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INTFODUCYION

This paper continues the study of thc time dependent multiyle
scattering problem begqun in paper I. Wwe intrc-uce tne nctions of

least epoch time and loca. epoch time by means ~f the radiative process

cr. "n orbitrary carrier space and show uncer whel conditions thevy ¢llcw
verious temporal metrics to be introduced into the carrier space. It

turns ~ut that the lesst local epoch time operator has the properties .

-. nseudo-metric (defined below) wnenever the carrier space has ¢ tem-
porally homogeneous radiative procuss. Thus a pseudo-metric topolog:”

may be introduced ~n. 111 such -:arrier spaces.

The noticn of the cheracteristic function is also intrcduced, ana

several of its key properties :ire illustrated by observations ead
theorems. The characteristic function is net only a convenient conceptual
tocl which Adescribes th: interchange of flux between twe weints of srace
bul also forms the basis for a "temporal metric calculus" consisting of

£ collection of svmbols which mav be manipulated fccording to fixed
rules, and which yield nhysi:z.lly mecaningful statements abcut the tima-

dependent radiotion field., In this wav the formalism bas=c or the
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characteristic function (and later the characteristic ellipsoids and
sphercids) can be used to solve practical problems in much the same way
that Boolean algebra and the rules of elementary logic can solve the

practical problems of computer encoding and switch-circuit analyses.

As in paper 1 a necessary prerequisite for the present discussions
is the material developed in reference 1. Most of the theorems in
this and succeeding papers of the series are generalizations of some
earlicr work contained in reference 2 which has been brought up to
date and considerably cxtended, using the foundation developed in

reference 1.
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EPCCH TIMES

Let (X, 8, v) be an arbitrary carricr space. Lot X

contain 2 single point source (the fundamental source) o £ X

which initiates emission of radiant energy at time {o . The
temporal variation of the output of Ao is arbitrary but well de-
fined. If T =to , we define T =+4-%o as

the epoch time with respect to the source /3o .

In the interests of simplicity we limit the set of fundamental
sources to a single point. All of the present results can be generalized
to the case of an arbitrary set of sources; but such a generalization
does not add materially to the conclusions obtained for a single source.
In the (phenomenological) theory of radiative transfer the effect of a
sct of sources is postulated to be representable by a (suitable) linenar

supcrposition of the effects of the individual sources.

Least Epoch Time
1

The Radiative Process fxiom on (,X) El)'y) gives rise to A
nnn-nesative valued function ¥ en 7T ox X x T ox X
the }(-—density, where | stands for the time domain,
This function describes in abstract form the propagation of radiation
from a Joint in 1 % X to cnother point in T x X
in the presence of reflacting, rcofracting, scattering, abserbing, wnd

emission mechmisrms in >< .
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For cxample, the value

Y(to,Po; Lo+ T, ) (=0)

of X gives thc rodiance at S E X ~t time

to+ T as induced by thc radiance ¢t 2. ot time £, .
It may happen that for a fixed pair of voints (L2, /2) and a
given + o » that at emoch timc T  the value of the Y-density
is zero. This may be interpreted by saying that fd‘ has not, at
epoch time T , received any flux from S . On the other hwnd
A certain value of | may yield a positive value of X , in-
dicating that 7@ is receiving at this epoch time radiant flux from
/9-'0 . It is clear that the leest of thcse times is a measurc of

the temporal separ~tion between ,p,o and 2 .

e may now formulcte the notion of least epoch time 7/;0#

betirecen the fundamental source 7@., and an arbitrary point ,Q, :

T

Pof T I”Jﬁj(T: Y(to,po; £.+T, 40‘)>o}- (1)

IThis is somewhat different than the mcthod of determining thc
temporal separation f (ro, £~ ) of 2o and 72 by
means of the Transfer Process, as was done in papcr I. However, under
suitable conditions on the space X and its Hadiative Process
(namely certain spccial classical carrier space conditions) thesc two

methods yield the same measure of temporal separation of points
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of X (Theorem 3 below).

Least cpoch time T,—ﬁu = is a morc general concept than
t(ﬁo,ﬁ») in the sonse that the latter timec is defined only if
> ad @  arcon a natural path in X 77%72, is,
however, defincd for all pairs of points in X « The most commonly
oceurring minimum radiative transfer route in real media is defined by
the direct traversal of thc natural poth /D(*/‘QU/ /2) between /%0
anc 4Q whenever this path exists. However, in media with npaque
obstaclcs or transparent media with relatively bizarre variations of
index of refraction, thc oxtremal time f(/eo”a) associated
with /D(ﬁuyﬂ) mey be larger than 7;‘,/, . DOF .

may be described as the epoch time at which the "first

burst" of energy from o arrives at /2 --regardless »f the

path taken to reach 2.

