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ABSTRACT 

The various radiative transport equations used in general radiative 

transfer theory (for astrophysical and geophysical applications) over the 

past fifty-four years can be unified by a single transport equation— the 

universal transport equation. The 34 types of transport equations dis­

cussed in this work range from the transfer equation for radiance to the 

time-dependent transport equation for n-ary scattered radiant energy. 

Besides serving as a mathematical focal point of unification of the various 

transport equations, the universal transport equation supplies several 

new practical results which are beyond the capabilities of the individual 

standard transport equations for the radiometric concepts; for example, the 

proofs of the asymptotic theorems about the light field in deep optical 

media, and the basis for the equilibrium principle (enunciated below). 
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INTRODUCTION 

The universal radia t ive transport equation i s an equation which, by 

sui table choice of i t s parameters, y ie lds in turn such equations as the 

general equation of t ransfer for radiance, the general Schuster two-flow 

transport equations for i r radiance, the t ransport equation for sca lar 

i rradiance and the transport equations governing the apparent op t ica l 

propert ies of an opt ica l medium. 

The primary purpose of the universal radiat ive t ransport equation i s 

to formulate in a single mathematical package a l l the important t ransport 

equations which have been developed during the past f i f ty- four years in 

the theore t i ca l s tudies of the steady s t a t e t ransfer of radiant energy 

through scattering-absorbing media of the s t r a t i f i e d p lane-para l le l type. 

In t h i s way a unif icat ion of a l l these important t ransport equations i s 

achieved. 

A second purpose of the universal t ransport equation i s to provide a 

new useful too l in the study of radia t ive t rans fe r theory. For, example, 

cer tain special forms of the universal t ransport equation have already 

been suooessfully used to obtain a solution to the long-standing p rac t i ca l 

problem of the existence of the asymptotic l igh t f ie ld in deep s t r a t i f i e d 

hydrosols, a feat which appears to be impossible without the introduction 

of the general type of functions associated with the universal t ranspor t 

equation. Further evidence of the usefulness of the universal t ranspor t 

equation as a tool which leads to new prac t i ca l r e s u l t s w i l l be i l l u s t r a t e d 

below. 
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Before we go into the details of how the universal transport equation 

can achieve a semblance of unity in the classification of modem radiative 

transport equations, and of how it leads in some cases to new results 

which are beyond the capabilities of the classical transport equations, 

it may be of help to the reader to indicate the steps in the development 

of modern radiative transfer theory which have led to the idea of the 

universal transport equation. With such information in mind the reader 

can then easily follow the steps of the synthesis. 

There are four well defined steps in the development of modem radi­

ative transfer theory which form the immediate background to the formu­

lation of the universal transport equation. These are, in chronological 

order: the adoption of the general equation of transfer for radiance and 

the development of the notion of equilibrium radiance;1 the development 

of the unified irradiance equations and the notion of equilibrium irradi­

ance;2 the development of the canonical equation of transfer and the notion 

of the radiance <-function;3 the development of the theory of the asymp­

totic light field and the transport equation for the radiance K-^unction> 

In the following two sections we will illustrate these steps in detail 

and add still further illustrations which have been uncovered subsequent to 

the time of the fourth step. In this way we will systematically build up 

evidence for the existence of a universal transport equation and for the 

equilibrium principle with which it is closely associated. After these 

concrete examples of the various transport equations have been assembled, 

the general form of the universal transport equation is presented. 
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This is followed by an illustration of the use of the universal transport 

equation in a discussion of the reflectance function Rf?,-) . The 

paper closes with a brief survey of less common but equally important 

examples of transport equations which are also subsumed by the universal 

transport equation. 

TRANSPORT EQUATIONS FOR RADIOMETRIC CONCEPTS 

In this section we will present the transport equations for the 

following six radiometric quantities used in the study of plane-parallel 

media: radiance function N(2)0><^) » up and downwelling irradiance 

functions H(jJ, ~£) , up and downwelling scalar irradiance functions 

\)(t i) * and tne scalar irradiance function t)(2) • 

Each of these transport equations is cast into a form which explicitly 

exhibits a certain attenuation function and equilibrium function associated 

with the radiometric concept it governs. Thus, for example, the customary 

form of the equation of transfer for radiance is recast so that it ex­

plicitly exhibits the special attenuation function -~ o<CI)fco5B and the 

equilibrium function NL(2,e,<£) = N*(2,9,#>/<?<(?) • Similarly, the 

unified irradiance equations governing H ( 2 , ± ) are recast into forms 

which explicitly exhibit the corresponding attenuation functions 

4l]a(?/±)-f b(Z,±)] and equilibrium functions \\o(.7,±) . These 

two reformulations for the transport equations of H(2jB,<t>) and H6?j±J 

1 2 
are already known; ' however, the reformulations are now viewed with the 
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purpose of seeing what mathematical and physical characteristics are held 

in common by these transport equations. It turns out that the common 

characteristics are the attenuation and equilibrium functions associated 

with each of the radiometric concepts governed by these equations and that 

each of these transport equations is but a special case of a more general 

equation. 

The discussion of the present section continues with the derivation 

of the exact transport equations for h(2,±) and \) (2) . It is shown 

that each of these functions also may have associated with it an 

attenuation function and an equilibrium function. In this way we show 

that the six radiometric quantities used in the study of plane-parallel 

media have an important set of properties common to all: the notion of 

an associated attenuation function and an associated equilibrium function, 

and finally, that the transport equation for each of these six radio­

metric concepts is subsumed under one general equation. 

