities in this range is called a lower bound, and one which is 

greater than all the quantities in the range is called an upper bound. 
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In the study of the penetration of (e i ther na tura l or a r t i f i c i a l ) 

l i g h t into the sea and the atmosphere, the most important variable i s the 

radiance d i s t r ibu t ion N(3Cj » ) which describes the angular d i s t r ibu t ion 

of the "brightness" of monochromatic l igh t about each point OC in the 

medium. While much i s known about the theory of the radiance d i s t r ibu t ion , 

the equations governing i t are extremely d i f f i cu l t t o solve in d e t a i l . I t 

would then be of great help in p rac t ica l everyday problems to be able to 

obtain rough estimates—in a way similar to the case of the truck problem 

above—of upper and lower bounds of the radiance d i s t r ibu t ion about a 

given point in the medium. 

To understand the basic mathematical procedure involved in a bounding-

process, we consider once again the preceding i l l u s t r a t i o n . In tha t 

problem, the var iable of i n t e r e s t was the time of t r ave l "J" from c i ty 

A to c i ty B. The distance D between them was presumed known, and the 

exact law governing the re la t ion between D , ~~\~ and the instantaneous 

speed V of the truck was known: \D—J V(t)cl"t . However, the speed 

was known only approximately, tha t i s , i t was known to l i e between 

V— 4.5 miles/hour and V—<40 miles/hour. Hence the exact law could 

be used to obtain the following inequa l i t i e s : 

T T rT_ 
[ V dt < C VC-feJd-t ^ V d f 
Jo — ) a J,, 9 

o r 

VT ^ D 4 V T , 
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Since V , V an<^ D are now known, it follows from the left-hand 

inequality that "T^* O / V , and the right-hand inequality that 

-r ̂> Q / w , hence ~f —the time of travel—must lie between the limits: 

-B- ̂  T ^ £- • v v 

Substituting the values of \/ , \f , and D in these inequalities, we 

obtain the numbers arrived at above. 

In this note, we turn to the exact laws governing the radiance 

distribution N ( x . -^ and try to bracket it between upper and lower 

bounds. The laws governing (̂ (rx, .) differ only in degree, not in 

kind, from the simple law governing D , V , and ~f in the truck problem. 

The pertinent variables used in this bracketing, or bounding, process are 

the inherent optical properties (T, oi of the medium (the volume 

scattering and volume attenuation functions) and the inherent radiance 

h| of the source of light feeding radiant energy to the medium. 

T,Je shall be able to bound the radiance distributions even when they 

are in the process of building up in time and space immediately after a 

source has been turned on. Hence the bounds so obtained (or bounds 

obtained by following the pattern set below) can be used to estimate the 

magnitudes of the time-varying diffusely scattered radiance returned to 

a given point after a short pulse of light has been shot into a medium. 

Of course, by letting time increase indefinitely, we can also obtain bounds 

for steady state radiance distributions. 
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Not only can bounds for the observable time-dependent radiance 

distributions be found, but also the bounds for the time-dependent n-ary 

scattered radiance (i.e., radiance composed of radiant flux which has been 

scattered n and only n times). Such information can be invaluable in 

finite-series approximations to the observable radiance distributions; for 

by knowing that, say, the upper bounds to fifth order scattered light and 

all higher orders fall sufficiently below the threshold of a certain 

radiance detector, we need not bother to calculate n-ary radiances for 0 ^ 5 . 

With this background in mind, we now turn to the details. 

ACTIVITY WITHIN THE CHARACTERISTIC ELLIPSOID 

Our first task in the bounding problem is to find the region within 

which the activity of a time-dependent multiple scattering process takes 

place. This task is simplified by some previous work on the time-dependent 

problem in which it was found that the characteristic ellipsoid is precisely 

the region within which such activity takes place for any given source-

receiver pair of points X 0 , X. and epoch time T" • Specifically, 

let -X o b e t h e source point of known inherent radiance distribution 

f\|°(oc0j •) . Let oc be the receiver point a distance d away from X 0 • 

Then at epoch time ~]~ , the point pair [JC0)JZ) defines a characteristic 

ellipsoid cC^oj^C j ~~f ) whose analytical representation is: 

(1) 

Z(D-<±cosf) > 
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where -y is the speed of light in the medium. 

The geometric significance of (l) is easily described: 0Co and oc 

are at the foci of £C-X.O>DC : T J which has a major diameter D = isT'. 

The radius vector ^(di4') T) is measured from oc as an origin, and 

Y is the angle between the major axis of £(X0)oc ' T ) and the 

radius vector ( C o s / = £"•£"„ > where fa is the unit vector at jx: 

pointing at 0Co ). For any given d , iy , fad T , h(dj ^ J~J 

is the distance from X to the boundary of <£ in the direction ^ at 

epoch time T~ . 