Local Epoch Time

The local epoch time 774,3 (2 ) at / relative te
thc fundamental source Ao is defined Aas:
T - -
4¢2°(ﬂ') = T T/S.Uﬁ - (2)

—Z;“" (1) is clearly the time elapsed since  ,2  his first

re coived rodirnt flux from /—a .



SIO hef: 59-7 -6 -

In each of the preceding definitions; the fundamental source was
referred to as the starting noint for the suprly of rediant enerey in
X . By mecans of the mechanisms of scattering, etc., referred to
above, cach noint /a, ’ of X may be considered as a potential
secondary source of radiant energy to which may be assigned a local
¢roch time 7}20 (27) . This time plays the same rnlc for
'/,l/ as / plays for Ko . Thercfore if 2 7 is a point

in X which acts 1s a sccondary local source for still anoth:r

point fl in >< s let 7-///1 be the least local croch

’
time 7/:o /2 /) ~t which 42 receives flux from 72 .
Formally,

-
Toe = mE L T0) 2 YT o5 T s g

/
Furthermore, at th. instant f_ receives flux from 72 we
may bhegin to reckon « local epcch timc 7/'4/(%) 1t 72

with resncct t~ the sceondary source S 4

Taitp) =To, (£ = Teyp . (1)
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Observotions on the Properties of Epoch Times

If “rfw (F)> O , the elument of "vclume" about
o F 7@0 is definite'y receiving (~nd possibly
Upe-egnistine®) flux from //Qo ; if '7’/};_,_, (] = O,
it is no*. In the special cas¢ wherc Jfe = g<o then
T,ﬁo(.f"’) = 7 - Tpope = 7 . Observe that
no ascumptions have bcen moce cbout the temporel behovier of
the r 4i-nt flux cutput of P (or for any local source).
M™e fundamental source may radiat¢ fer just an instant, or
for some finite length of time in any manner during that
time :nd then te permanently shut off. It may start, on the
other hand, at to and radiate uniformly, or in any

prescribed manner for all 7 = o , ete,

It frllows trivially from the definitions and the propertics

of the Radistive Process that for all P e X ,
Trlr) = T rl,

I /ﬁ/ ana e are in X and PCpIx)
sxists, then 1_1(/4’,/2) == 774;0.
For the nost gcneral Radiative Process both ¢ (ﬁj/z.)

re derendent on zfo .

o)

s
and CRlp
Reeall chat tn temporal scmirmctric i wns formulated

in 1 Ly sonns <f the Transfer Proccss in such ¢ way thet

é(/‘l’}/(_z)'z/f/"'Z/Z/t .
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Here /é) 742, are any two points
on a natural path defined by a time z{ o , @ point
Lo € X , andtwo times £,, ¢ such that

”é/: Zojf/ (7{{0);
S = Eo)ga(;ao_).

The Trrnsfer Process Axiom is so genseral that the trans-

formation 72,} Zs for any two times may depend
jointly on t i and f 2 . Whenever 72- 0, L2
depends only on Z.Lz - Z/ , the Transfer Process

is said to be temporally homogeneous. Such a case arises,

for example, when the index of refraction n does
not explicitly depend on time. In the present series both
the Radiative and Transfer Process &}A s ‘:7;2

will be assumed temporally homogeneous whenever the symmetry

property of a particular metric-function is required.

A simple example of how temporal inhomogeneity can

destroy the symmetry property of the temporal semimetric

-,f can be drawn from Example 3 of paper I. We observed
that for tne natural path AA, Az C s

Lo,c) = —CL/OI//?,,A,.) + Nd(Ar, Az) + O//AZ)C)]_
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If »t sone timc zf, s t Tuy travorscs /? C
/s R . — . X
{in tht sense) when n=1r, ; in o,
we obtain - corrcspending value for f’(/4,5f) , call
1t £, rAC) . If at some time Z2
/ - .
e = f/'/ = 1le ?é /7/ in
Xo 5 then a ray traverses CA4  (in that sense)
intime £2 (C, 4 ) o Clcerly, in this case,

(A c) F L0 A),

and, in fact,

2{2 (C‘,A}——Z/, (A C) = _’_ZZ_CLQL Cl///’/,/f?./.