We now proceed to substantiate the preceding assertions by considering 

in turn each of the six radiometric concepts and its associated transport 

equation. 
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Equation (3) i s the desired reforaulation of ( l ) . For our present 

purposes we draw special a t ten t ion to the two functions: 

( i ) 
_ c* (Z) 

cose 

(ii) N%{2,&j4>) 

Function (i) is attenuation function for jsJCZ^S,^) for a fixed 

direction (6)4*) • 

Function (ii) is equilibrium function for |\f(2>9»^) f o r a fixed 

direction (9,^) . 

Transport Equations for H ( 2 ) — ) 

The transport equations for M (i j ̂ 1 (or more accurately, the 

general Schuster equations for the two-flow analysis of the light field) 

2 
are of the form: 

Associated with H(2 ;—) and H (?>"+") is an equilibrium function 

U»(£,-) and |-|»(2,i-) , respectively. These equilibrium functions are 

An alternate formulation of (3) is possible by adopting the optical 

depth parameter T = I <=*<•*') d l ' „ Such a formulation using *j- has 

'4 been found of especial use in an earlier study. However, for our 

present purposes, equation (3) is more appropriate. 

\ 
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defined as>: 

U 2 , T ) H ^ , T ) 
H^? ,± )= - (6) 

6 au,±) -*- bc*,±) 

By means of these functions the equations in (5) may be wr i t ten : 

The equations in (7) are the desired reformulations of (5 ) . For our 

present purposes we draw special a t tent ion to the two se ts of functions: 

(i) T [a(Z,±) 4- b«,±f| 

(ii) Hf(*,±) 
(8) 

Set (i) gives the attenuation function for the upwelling (+) and 

downwelling (-) irradiances H(2>±) • 

Set (ii) gives the equilibrium function for the upwelling (±) and 

downwelling (-) irradiances H(£>±) . 

Transport Equations for h(J* -±) 

The exact transport equations for hf?,-*:) and h(2}-) apparently 

have never been discussed in the literature. The reason for this gap in 

the family transport equations for the common radiometric concepts is two 

fold. First and perhaps most important, there has never been an explicit 

need for the transport equations for h(2,-±) ; the ordinary irradiances 
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H(Z,±) were considered adequate in the early studies of the light field 

in stratified media. However, with the advent of more precise and de­

tailed studies of the light field, the functions hC2~t^f) have finally 

assumed a legitimate and useful role in modem radiative transfer theory.' 

Second, there is no simple way of obtaining the exact transport equations 

f o r n(li"£) from first principles (de novo derivations starting only 

with the definition of r)C7)lt) and the basic volume absorption and 

volume scattering functions). Neither is there any simple way of obtaining 

the requisite transport equations directly from the equation of transfer 

for radiance (in contradistinction to case for H(?| — ) ). In the present 

paragraph we derive the exact transport equations for n(?j-J by a 

simultaneous use of (a): the connections between these functions and 

H(X,±) » provided by the distribution functions DC2> —) and (b): 

the exact transport equations for H(J,±^ . 

We begin with the derivation of the transport equation for \)(i.—) . 

By definition of O ( Z r ) , 

/><*>-) =* D « ) - ; H ( ? , - ) . (9) 

Taking the der ivat ive of each side with respect to j£ t 

o»i dill dH 
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By means of (5 ) , t h i s may be wri t ten 

da 

Using the definitions of 0(2,-) and D(2,-»-) (=• h(2,-*-)/H(?>+) ) 

and denoting the derivatives with respect to £ by a prime (which will 

be used interchangeably with -^- in all that follows), the preceding 

equation may be written: 

l / f iV/a -t ( 1 0 ) 

h <*•>- ^a«,-.+b ( z , -a * § ^ . ; } h a ,_ , . g g d ^ ^ 
which is the general transport equation for b(2i-) 

Now, as in the case of NiZjQj^) and H(2j±) we may associate 

with h(2,-) an equilibrium function }u(2,-) whoso definition is: 

or 

[««,-,+«^;J- g ig 

L /a v D2(£,-) b«,+ ) h^2^) 
1l ~ — 

D(*^)OCi,-)[a«r.) + bra,-)] - D'rz,-} Da,+) 
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With t h i s def ini t ion of h e , ( £ , - ) , the t ranspor t equation (10) may be 

wri t ten: 

lTT- [-(»»HW,->) + p^Jh^-^u,-)]^ d 

Equation (12) is the reformulation of (ll) which is of central interest 

in the present study, and as before we call special attention to the two 

functions: 

(i) +[Q(2>-)+b(Zt-)l - °'(2'--) 

The function (i) is the attenuation function for Y) (£>—) . 

The function (ii) is the equilibrium function for h(Z,~) 

The derivation of the transport equation for rK2,-f-) proceeds in 

a similar manner to that leading to (12) and (13) in the case of /)ff,-) 

Therefore, the reader may easily verify that: 

(13) 

^ - 4K+Hki ,+) ] + £i*4±) 
a i ( J 0(2,+) 
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Now if we set 

(15) 

L J D CB, 

D2(£j+) b(2,-)l)(2,-) 

+) 

D(Z^)0(2-) [a«,^ + b(£,+V] -h 0^2)+)O^£r) 
/ 

then (14) may be written 

d* 
- -[(««,+> +b«*)+§gg][»,„,*,-4H, («) 

which is the desired reformulation of (14). We draw special attention to 

the functions: 

(i) -[Qter.-l + brz.+O- PV*!-*-) 
DCZj-f) 

(ii) kfz,-*-) 

The function (i) is the attenuation function for h(£ -f-} „ 

The function (ii) is the equilibrium function for h ('?,+) . 