The physical significance of (l) is also easily described: The 

characteristic ellipsoid Sc^CajX. ' T) i s tne subregion of the 

optical medium which at epoch time ~J~ is actively contributing scattered 

radiant flux from XQ to point CC . The region outside of 

(-CJCO -=e ' T~) does not contribute flux to SC at epoch time ~J~ . 
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THE RADIANCE OPERATOR 

We now in t roduce the no t ion of the rad iance o p e r a t o r ( ^ . Desp i t e 

i t s formidable appearance, t he o p e r a t o r (<x i s e s s e n t i a l l y a mathematical 

v e r s i o n of J a c o b ' s l a d d e r : i t a l lows an easy s t e p - b y - s t e p climb up i n t o 

the h i e r a rchy of func t ions which de sc r ibe t he amounts of m u l t i p l y s c a t t e r e d 

r a d i a n t f l ux i n an o p t i c a l medium. The radiance o p e r a t o r which we s h a l l 

need in the p re sen t study i s a c lo se k i n of t h e i n t e g r a l o p e r a t o r used 

in everyday s t e a d y - s t a t e computations l ead ing t o t h e path rad iance t\j^ : 

Y 

Nfc^I) - \ Tt'tXj r) N*(x; f) dh'. (1) 

Here f\J. is the path function, "//-' the beam transmittance of a path 

of length r . The integral is taken over the path defined by the triple 

(:Xy J" pj where JC is the vector which locates the observation point, 

J the unit vector which defines the direction of observation, and h" 

is the length of the path of sight (measured from OC ). The path function 

/V> is defined by: 

N * ( * j n = S^P~Cx 3*" 5*') M*, r ' ) dxfl(S') (2 ) 

where i s the co l lec t ion of a l l direct ions about any point OC in 

the medium X . 

Combining ( l ) and (2) we have: 

fP f / (3) / 
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An examination of (3) shows that [yjvj (pc} % ) is simply the weighted 

integral of the radiance distributions N ( ^ c . •) over the path (Xj S} t) . 

The weighting functions are ~J7 and Q~ . If we let f"' increase in the 

direction J until the endpoint OC-+ \-% of the path touche s the boundary 

of X > then |S|T (jc J) represents the "space light" generated along 

the extent of (;x; $t p) . If the inherent radiance of the boundary were 

zero, then (̂  y (Xi 5 ) would be the observable radiance at OC in the 

direction 5 

Suppose now that the point source at J o is turned on at epoch 

time T ~ 0 } and that we await the scattered radiation at the observation 

point JC a distance Ct from 0Co . At epoch times ~J"^ d (V the 

field radiance produced by the source will generally be observed. To find 

W h (3C 5 T ) the path radiance associated with (jx, /' f) at these 

epoch times, we merely use Equation (3) in which h(dj % 7~) of Equation 

(l) has been used in the upper limit of the integration along (~Xj F} h>) ' 

Is/* (*,*) = [ ) TtMSXTCx'iS;!') Mx',S') dlicndh (4) 

The reason for the rather odd looking upper limit should be clear after 

reflecting on the definition of the characteristic spheroid. 

Instead of repeatedly writing out the unwieldy integration in (4), 

let us agree to abbreviate it as follows: 

M*C*.J,T)- (£h[ w(*u;r ' ] . (5) 
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The symbol Q\ ^ i s the general radiance operator for path radiance 

associated with the path (DC, ^ p ] . In what follows we w i l l be in teres ted 

only in path lengths p describing the distances from OC to the boundary 

of ^\ . With t h i s continually in mind we can drop reference to I" and 

simply write the radiance operator as (g{ . Thus Q^ operates on the 

radiance function fvj to give the path radiance fsj *" associated with 

But {£1^ can do more than jus t transform N in to NJ K • i t can 

assign to |y| (the n-ary radiance along (^,Sj^) ) the function /V 

(For deta i led derivation of t h i s property, see, e .g . , reference 2.) Thus: 

KI^'(^,j,T) = S l [ N n ( ^ U J ' r 9 ] (6) 

n=Oj i, zi ,,, . 

We shall now consider the problem of obtaining bounds on the n-ary 

radiance functions. 
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n-ARY RADIANCE BOUNDS 

In t he i n t e r e s t s of s i m p l i c i t y , we w i l l assume from now on t h a t Y 

has an i s o t r o p i c po in t source , i s i n f i n i t e and o p t i c a l l y homogeneous, but 

t h a t CT may have a r b i t r a r y angular s t r u c t u r e . The r e s u l t i n g bounds 

der ived from t h e s e assumptions then t ake on p a r t i c u l a r l y simple forms 

which i n v i t e r a t h e r than d iscourage a p p l i c a t i o n s . However, t h e methods 

developed below can serve as a p a t t e r n for more gene ra l bound-es t imates 

when needed. 