Even more scvere break-downs of the symmetry property
oceur when spatial variations of /27 are piled on top of
its tempnoral varintions. We observe, however, that the
symmetry nroperty of ZF holds for quite arbitrary spatial

variations of ¥/l as long as they nre in-dependent of time,

Definition (4) may be given a wider context. Consider any

/
three points &7 , A2 ad 2 in X

such that 7Q * is a local source for 72*/ s
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/ .
and /2 is a local source for 7@

U]

schematically:
K /
ﬁ — A2 .
4 local cpoch time 7;0_///4/ can now be de-
fined at ﬁ_ as

Talp) = Ta5(2") — oy

The point %* now takes the role of %u
in (4), but is not necessarily the point Ao .
An immedietc corollary of this definition holds for o

finite sequence g ﬂ" ) //2, s o, i, A2n }
in X such that 2 1is a local source for #xw .

,

The local time /2, _, (fox) ot L with

ﬂ/{ - as an immediate local source is given by

-7,_4,(_, /ﬂ/</ = 7;3/<—1. (Awr-i) — 7//(—/ Pr

K=/

7—’“ Zj'zo 7/—0‘1',4,J+/ -

I
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Summary of Epoch Times

The various epoch times described in this suction may now be

sumnarized:

T epoch time time elapsecd since funda-
mental source Ao in
X began to cmit.

‘\Tg_“: (/Q) local epoch time time elapsed since yza
first received flux from
source ﬂ* .

7-{3 ‘n least local epoch time temporal separation of two

points ﬂ, and 2 in
X , i.e., local epoch
time  Tp*(R’)

required for flux lecaving

/2/ to first reach /4 ,

~

K.
where /2 is a source

for;é .
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TEMPCHAL CONNECTIVITY

By defining the least epoch time 7;,//9 petween any two points
/g/ and /ﬂ, by means of the Y-density associated with the Radiative
Process, we were able to bypass &xplicit corsicderation of the actual
path or paths taken by the radiant energy to go from 7¢/ to 72 - In
our subsequent studies it will be necessary to kunow sometaing about these
vaths. We prepare the groundwork for this knowledge with a review of

s~me basic properties of classical carrier spaces.
Classical Carrier Spaces

If <§1é ,'U) is a classical carrier space then,by definition,

a.é‘“'XoxEl‘, where X, is some well-defined subset of £3, and =’

et

is the unit sphere in E; Xo is the location space component and

L

.—~, 1is the direction spacc component of the phtse space § « A point

PRS-

#ofj{) isthen%pairﬂ-’@,‘/{,&‘fxo, S e =7 .

Now in the usual run of classical cerrier spaces it is possible to

. ‘s
imbed any two points of )(o in a natural path; the associated E are

determined by the extremals »f the Euler equations (see paper I). The

omphasis here is on points of Xo . Because of the necessity of sat-

isfying thc boundary conditions on the extremals, we see that even in

the most simple »~f classical carrier spaces, any two points of 5

wre penerallv not on 1 natural peth. Fortunstely it is the connectivity
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of points of Xo by means of natural naths thet is of central interest

in the multiple scattering problem.

We now turn tc & specific example of this conncctivity in classicel
carrier spaces. Besides being of illustreative value, the following dis-
cussion supplies the motivation for the adoption of the postulate of

temporal connectivity in classical and general carrier spaces.

Temporal Connectivity in Classical Carrier Spaces

Let /?ap designate a path associated with 7;@ . We will show
that P,o’,o is not necessarily unique, and secondly that /,ja'p is not
necessarily a natural path /(2%0/) when the latter exists. These facts
may be illustrated by examining Figure 1 of Example 3, paper I. The
natural path between » and C is defined in the Fisure by thec straight
line sesment /M,/,’,_C‘. However, it was shown thot the extremal time
associated with this path can be larger than th-t associated with

a combination of two natural jaths AB anda RC. Therefore,

Toe < teA,Cl

where .Z‘)-C is the least ecpoch timc associated with the points /4 and
(C (observe we are designating for simplicity the points of the carrier

space only by their location space coordinates). It is also clear that

Tae < traB)+ 2(8,C) ,
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f~r by c-nsidi ring « new path A23C , We see that
L, . /.
L(Ae)+ t0,3) + 4(3,c) < £cA,B) +L(B,C).

It turns out thet in the present space, for suitable choices ~f th.
lenrth & , ona the index of refraction /7 , the three nztural paths
PrA,2), P(2,3) , P{(3,C) may represent an actual route taken
by » set of nhotons which form pert of the "first burst" of scattered
cnergy received .t C from thc scurce at /4 . Therefore, in the space

x of Example 3, 2 path //DJC associated with 7/_?6 cn be represented by

the formal sum:

e = PlA2)+ F(2,3) +17(3,C)

~f the indicated n~tural paths; the corrosponiine revresentrtion  f 7 o
is:

The = Zoa2)+ 240230 + £(3,C) .