We pause to observe the similarity of the functions in (8)(the set 

for HfEi±) ) and with those in (13) and (17) (the set for b(£,±) ). 

(17) 
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These sets coincide when p'CZ^) =0 * i,e'' when H(2>±) and 

h(Z-,±) differ multiplicatively by a constant factor. That is under 

this condition, (i) of (8) reduces to (i) of (13) and (17), and 

Transport Equation for Scalar Irradiance 

To obtain the transport equation for the scalar irradiance function 

\)Ci) , we begin by decomposing b(I) into its up and downwelling 

components: 

\lCZ\ => h(2,+.) + h / 2 , - ) , 

Then by using the definitions of the distribution functions: 

•Dcz,±>- M ± L , 
U(z,±) 

\lCt) ^ y he represented in terms of D(£»±) and H C Z , ± ) : 

Taking the derivat ive of \)(2\ , we have 

dig!- *ir)d-&p+H(i,-)4S£L2 

+ txirf dm*!? + Hu^dou^ 
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Vre now make use of the exact t ransport equations for /-j(Z.,±") : 

dk(l\ f r -i i 

+• Hf*,-> D'<*,-; + Htt;-f) D'^,+) 

+ 0(2,+)] [at2J+) + t«,-»-)] «(£>•!-) - k ? , - ) ^ z H V 

The next step is to convert the products DCZ.'t) H^2,±} in*° 

the equivalent functions \}(_2 £) and write h'Ci) as a linear 

combination of n(2,+) » \)(i. —) 

L J D<2,-) 

Collecting coefficients of fi(2,l-J s 



SIO Ref: 59-21 - 15 -

where 

r ., D'f*,-') - D(2,+)b(Z,-) 

and 

r , . -i P'(£,f) +LX2-) t>(2'+) 

Evidently (18) is unchanged if we write 

+ A + (2) h(2>-H + A + a) ha,-) 
dh 

But then this equation may be reduced to: 

= [A-a)+^4(*i] h(2) - [A-<* )JN2,+) +-AW?)/)<*,->](19) 
d2r 

which is the transport equation for n(Z-) » 

By defining 

L(2)*= 7 
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Equation (19) is expressible as: 

d M r . ... * . .-nr, -. (20) 

oil 
= [ A - ( 2 ) * A + ( » ] [ h [ 2 ) - h j ( * ) ] . 

(21) 

For our present purposes, Equation (20) i s of cent ra l i n t e r e s t , 

and we mark for future reference: 

(O - [ A - ( z ) + A+(*)] 

(ii) )lj(£?) 

Expression (i) is the attenuation function for n ( 2 ) . 

Expression (ii) is the equilibrium function for hlZ) . 

Preliminary Unification and Preliminary Statement 

of the Equilibrium Principle 

We have now reached a point in our discussion where we must con­

solidate the results obtained so far. The consolidation will serve two 

purposes: it will yield a preliminary view of the structure of the 

universal transport equation, and secondly, it will prepare the way for 

a discussion of the transport equations for the apparent optical 

properties which takes place in the next section. 

We turn now to the transport equations discussed so far, in particular 

the equations (3), (7), (12), (16) and (20). These six equations have a 

common mathematical structure, and the various components of the structure 
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are associated with physical concepts common to the respective radio­

metric concepts. Specifically, let the general symbol (P(2) stand for 

any one of the following six radiometric concepts: 

6>U) :^H(2,±) 
h(z>±) 

h LJL) 

Furthermore, let 0^(2) stand for the associated attenuation 

function for (?(.?) . Finally, let ( E (?) stand for the associated 

equilibrium function for (p(£) • Then each of the six transport equations 

developed above is precisely of the form: 

di - - 6><*W [0>C2) -&%(i)~] 
(22) 

We now may make a key observation on the dynamic behavior of the 

five radiometric concepts which are associated with a general direction 

of flow ( h(H| is the only one of the preceding concepts which, by 

definition, is not associated with any particular directed pencil of 

radiation or general hemispherical flow). If O c Z ) stands for any one 

of these five concepts: l4(Z,9j<t>) $ H(Z,±) , h(Z,^\ , then it is 

easy to verify that: 
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If QW^QcjiZ) we have from (22) d&2) < Q 
b dfZ-l ' 

and 

If ( ? ( 2 ) < (&U) we have from (22) "TrT > ° * 
b QI2-I 

where the symbol d(?(2-)/dl £/ i s defined as follows: 

dG (i) c4(?{?) i f Q>(Z) i s associated 
= ° I i i i £ with the direction of 

Cfl^l d £ increasing £ (downwelling 
direction) 

d(?On _ d (?Q) if (?(2r) i s associated 

qfUl di(-i) with the direction of 
decreasing f̂ (upwelling 
direction). 