Let f\J and (Sj denote t h e l e a s t upper and g r e a t e s t lower bounds, 

r e s p e c t i v e l y , of t he n -a ry rad iance funct ion |\/ fl — o I 2 <« ^Xi 

C (.Xo)'X.') 7") • These bounds g e n e r a l l y e x i s t and a re we l l def ined 

because of t h e c o n t i n u i t y of t h e funct ion f\f ( " » * , • } o n the closed 

bounded set&x,2_ *"7" ( "J* is a finite time interval). The quantities 

|sj and f\J are very much like the \/ and V used in the simple 

example of the Introduction. In fact, we are now about to perform a 

bracketing computation essentially like that involving the integral 

P)= ( VCfcMt of the Introduction. Using (6) and replacing" ^ by ip 

we have: 

Now under the present assumptions, 

(7) 

Tttx><P) = e 

This replacement is permissible because the radiation field now has 

axial symmetry about the major axis of (SO'oj^jT) 
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for a l l (jX tT) h) • Furthermore, the upper l imi t of the in tegra l in 

(4) i s c lear ly Irid.ty T") • Therefore, (7) becomes: 

hIn+'(0C^jT) (8) 

V 

where fc^o [ l - ^ ( ^ M ^ ) I ] 

Uj0 = A/oC f 4. = J.J'" d J l ' 

These are the two fundamental bounds for time-dependent n-.iry radiance. 

We can obtain further bounds of a ra ther simple nature as follows. 

Let F ( T ) = ( D + d ) / 2 , and K r ) = (0 ~c()/<2. . These are respect ively 

the maximum and minimum rad i i vectors from the observation point CK to 

the boundary of c t-*o ,-X ; 7~) • I _ t follows that 

- c x j r c r ) - OL \~{d, % T ) _ otKT) (o) 

l - e < l — e. < I - e 

Observe that these two bounds do not depend on y ; they depend only on 

the epoch time 1" and on a. . Now, returning to (6), we find that by 

repeated application of Qt^ : 
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Nn**c*Ar) = <R*|V<=cWr')] 

J - '> 2 ) "< 

That i s , by (6 ) , 

and so on. 

From (10), i t follows tha t : 

H^Ux.tt) « ®.dj>"] 

But 

^[W] = r'-'[ft[N"]] 

= <3t?~' j ~ N n w o [ i - e x p ( - ^ i - ^ ^ T ) } ] 

^'-'[N^^^e-"^)]. 
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Observe that the function on which (̂ ) operates in the last 

line of (12) is a constant function on X*-iL • ^t i-s easy to verify 

that if, in general, (2 is a constant function on X * — r > 

0.1c! = Cu>0[i- expf-otHd^r)} 

Hence, in pa r t i cu la r , 

G U c l " C coa[i-e 
- oifrCT) 1 

Furthermore, 

- c r f K T - K l 2 &2M * cf^C-e-n] 

.and in general 

Returning to (12), and applying (13), we have: 

(13) 

&*l«l ^ N"[C0(<-
- oif-CT) *~J 3 'V. 
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And then returning to ( l l ) , we have, f ina l ly : 

In a similar way we can show tha t 

(14) 

(15) 

The expressions (14) and (15) const i tu te another useful set of bounds 

on the n-ary radiance functions. Perhaps the most useful ones of t h i s 

var ie ty are obtained by se t t ing 0 = 0 , for then ^/ i s readily 

determinable from the inherent radiance data, which i s usually know*. 

These special bounds are summarized below: 

In order to use (16) or any formula derived therefrom, i t must be 

re-emphasized that (\j° and (V ° are the l e a s t upper and grea tes t lower 

bounds of (\| in ( ^ C ^ o / ^ j T ) 
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RADIANCE BOUNDS 

The observable rad iance K / C ^ j r T ) a t X i n t h e d i r e c t i o n y 

a t t ime T" may be r ep re sen t ed as an i n f i n i t e s e r i e s of n - a r y r a d i a n c e s : 

N(^^T)= Zn"»NinC:*^>T) - (17) 

Since each of these n-ary radiances has known upper and lower bounds, 

given for example by (16), ifr is then a simple matter to obtain a set of 

upper and lower bounds for biC^i ^\ 7" ) * Thus, 

00 N« ^ K»/V J , . ^ ^ y " M * (is) „.0 X ^ N(*,f,T) ^ ^-n-o N° ; 

so that from (16), we obtain: 

N° 
(19) 

N O j ^ T ) 
— o 

N 

I - wo(i - e ) i - W a ( i - e J 
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