The symmetrical arrancement (>f/)<oof Figuze 1 (japer I) about linc

AC shows that thce ~bove represcnt-tin f /;;C myw just 2s well heve

Yoon »~f the form:

_—

Fac = POAI) + Pl 9 ) + 1204,C ) »
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and

Tac = Eiay) + L014) + £¢9,¢0),

This illustrotes the assertion that //O‘C may not necessarily be »
unigue pnth in X . However, by definition of EC , the two represen-

tations of 7:QC are numerically equal (in this case temm by term).

This example alsc illustrates an important property possessed by
many (but not all) classicnl carrier spaces, namely the property which

we shall call temporal connectivity: any two points /d,ﬂ /of E may

be connected by a finite number of contiguous natural /O(,‘d,/?) paths
in such a way that 7;3//) may thus be represented as a finite sum of

the associated extremal times f( ,é',‘) ﬂJ -] of the nntural-path segments
PR , ;) . We will now establish the appropriate generalizations of

this notion nceded in the context of arbitrary carrier spaces.
& -Temporal Connectivity in Classical Carrier Spaces

Suppose thet the spoce X o of Example 3 werc not a parallelepiped,
but rother some region bounded by curved surfaces, such as that shown in
Figurc 1 of thc present paper. The basic dimensions of the figure are
ilenticl with Fieure 1 cof paper I, and /7(/@)=/7>/ on X o as before,
but now the strairht lines Z B and /¥ are replaced by the gently curving

arcs (2,3) and (/,4) as shown. It follows once more that
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£AN,8)+¢(8C) < t(AcC) is quite possible by suitable choice of
the values of QA and /? . Without going into all the details it should
be clear that PAC can actually be the formal sum of the paths /’(/),2),
(2,3) (the curved arc), and A(3,C). This would be true if,for example,
scattering mechanisms were in force throughout >< ~ But the curved arc
(2,3) is cerioinly rot a ravural path in this space, so that no simple
extremal Lime c¢n be associated with it. Now extremal timeg. and)more
generall;r? temporal semimetrice arc the only temporal yard sticks at our
disposal irn sens1el carrier spaces. How, then, can the temporal metrics
be applied to such paths as 2,3 ) ? One way of solving this
problem is suggested by the following considerations. If we represent

(ac formally by the sum
Fac = 101,2) +(2,3) « P(3,C),
and the corresponding lezst epoch time quc tentatively by

Tae = 7(ia,2) + £s3 + 5(3/6‘/;

where 1{23 is the “time" requiccd for radiant flux to traverse (2;3/ R

it is clear hat as any rote

/ )
t{A6,) ’_/((’:,f./.-’ ><’..L(/'7,2) -+ Z,Zzg + Z{(-?/C):: 7:4C
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The left hand side of this inequality may be considered as a crude

estimate of 7;}C which uses extremal times associates with natural

paths. A better estimate of 7/—45 would be (see Figure 1)

(A, B,) + L (B,8:) +T(B2C) = T o

A still better estimate would be (Figure 1):

LA B,) + £, Bs)+1 (83,B4) + £(Bg,c) = Tac .

The left hand sides of the preceding three inequalities are progressively
smaller numbers (times). It is clear that by choosing a sufficiently

large finite number of contiguous natural paths we can come as close as

we wish to approximating 7:4c by the sum of their associated extremal
times; however, the estimate of 7;“ obtained in this manner will

generally be too large.

We summarize these observations as follows: Let (fJ _C,E,Z/] be
a classical carrier space, ond let //1 R < 9‘_{[— . Then given any

& = O , there always exists a finite set of (k—-/) points, /Q, s ey

-1y Such that Ae) 2,) s P, P2) s «on) [CRut, 2] 5 318

nctural paths and

Tae = L(rL2) L ippe) 4ot EQRum, 2] = Ex

wiere <L E,<E .
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¢ — Temporal Connectivity in General Carrier Spaces

It turns out that most of the important results deduced for abstract

temporal metric spaces below, and in subsequent papers of this series,
do not require the representation of /Oﬂ_»/o_ by a single natural path.
A11 that is required is the £ -type of representation enunciated above,
or at most the possibility of a formal exact decomposition of /aof/a

into a finite set of contiguous natural paths.