(23) 

In other words, the equations (23) simply state that as the radiation 

represented by (jC&) travels in its assigned direction, the magnitude 

of (jCZ) always changes in such a way that it tends to approach the 

magnitude of its equilibrium function (?<» (€) . This observation 

forms the core of the general equilibrium principle formulated below. 



SIO Ref: 59-21 - 19 -

THE APPARENT OPTICAL PROPERTIES 

The notion of "apparent opt ical property" has already been discussed 

in d e t a i l elsewhere (see Table 2 of Ref. 8 ) . In p a r t i c u l a r , the present 

l i s t of the more important apparent op t ica l proper t ies cons is t s of the 

following seven quan t i t i e s : 

' K ( 2 , ± l 
R.(2,±l 

D(2i±> 
< 

For our present purposes, we may extend t h i s l i s t to include: 

We shal l show below tha t a t ransport equation may be assigned to 

each of the above K-funct ions . We can also assign a t ranspor t equation 

to R.CZ,JZ) and Q ( £ + ) , and in fact w i l l exhibit the t ranspor t 

equation for R ( Z j — ) and go on to deduce, by means of t h i s equation, 

an in te res t ing property about the depth behavior of R ( i / — ) . We w i l l 

not, however, exhibit the t ranspor t equation for fZ(2>+) and 0(2,It) 

for the following reasons: By def ini t ion R.(2>4-) « 1 / R ( t } - ) , so 

that once a t ransport equation i s obtained for R(2>—) , one for 

o /£. x) would be superfluous. The reason for not obtaining t ranspor t 

equations for the opt ica l proper t ies Q(Z)'lz) i s more subtle and may be 
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inferred from the preceding formulations: the preceding transport 

equations for H*2>1:) * h^Z,!") make implicit or explicit use of 

the distribution functions. If we were to deduce the transport equations 

for 0C2,±.) we would see that the quantities H(Z,±) or. h(Z,T) 

would be explicitly involved in them. Therefore, a logical circularity 

would creep into the final set of transport equations if we insisted on 

obtaining transport equations for Q(itX.\ in addition to those of 

H(iii) and 1 Q ( 2 } ± J . In order to avoid such a circularity we must 

deoide on the elimination of one of the three sets of quantities: 

rUZ)±) * fU 2,"±) Q (£)t) • Such a decision is easy to reach 

after we note that \ACZ,t) and fo (£, £J are the fundamental 

observables in natural light fields, and that the D(2 ;±.) simply 

act as analytical liasons between these quantities. Therefore, we will 

agree that D(Z,±) are to continue'to act as the connecting links 

between the irradiance and scalar irradiance concepts, and that they are 

to enter into the calculations solely in the capacity of dimensionless 

mathematical parameters. Their usual physical interpretation will, of 

course, be retained (namely that they are measures of the directional 

variation of the radiance distribution at a general depth j£ ). 

/ 
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TRANSPORT EQUATIONS FOR APPARENT OPTICAL PROPERTIES 

In accordance with the preceding discussion we w i l l now obtain the 

t ranspor t equations for the following apparent opt ical p roper t i es : 

k i z . e , ^ ) ' kC2,±)J>fe(2,+ ) > Jkcz) and &*r) -

Canonical Forms of Transport Equations for K-functions 

The procedure for obtaining the transport equation for the six 

^ -functions i s facil i tated by the preceding results , in particular 

by means of the six transport equations for N ( 2 ( 9 j ^ ) , \A(Z} i ) , 

f ) ( £ . - ) and jr)(i) . If &CZ) stands for any of these six 

functions, then the corresponding K-function j< ( (? ) i s defined as: 

Using the generic equation (22) and the definition (24), we haves 

-<?(2) k(0>) = -(?«. [0a\ - 6 \ t * ) 1 . 

Solving this for (P(£) , we obtain the canonical fornr of the transport 

equation for (?(£) : 

_ (25) 

<S%*>« * . 

i 



SIO Ref: 59-21 - 22 -

This canonical form of the transport equation serves as the common 

s ta r t ing point for the derivation of the equations governing individual 

| ^ -functions. Thus, by taking the formal logarithmic der iva t ive of 

each side of (25): 

djf>gt*> = dfn(%6a d i n - Ki®li 
da <a ~ J i l n L fllW)J ' 

and defining, in analogy to (24): 

1 6\c*) di 7 
% 

we have 

d_ r k«?) -] 
- K((?) « - tf.«P) +_ d _j 

t — *«?> 
whence (P«*<*) 

-SL r K((?) 1 r IT "I 
dx L sT^J - [w2)-i][K((?)-Kv((Pi]; 

(27) 

/ 
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Dimensionless Transport Equation for K ( ( P ) 

At t h i s point we have two a l te rna t ive routes open to a universal 

t ransport equation: one route s t a r t s with the adoption of a generalized 

notion of opt ica l depth: 

T = j Q«W) dlf, 

along with a relativization of K((?) and /<",- ((?) with respect to 

(JU U ) » thus: 

Kit?) s 
KCCP) 

Then (27) may be written in the dimensionless form 

(28) 

Equation (28) has the advantage of simplicity of structure and is there­

fore ideal for formal work (see, for example, the dimensionless form of 

(28) for the case (/&•)•=- N(i,©j^») ,' which was used in the proof of the 

asymptotic radiance hypothesis ). However, Equation (28) has the disad­

vantage of not showing the explicit effects on the associated |^-functions 

produced by inhomogeneities of the medium, nor of the way in which the 

K -functions vary with geometrical depth, the natural measure of depth 
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used in experimental work. Therefore, we wi l l ac tua l ly take the second 

route which consis ts in adopting geometrical depth and unre la t iv ized 

j<̂  - functions. This resu l t s in a mathematically more cumbersome t r a n s ­

port equation, but i s actual ly of greater use in p rac t i ca l appl ica t ions . 