Now, the general carrier spaceswill be considered as product carrier
spaces without any loss of generality (Reference I,[j; 16, 17).
Hence, as in the case of the classical spaces, the abstract pro-
duct carrier spaces can be formally two dimensional, with location and
direction space components. The temporal connectivity statements will

then apply as before to the points of the location space component.

L carrier space (X, §|7J) is said to be temporally connected if

for every two points Lo, 2k £ X there is a finite (possibly empty)
sct %14., e, ﬂ"-'EOf points in X such that P(/QA} /é,”.,) , ’{'=OJ..’A/-6

are natural paths with the property:
</
7-/-e"’/ek = 2450 Z‘[/é,()/z‘“_/) ,

A carrier space (X, _‘,:_“3‘ 7)) is said to be & —temporally connected

if for every two points ﬁo, ﬂ,(z X , and arbitrary & > O, there

is a finite (possibly empty) set of points {ﬂ,) v /3/(—-/}7 (depending
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possibly on € ) such that /O(ﬁh,e“,) s L= 0, K-/ , are

natural paths with the prorerty:
K=/
7/20)0/< - Z_A'—-O f(/é,t//,(*/) - é-K

where 0= €px < & ,

The notion of temporal comnectivity is by definition more restrictive
than that of € -temporal connectivity in the sense that the formmer
implies the latter., The converse, however, is not generally true, as
was demonstrated in the preceding discussion. Furthermore, the demand
for temporal connectivity is clearly less restrictive than the demand
for the existence of a single natural path between every two points in

the carrier space (simple temporal connectivity).

The hierarchy of connectivity notions introduced so far may be

summarized diagrammatically:

_/—

/Co]:;;:n of all carrier spaccs
—
Fé/—temporally connected spaces
} :

temporally connected spaces

Ei:})ly temporally connected space s)
\

NG

—~—
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Whenever possible, we will prove a theorem under the least restrictive
assumpticns. Thus all cariier spaces will henceforth be considered to

be & -temporally connected, unless explicitly stated otherwise,
TEMPORAL METRICS
Triangle Inequality for Tla' ‘2

We now establish three basic theorems abcut the properties of least
local epoch times 7/’4//4 + The first theorem asserts that the triangle
inequality holds for 7,;',4 in arbitrary carrier spaces. The second
supplies proof that 7/_@/ is a temporal (pseudo) metric in carrier
spaces with temporally homogeneous radiative processes., Finally, it is
proved that the notions of temporal metric f(,e VR) and lcast local

epoch time 7/1% coincide in temporal metric spaces.

Theorem 1. Let (X: S, 7/) be an arbitrary (not necessarily & -temporally

connected) carrier space with arbitrary radiative transfer process

(@&; ?{/) . _Then the triangle inequality holds for least local epoch

times.

Proof. Let g”, £’ , and g be three points of X . Let /z/2
770,//%/ be the least local cpoch times associated with the pairs {,é/’/Zj
(/z “ ./} respectively. Therefore, the sum 7/21%’—7‘- 7/;//4 can be
interpreted as a local spcch time (with respect to ,2” as a local source

for ﬂ ) for the point pair {/12 ’j/Z} . But -7;:”/‘ is the least
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local epoch time associated with the pair (£ ) . Therefore

.t T o, 7
Tee = Jap’ + e,
which completes the proof.

Identity Property for :C;C”

In the discussion of the epoch times —in particular, paragraph 3
above — we observed and illustrated the fact that the symmetry property
~f the temporal semimetric was a necessary consequence of the temporal
homogeneity of the transfer process. Thus, such a2 simple and completely
accepted fact in classical carrier spaces as the reciprocity of extremal
times is denied validity in the more general spaces which do not possess
temporally homogeneous radiative or transfer processes. Now while the
identity property ((ii) in paper I) of"{ generally holds, a careful
examination shows that it must be established by proof or fiat in the
case of the least epoch time function. In anv cvent, its validity cannot
be taken for grantecd for 77;?2 in an arbitrary carrier space. We are
referring to the property:

——

//&//2-—011" and only if 42 ‘=g (identity property).
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In ordinary euclidean space,if we are told that cfbﬁj/€/==C7 , il.e.,
that the spatial distance between two points is zero, then we may con-
clude that fd = /~ + On the basis of simple intuition, it is incon-
ceivable that o/(/e j£)=0 for two distinct points where o/ is the
usual euclidean spatial metric. Even more so, if 42’:.—/2 s then we
expect on the basis of experience in the real world that Q/(/é ;/é)’—:O .
However, the condition that Y /2 = /4 if O/(/e/, /e/=0\\ is not logically
necessary in certain contexts., Consider for example the space-time
metric a/ /of special relativity applied to two spatially distinect points
on the four dimensiocnal light cone ¢ of a point source of light. Any

two points /Q : /2 on (° have the property that

d’(pipl =0

Such a situation has been built into the axiomatic foundation of
radiative transfer theory. From definition (1) and the statements of
the radiative measure axiom AZ, (Reference 1) we have the following

property:

F pl=R, Chen Tuip =0,

However, the converse of the statement cannot be deduced from Axiom s

(F Tare =0, then p'=p. )
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It is only when we come to the consideration of the abstract counter-
parts to the classicel carrier spaces and study them via product carrier
spaces that we have an analytical need for such a property. The property
is present for example if onc assumes that the radiative process is

restricted on a carrier space (for definitions of terms, see Reference 1),

7/_2';4 as a Pseudo-metric

The condition (*) above is inessential for many purposes. A function
7 on X X X which satisfies all the usual properties of a metric
except (*) is customarily called a w_gg_o_-ﬂ@gﬁ As will be proved
below, the temporal metric 7/277 provided by least local epoch times

is such a metric in carrier spaces with unrestricted temporally homo~

geneous radiative processes.

Theorem 2. Let (X; :C):,'U/ be an arbitrary carrier space on which is

defined a temporally homogeneous radiative transfer process. Then the

least local epoch time 7;-‘;"»4 satisfies the usual postulates for
a pseudo -metl_i_c_;_g_n_g”__(xl 2, ’g) becomes a temporal pseudo-metric

“ 7 1
space vnder /2

Pr.of: /e, 38 2 Lemporal pseudo-metric on >( * X if 7;'/ is non-

nzgative valued and

2) =0 i pl=p,
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(b) 7/;;o = Top'for every pair //,j/b) composed f points in X ,

(c) 7/;,7: < T; :’Ip/ “’/74_1,2 for every trinle (/é /; /e /j/¢)

comnsed ~f neints in X .

First of all, hy dAcfinition (1), 7/;:/4 is clearly non-negative
for all pairs (/2(//4‘-," commosed of points in /\/ . Property (a)
helds by virtuce of the encral Rediative Process properties. T prove
(b)), let € = O e uct L., //4,<-,) be ~ set of points in
such thut \/{

| L=,
-~ / ’ ~ - ;
| 7,2'/; = TRy Z s O Fasi) + Zz(ﬂk—///e)‘ék

where (= £ < & , which frllews from the ¢ -connectivity of >< .

Since the function z_/ is A temporal semiretric, we have

. /
Z_/Cy//x(/ =" L(‘XLJ x/)

for P12,y < . hrrefors:
| 7‘ ’ et -/ V) K= ?
| Cpp F oS = L) +24=/ Z//(/"“"//éxj +2{(/é)’é/<_// = 7/—3/'2/
J

by Jefinitica o f Tre’ .
Since & > ¢ was arbitrary, we have

Trr = e,
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An argument of this kind now applied to 7/_4. /  yields a similar result:

—

lpp! = Tpip 5

so that (b) holds. Finally, (c) is known to hold in all carrier spaces

(Theorem 1). This completes the proof.
Compatibility of 7 and 7.

To understand the full impliceations of the final theorem of this

section, we must recall the distinction between the temporal semimetric

Z_Z on X XX and the least local epoch time function 7/~ on XKX :
the former was defined by means of the Transfer Process {_ﬁ:”{z§ on

( X, §, 7/) , the latter by means of the X—density which is supplied
by the Radiative Process ;Rh,-{z} on ( X, S, 7/) . Now suppose that
f is a temporal metric on XX X . This situation is encountered,
for example, on all classical carrier spaces with temporally and spatially
invariant innerent optica™ pyoperties, Tnhe following question now arises:
given tiiat é is 1 uemvporal metric on ‘)(x }( , and (/d ;,é) is
an arkitrary ncint mair on a natural path in X , what is the relation
between the magnituces f(/z ;/) and TP’/o ? It would be unfortunate
if tliese two "shortest" temporal distances were found to be unequal. The

impossibility of such a pathological state of affairs is guaranteed by

the following:
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Theorem 3. If £ isa temporal metric on a carrier space ( X,:5, )

and (F//F) is any pair of points on a natural path in X , then
Epip) = Tpia :

Proof. Consider the two paths P{/ ;,é) and /%)o associated with
z((/;/ej and 7/_4// respectively. Since X is & ~temporally
connected, for every & = O there exists the following representation

/%
Tap + €x = diplp,) + Son. Lk te) « L (g p)
where ()= €< € . By the triangle inequality property of # , we have
Ter+ €x = ¢(RR),
and since & is arbitrary,
PR =L p).

However, by definition of 7/Q //Q s, We require

T < £elp)

whence

which completes the proof.
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Observe that no corresponding assertion can be generally made about

the identity of the paths /O/Q;o and P(/d,//éj Examples can be
found under the hypothesis of Theorem 3 in which é;o and /0(/@ ,’/ﬂj

are distinct.
SUMMARY OF TEMPORAL METRIC CONCEPTS

Before going on to the applications of the preceding concepts, we
pause to summarize the distinctions between the various metric concepts
introduced so far. We begin by reviewing thc several different types of
metric spaces. To this end, let Y be an arbitrary set, and/-’ a real
valued function on YX \/ . We are interested in the following five

possible properties of / :
(a) /)(3/, Y,)Z0 for all Y.,y, £ Y (non-negative property)
(b) /(‘5:,‘11)=[J(5L,y,) for all y,,4y, £ ¥ (symmetry property)
(c) ,P (“11Y2) =0 if Y,=Y, (trivial identity property)
() Y,=y, if /)(‘j,/jz)-::: ©  (non-trivial identity property)
(e) /(9,,33) < P9, YY) + (92, 93] for every 47, %fx, &3 inY .

(triangle inequality)

If /3 satisfies (a), (b), (c), and (d), /) is a semimetric

and Y is a semimetric space.




SI0 Ref: 59-7 - 28 ~

If /’ satisfies (a), (b), (c) and (e), / is a pseudo-metric

and Y is a pseudo-metric space.

If f' satisfies (a) - (e) inclusive, /) is a metric and Y is

a metric space.

If Y:- Xo is the spatial component of a two-dimensional carrier
space X, 2. V) and /) = 'L‘ is defined by means of the Transfer

Process such that f is a semimetric when applied to point pairs on

natural paths ( f is not defined on arbitrary point pairs) then f

is a temporal semimetric space. The necessary condition that { be a

semimetric is that the Transfer Process on ( X, §, 'V) is temporally

homogeneous. In the most general situation presently encountered, f can

only have properties (a), (c) and (d). If temporal homogeneity is intro-
duced into the Transfer Process, then (b) becomes a property of f .
If, finally (as an example) /7 is spatially homogeneous, then (e) also

holds for t .

Let Y‘—‘- X o be the spatial component of a carrier space (X, é,?/)
and let /’3 =77 be the least local epoch time function defined by means
of the Rndiative Process. In the most general situation presently en-
countered, | can only have the properties (a), (c) and (e) and T is
defined on all point pairs. If temporal homogeneity is introduced into
the Radiative Process, then (b) becomes a property of 7 and X becomes

a pseudo-metric (Theorem 1) and X becomes a temporal pseudo-metiric

space. If, finally, (es an example) (X, §,‘l/) is a two-dimensional
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1
product carrier space on which the radiative process is 1 -factored,

then T satisfies (d), and | becomes a metric, and X a temporal

metric space.

These observations may be summarized schematically:

arbitrary t . (a), (¢), (d) (induced by Transfer Process)
I  carrier

space T : (a), (c), (e) (induced by Radiative Process)
arbitrary carrier space +: (a), (v), (c), (d) (semimetric)

IT with temporal homogeneity
of corresponding process T: (a), (b), (c), (e) (pseudo-metric)
arbitrary carrier space + spatial homogeneity,‘f : (a) - (e)

III with temporal homogeneity (metric)
of corresponding process + factored Radiative Process, T :(a) - (e)

(metric)

The assumption of & -connectivity is by definition associated with | ,
but is not needed in set I above; it was however, needed to establish (b)
of set II for 1 . Furthermore, it was not needed to establish (d) of

set III for | .

The set of properties II will be the one mostly used throughout the
remeinder of this study; the carrier space and Radiative Transfer Process

will be such that -t is a semimetric and that T 1is a pseudo-metric.
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CHARACTERISTIC FUNCTION
Let {Q:‘\ be a local source in X , an arbitrary carrier space.
Let ﬂ I/ /2 be an arbitrary pair of points in )< . Then the charac-