By adopting the a l t e rna t ive route, we are now obliged to consider each 

of the (^-functions in tu rn . The common s t a r t ing point i s Equation 

(25) in which the exp l i c i t forms of (Po<(2-) and (PqC2) for the 

various concepts have been subs t i tu ted . 

Transport Equation for K ( 2, Gj tfi) 

From (25) we have 

|-v sec© *(•*'*>W 

in which we have set (& CZr) = — <*&)/cos& , & (2-) = Nj , Ci.Bjfi) , 

so tha t X « P ) = K ( Z , © ^ ) and |<^GP) = K%LZ,Bj4l , using the 

def in i t ions in ( 4 ) . Taking the logarithmic der ivat ive of each side of 

(29) , and solving for ($\<tlt&t<t>) /di * 
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The right-hand side of this equation may be factored into the product 

of two functions yielding the desired form of the transport equation 
f o rKu,e,^) : 

d\<(Z>B,<t) r , «y n r o (30) 

where 

(3D 

The functions 3^<l2;e,/>) and ^-(i,©",^) appearing in (30) are 

the attenuation and equilibrium functions for KCZjGjfi) . They are 

defined by the pair of simultaneous equations in (31) whose solutions are: 

1 1 

The quantities |<„ and ^ should not be confused with each other. 

)<( is the logarithmic derivative of' fvj- (see definition (26)) 

whereas <̂ <, is the sought-for equilibrium function for \^(Z,Q,fi) 

in the general context. Observe, however, that if the medium were 
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homogeneous, then 

^iati,9,4) = \<%Cz,B,<f>) • 

More generally, in eventually homogeneous media (i.e., media in 

which o£'(a)-> O as £-> CD ) 

9L<*.MJ 
COS9 

^a,eA) > Ky*,*jf) » , | CO 

This follows from the asymptotic radiance theorem and i t s various 
9 consequences. 

Transport Equations for \CC £ i — ) 

The appropriate form of (25) in the present context i s obtained by 

substituting the attenuation and equilibrium functions for H ( Z , ± ) 

in (25): 

H(Z,±) = KC2,+ ) 

[aC2,±)-rb(2,:n] 
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Taking the logarithmic der ivat ives of each s ide , solving for 

« ' ( 2 + ) , and factoring the quadratic in \<CZ,"t) > we have 

^ ^ = £,«*, - ) - K - U , - ) ] [ K Y 2 , - I ~ V * ' " 1 ] 9 02) 

For KCij-tf : 

^12,^+^(2 ,+) = . [Q(2 , - ) *k2 r ) ] + l<tC2,-) - ( j n K l ^ » , - ) | 

3C(2,+ ) 3^(2,+) = f a « r ) + i t f , - ) ] Kj(2,~; 

For K ( 2 , - ) : 
/ 

3k<2-) + 3^(*i-J * f̂3(2;+) + b(2l+)]+K^2|+)-0nt'of2/+)^+-)]) 

These simultaneous equations may be solved to obtain exp l i c i t 

expressions for the respective ^ ^ s and ^ ~ ' s • We wi l l not do 

t h i s here, but ra ther take the space t o point out tha t in a l l eventually 
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homogeneous media tha t as 2 -^ ao > 

Y*LZ>±\ - + [a(Z,±) -4-bC2,±)l 
J f 

^ t ( 2 , ± ; — - K tu,±) * &o* • 

This follows from the asymptotic radiance theorem and its various 

consequences.9 As in the case of KA^iG^) and ^^(2J&J</>) » care 

should be taken so as not to confuse Ko(2, ~t) with ^ ^ ( 2t~t). 

The former is defined in (26), the latter by the preceding simultaneous 

equations. 

Transport Equations for JR(2,±) and JjlCg-) 

Starting with the general canonical equation (25) we have for U(Z) t 

hu) — ' 
1 + ia) 

Similarly, for b(2,±) s / 

In(2,±) - r 
\l%U,±) 

j + j U i ± ) 

1 J t>U>±) 
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The existence of these canonical equations for hc2t~5.) and 

\)(£) is sufficient to prove the existence of the appropriate transport 

equations for y| f2,+) and J^H) by following the procedure i l lus­

trated in the preceding two paragraphs. The results are 

oU ~~ l&*i±) - i - (2,±y [ & * , + ) -A%(2t±)~] 

dfal) p a IT 0 - i (35) 

The exact forms for the respective ^ M 's and }{y's will not 

be worked out; this may be left as an exercise for the interested reader* 

The important point to observe is that we have now proved that for all 

six K-functions, the generic transport equation is: 

- ^ - [\<i(?)-K*L<P)][K((?) - X%«?)~] 

Equations (22) and (36) form the two major sets of transport 

equations considered in this paper. These two equations cover all 

twelve transport equations for (? and \<((?)considered so far. 

As in the case of (22), it is easy to verify that if 

(36) 
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Ktf?) > &, «?) then from (36): ^TTT < ° , 
* q | 2 l 

and if (37) 

K ( ( ? ) < ^ ^ n from (36): - ~ - > O , 

which show that KI&) always tends toward iiis equilibrium 

function ^ (#}. 
b 

We now turn to consider the last of the standard transport equations, 

namely that for £(?. — ) . 

Transport Equation for R( 2,—) 

By definition of R(2.-) ' 

R f z , - ) - Hi£i+i . 
HC2;-) 

Taking the logarithmic derivative of each side, and applying the defi­

nitions of \C( £,+) and j<(2;-) , we have 

d£(Zr) ^ J - R(2-,-) [*<*,-) -*<*,*)] 

*The term "tends toward" has a precise meaning here: i f •£, an I £ j 

are two real-valued functions defined on some common domain £3" 

of the reals then f tends toward f at x € J ^ if 
s3nP"i(*)-f2<*j] = s 3 n £ ' ( ; r ) where " s«m " means "sign of." 
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Using the following representations of «(2;±) ; 

K(2,±) s q^OcWi-t-btf,*)] * k6?,T) £ ( *>+) , 

the derivat ive of R ( £ , - ) may be cast in to the form 

* ^ = -i(2,+) ^(2;-) + 

+ [ a « r ) + a«)4) + br2J-J +k2 l+)3R(2-j - b(2 r). 

The right-hand side, which i s a quadratic in R ( 2 , - ) * may be 

factored: 

( f e l ) = -b«,+)[R(£H- R*l2r)][R<Z,->- R%(Zr)] , (38) 

Equation (38) is the required transport equation for f?(2,—) * in 

which Ko<(2-)-) is the attenuation function for R(2,-) and 

R*tZ,-) is the equilibrium function for R(2-) • These functions 

are defined by the following system of simultaneous equations: 

1 k?,+) < 3 9 ) 

£*<£,-) Rj (2,-> = k (g , - l . 
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As in the case of the |<^-functions, these may be solved for 

RM(2>-) "* 

<2R 

(40] 

Ko^ goes with the plus sign, Re with the minus sign. 

We observe tha t , in eventually homogeneous media, as g >co 

R*(2>-) J h(z-) 
W>-* bt2>+\ (u) 

fy*H > &(2.,~) =* Zoo • 

These facts follow from (40) and the asymptotic radiance theorem.9 
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UNIVERSAL RADIATIVE TRANSPORT EQUATION AND 

THE EQUILIBRIUM PRINCIPLE 

For the purposes of this section, let us refer to the thirteen 

quantities studied so far as the standard concepts (namely N(2,Qjj>) , 

H<.?>±) > h<2,±) , be*) , k(2,9,# >\ca,±) >hza) > 
/(LL2-) » and £(.2,-) • A directed standard concept is any of the 

preceding standard concepts except [)(2) and Jjz(2) 

The evidence gathered in the preceding discussions may now be 

assembled in the form of 

The Equilibrium Principle. Let X be an arbitrarily stratified source-

free plane parallel medium with arbitrary incident lighting conditions. 

h$± C(?) represent any of the standard concepts. Then associated 

with C(2\ are two functions d W ( 2 ) and d'fCZ) . the 

attenuation and equilibrium functions for (t(-Z ) respectively. The 

standard concept C(2) together with £*(*) and £9(2) 

satisfy the functional relation: 

= /i(2)[6ttZl-^f2)]Je(2;- ^ ^ ) ] (42) 

where Ltd) and d are known parameters depending on &(Z) 

The relation (42) is the universal radiative transport equation. 
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If fCZ) is a directed standard concept and JJ(2) > O ) then 

dC(i-) -> ,r ^ ,loN 

and i f C (Z) i s any standard concept, and X i s eventually 

homogeneous then 

(?«(ao)= \imj^m C*(2) 
exists,, 

dl{*») » /l«r)2->» <%'*) exists, 
and 

(44) 

i m ^ , ^ ) » (^ ceo) . (45) 

The proof of the statements (42), (43), (44) and (45) have 

essen t ia l ly been covered in the preceding discussions e i t h e r d i r ec t l y 

(as in the case of (42)) , or ind i rec t ly by references to the 

appropriate sources in the bibliography (as in the case of (43) - (45) ) . 

Table I below gives the expl ic i t forms of ii(Z) and & for the 

th i r teen standard concepts: An examination of Table I shows tha t i f 

\KI,-) i s removed from the l i s t of standard concepts, a con­

siderable simplification i s effected in the form of (42) . However, 

in the i n t e r e s t s of completeness we have included R£2;)—) „ 
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TABLE I 

STANDARD CASES OF THE UNIVERSAL RADIATIVE TRANSPORT EQUATION 

STANDARD CONCEPT VALUES OF pj<5" VALUES OF pj<5" 

hm 

6 - o 

ku) 

R c * > - 1 
/ 

/JIB) = -h(*t+) iz&o 

6 - 1 
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Discussion of Some Propert ies of / fV^ - ) 