teristic function X on X X Xx T into the non-negative reals

is defined as

) o iF Tpx(pl < Tpp
K2 s Tae(r)) = -
» e | i Tereen =Tpe, P

Observations on 7(

1. By definition (5), a value of 1 for ?< means that /2 is
receiving flux from ,d/ which acts as a local source for A2 .
The local epoch time at ﬂ ’ is referred to some fixed local (not
necessarily the fundamental) point source /é ¥ . Now since the
least local epoch time 7;4 '/4 is basicelly a fixed magnitude
(for the space X and its radiative process) there is a period of
local epoch time at /7/ during which Tﬂ Ke ')<7—/-°?0 . During
this time P receives no flux from /ﬁ d , (which has been
nassed on from ﬂ* ) ana ‘X'=0 . However, 7;0% (rR’)
steadily grows until it becomes equal to 7/-01/ . At this instant
the value of 7( becomes 1 and remains 1 for all 7}97‘:(/4- ‘)

afterward.
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. iy F_
2. As a special case of definition (5) let /f = /Qo/ the
fundamental source. In addition, let /d / coincide with /é'o .
Then according to the observation 1 in the section on epoch times,
T/e*(ﬂ') — [ ; and (5) reduces to:
o if T< Tep

(/éol/g /' 7_) =
/X ' Ql‘F TZ' T[OOF 9

which reveals the basically simplc idea behind (;( .

3., In the casc of simply tempcrally connected spaces in which
is a metric, the preceding form for?( may be simplified even
further. For by Theorem 3, T/Ju/; may be replaced by zé(/a///‘) :

o f T 'E(,ao,,el ’

~/ . _
wR3T) =
£ fufsT) [ (F T =t (rr).

Examples of Some Theorems Using /X

As an examnle of the use of 7[ and the various notions of epoch

times, consider

« . . . .
Theorsm 4. Let #Z be a fixed local sovrce_in an arbitrary carrier

space CX,—?:V)__., If (F'}/) and (Klué) are two
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point rairs cf AJK such that

(i) /Z(ﬂl)/e N Tﬁ*(ﬁ/))‘:—k) 5

(i1) T(Q>‘(f42+ ,/Zzﬁ = Tﬁ*/él *T/QI/Q 2

then

%(Fz,/zj 7—/-¢=F (/’2)) =0 ,

Proof. By (i), Tﬂ,,‘—. > —TIQ-* (&) =—/_F,°(/2”‘7—-7k4rﬁl ; so that

But frem (ii) we conclude that

Teet Trve, > Tp.
oy + T ZTpe(fh so e T p > Tr (P = Tptp: =
= Tg# (f2)  vhich implics Xipe, p; 7—/)*(&)): Q.

This completes the proof,

The simple jeometric content of this thecrem is depicted in Figure
2. This theorem was chosen for its extreme simplicity so that its con-
clusion (once the meaning of the various symucls in (i) and (ii) are
digested) is intuitively cvident. The point teing made, however, is

thet the problem of deciding whether or not /2 is receiving flux from
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/4,, may be reduced to a formal methodical manipulation nf symbols —
a temporal calculus os it were — representing the time dependent multiple
scettering problem. We crrive at a fommalism analogous to that used in
coding automatic computors, or thet usec in elementary logic, namely a
formalism which on one level may be manipulated without knowing (or
caring About) the physical meaning of the symbols, and on thc other level
(usually after the manipuletion is over) may be internreted for physical

meaning.

As o final oxample of this calculus lot us consider the following
simple problem: If (/2 ’//e) is a pair -f »oints in a space X with
temporally homogenerus radiative process, and /2 is at a certain
instant receivin: radiont flux from /g / , whet condition will allow
the conclusion: /Ll ’ is also, at this instcnt, receiving radiant flux
from /2 (Firure 3). Ve suppose that the rodiant flux field is generated
by the fundamental source /£« . On intuitive grounds the required
criterion is evidently that _,7;’,,/9$ 7/:’0/"/ . This is borne out by

Theorem 5. Lct (/é___;_/‘z/ be a peint peix in X with Z¢  as a

fundam:ntal source _ _Then the conditions
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imply

\

Kpp's TelE=1,

Proof. By (i) 7;54(,99 f>ﬁ7;279 . By definition (4) and the trivial

identity property for 7;fﬁ

/

7;9'//4// = Tﬁo//é’) —'7;_,’/,7/ — 7}0 (/Q’/7
and by definition (2) :

T Ge) = T=Twopr

Thus

—

/- //_79/¢/> 7—/?'/.
By (ii) and the symmotry property of 7§;jﬁ’ s
T > T, ,,
//oﬂ + 7;-/c.;/] .
This Zmplies

Telbk) = Teutr) =T Tu, =

e

which, by definition of ':ki , implies

Ky, /4/,’ 7}////*::/ 5

and thc theorem is preved,
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