We begin with some observations on how the re la t ive magnitudes of 

the two quan t i t i e s R ^ ( 2 , - ) , R<?(2,-) govern the loca l behavior 

of R ( 2 , - ) . In the t ranspor t equation (38) for R(Z~) we note 

that 0(2,+) > O in a l l scat ter ing media. Furthermore, from the 

defining equations for &rf (2 , - l and £ • ( £ , - ) , we conclude that 

in general , 

R«(2,-j > R / 2 ' ~ } <^> 

(47) 

in a l l sca t te r ing media. Thus, i f R ( 2 , - ) i s such tha t 

R*(Z,-) > R ( 2 , - ) > fy ( * ) - ) , 

then from (38), we conclude tha t 

d* ^ ° • 

This follows from the transport equation and the facts 

£(*,-;-'£«<*,-> < ° > 

Henca the product of the two corresponding factors on the right of (30) 

has a negative sign. Since b ^ 2 , + ) >-Q , the derivative on the left 
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of (38) must have a posi t ive sign, indicat ing tha t $(£,-) i s 

increasing a t depth j£ 

Now in eventually homogeneous media that exhibid both sca t te r ing 

and absorption a t a l l depths 2 , i t i s easy to see tha t 

R.(2,-) < / for a l l Z $ and furthermore, that 

K^. £.<*,-) - 4 fe ^ i , £<D Jbc+) 

which follows from (44), and the exact relation: 

where 

-(z;V) = j ^ (Tf2; * j f ) o/i2CJ) , (T. 

in which the integration is taken over ^=-+ or -=- _ , depending on 

whether 

/' 

f £ ^L +• or J ^ -=. . # 

Hence (see Figures 1 and 2) there is always a depth Zx» in such 

media such that whenever J? ><?«, 

R«(z,-) > | > R(Z-) 
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Therefore, the left-hand side of (47) holds for suf f ic ien t ly large £ 

in a l l eventually homogeneous scattering-absorbing media. The c r i t e r ion 

(47) for the eventual increase of | ^ ( ? , - ) may then be replaced by 

the s ingle inequali ty 

Rrz,-) :> Pt(2t-) (49) 

and the criterion for the eventual decrease of J2 (2 ,-) may be 

written as 

f?U,-) < R%(Zr) 

Figure 1 shows the situation summarized by (49): /<7?}-) is 

eventually sandwiched between K*(2.j-) and \Z«(2,-\ and is 

therefore constrained to rise monotonically toward its ultimate limit 

K O J « K(Z)-) cannot be below K*(Z,—) whenever the latter 

rises toward its limit RcO , for if this is the case, then 

K(£/-) <T O by the transport equation (48), and g(2 -) 

would not then attain its limit Q& 

Figure 2 shows the depth-behavior of Q(Zj') summarized by (50)t 

fl(lr) is eventually below R<£ (Z,-) f and thus, by (48), is con­

strained to decrease monotonically toward its limit £«> . R ( Z~ ) 

cannot be above R«, (Z,~) whenever the latter decreases toward its 

limit KOJ ; for if this is the case, then ft(2,-) cannot attain 

its limit ^ . 

(50) 
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K«/(2,-) thus acts as a directrix for R(2t-) in the sense that 

if Kv(2>-) decreases monotically toward its limit R ^ , then 

we have 

(?.(£,-} > RCZrl > R CO 

for all £ . On the other hand, if f?o(Z,-l increases monotically 

toward its limit j£ob , then 

R<x> > \?i2-) 7> R>j (zr) 

for all 2 . 

The eventual monotonic behavior of RotiZ,-) and R^f^i-) 

in eventually homogeneous media may be established from an examination 

of (39). This observation, together with those of the preceding two 

paragraphs, may supply a proof of the conjecture that V. ( Zj-) 

tends monotically toward its limit R ^ . Whether R(Z;~) 

eventually decreases toward Roo , or eventually increases toward 

(COD depends on the eventual values of the inherent optical 

properties of the medium. / ' 
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SOME ADDITIONAL TR/.NSPORT EQUATIONS SUBSUMED BY 

THE UNIVERSAL TRANSPORT EQUATION 

The standard transport equations enumerated in TABLE I constitute 

the most frequently used equations in general radiative transfer theory. 

This list, however, by no means exhausts the various ramifications of 

the universal transport equation- as given by (42). An additional set 

of transport equations which fall under the domain of the universal 

transport equation will now be mentioned. This set is associated with 

less frequently used—but no less important—radiometric concepts 

than those of the standard type. We will consider in particular the 

following radiometric quantities: 

(i) n-ary radiance ^ ° 

(ii) n-ary radiant energy \J 

(iii) path function {\j^ 

(iv) vector irradiance \-\ 

(i)» The transport equation governing N is: 

-cose d N T u ^ l , - C X U J N A Z , ^ ) + M^2,e>» (51) 
dl 

where 

N^(2 /©^)« j c n z i e ^ j e ^ O N^V^e.V) c/JL . (52) 
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Here |\ n ~ | 2»«-», is the n-ary scattered radiance, i.e., 

radiance consisting of photons having been scattered precisely n-times 

with respect to those comprising |S/° . In any particular problem, it 

is assumed that N°( 2 ,©, <j6) is given. From this, Nlu(Z,&j&) 

is obtainable by means of (52). Then N*(2i6>j<t>) is known, and (51) 

becomes a differential equation in (s/ ( 2, Bj <JJ) which is easily solved 

in principle. Numerical solutions of N (Z/0j^) may be readily 

obtained by means of a large scale computer programmed for (51). Once 

N'(2,©j<£) is known for all Z: and (B,4>) , (52) yields 

N ^ ( 2 y © > ^ and (51) may be solved for NZ(Z,Gj4>) • By 

repeating this process, we are led to obtain |\j (Z,Gjfi) knowing 

N ( 2 > 0 j ^ ) . The total (observable) radiance M(Z,<9,^) is 

defined as 

For our present purposes we write 

N9(Z,Bj4>) •=• - 7 ; 
6 , <=x(2) 

I 

so that (51) may be wri t ten 

cj ^ COS6 [^Nn(Z)9J<P)-N^(£,9Ai\ 
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When written in this form, Equation (53) closely parallels the form of 

Equation (3), so that we conclude, as in (4): 

, x ^oC(Z) '' 
K&) — is the attenuation function for [\J n( 2 G>j4>) 

(b) (\L(2,ej<p) is the equilibrium function for N'\ZtBi4) 

and thus the transport equation for N "( 2, ©, fJ is subsumed by (42) 

in which J A ( Z ) ^ | i § ^ 0 . 

^ i i ) ' The transport equation governing (J° is usually written in terms 

of a time parameter "L instead of a space parameter ~Z s11 

i. "3=r- "r - (54) 

where T^ -» \ j V d.) f^. - I / 2C4 . However, we may introduce a new 

variable 

so that (54) becomes: 

qJyw* -ocuv; + ̂ uh-cH) . (55) 

The symbol U n ( M represents the n-ary radiant energy content of a 

sphere of radius h about a point source (in a space X ) which emits 

radiant flux in some prescribed manner starting from time £ = Q . The 

space is assumed homogeneous (c*(2)= oL for all ? in the space). 
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IT i s the speed of l igh t in X • % l e t t i n g 

and 

„ ; ( H - !&£>- - i r - ; 

where CJjj =s^- / o< , Equation (55) may be then writ ten 

Hence 

(a) <p^ is the attenuation function for (J 

(b) U P is the equilibrium function for U 

and (56) is subsumed by (42). 

(iii). The transport equation governing N/>f< has the form: 

dl 

(56) 

where 

M.^(z,M)- y^^> je^ ' )N^U,0 ;^ ' )dJ l , (58) 
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Equation (57) holds in all homogeneous, generally scattering-

anistropic media (thus the reason for explicitly dropping % -notation 

in QC and CT ). If we set 

•V*.™- ***»'e'* 

lmN*l2lB,*)-M*j(2,ej4>)]; (59) 

then 

oj^ ~" core 

therefore 

Ka} C05B • i s the attenuation function for /V/^ 

' ^ * < * i s t h e equilibrium function for N* • 

( i v ) * The transport equation for vector i r r aH ian^ J ^ h a a t h e f o r m 3 

. — H(2. ja (H:0)= - [ a ( 2 / n ( - ) 4fc(2 liS1s0)] H( 2,0,3:.) 
(60) 

Here f f a | G | ̂  ) = rt - H {%, !£,) is the component of 

H (£, -=.<>) along the direction of the unit inward normal f\ to a 

unit area at depth £ . H ( 2, :=-0) is the vector irradiance generated 

by radiant flux at 2 arriving from the general subregion S 0 of the 
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unit sphere Z=L . If H T 0 = r ^ : , then H ( 2 , Z 0 ) = H ( ^ ) 

the usual vector irradiance at £ . The quantity f-f ( Zt£, ~^o) 

is the associated (net) irradiance on the same unit area contributed 

by the complement _̂_ Q of — 0 with respect to ̂ =~ . Because of 

the assumed stratification, \-\ (%. ̂ =L0 ) (and hence all its components) 

depends only on ̂  . By setting 

H^fe.",^*) ~ • — t (61) 

we may write (60) as 

so that 

(a) OfZiO.'s^ + b C ^ . H ' o ) is the attenuation function 

for R(V,£,:H"u) 7 

(b) \-\o, (2\ jQ , -=-o J is the equilibrium function 

for ~H(£.fl ,"^To) . 

The transport equation (60) i s a general izat ion of the standard 

two flow equations (5) for H(Z,-*~) and H (2> ~) . (In the l a t t er 

case, for example, — o ~ — - , the downwelling hemisphere, and 

l° = - / # , where _Jp i s the unit inward normal to the plane-parallel 

medium.) 
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Each of the four preceding t ransport equations may be cast into a 

canonical form (see (25)) by introducing the appropriate | ^ -function 

for the associated radiometric quanti ty (see general def ini t ion (24) ) . 

Therefore, a t ranspor t equation for each of these {/-function e x i s t s , 

and i s of the form (42) . The equilibrium principle holds for h] t f\j^ 

M and U° . 

Therefore, the domain of app l icab i l i ty of the universal t ranspor t 

equation i s quite wide. In fac t , i t s domain covers the t o t a l i t y of 

radiometric functions used and known to date in radia t ive t ransfer theory 

(the 17 d i s t i n c t types of radiometric concepts and t h e i r corresponding 

| ^ -functions discussed above—34 concepts in a l l ) . By means of i t , 

the general mathematical s tructure of the l igh t f i e ld can be contained 

in a single unifying framework, and the necessi ty of invoking individual 

discussions and pr inc ip les for each of the many radiometric quan t i t i e s 

i s now obviated. Thus: 

"Frustra f i t per plura quod potest f i e r i per pauciora" • 

William of Ockham ( c . 1300-1347) 

(Tt w i l l be f u t i l e "to employ -many p r inc ip l e s -when i t i s pass ib le "to 
/' 

employ fewer.) 

RWP/mJa 

4 January 1959 
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