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I I . Epoch Times and C h a r a c t e r i s t i c Funct ions 
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Dcripps I n s t i t u t i o n of Ocaanography, "Jn ive is i ty cf Cal i for r . id 

La J o l l a , C a l i f o r n i a 

INTF0DUCTI03M 

This paper con t inues the study of the time dependent n u l t i r l e 

s c a t t e r i n g problem be^un i n paper I . toe in t r r - iuce tne n o t i o n s of 

l e a s t epoch time and locaj . epoch time by means of t h e r a d i a t i v e process 

or. an a r b i t r a r y c a r r i e r space and show under whet cond i t i ons they c l lcw 

v a r i o u s temporal m e t r i c s t o be in t roduced i n t o t h e c a r r i e r s p a r e . I t 

t u r n s out t h a t the l e a s t l o c a l epoch time opera to r hac the p r o p e r t i e s -JJ 

'„ Dseudo-metric (def ined below) wnenever t h e c a r r i e r space has £ tem­

p o r a l l y homogeneous r a d i a t i v e p r o c e s s . Thus a pseudo-metr ic topology 

may be in t roduced % a l l such c a r r i e r spaces . 

The no t ion of the c h a r a c t e r i s t i c funct ion i s albo In t roduced , ana 

s e v e r a l of i t s key p r o p e r t i e s ire i l l u s t r a t e d by obse rva t i ons fad 

theorems. The c h a r a c t e r i s t i c funct ion i s not only a convenient conceptual 

t o o l which de sc r ibe s the in te rchange of f lux between two o o i n t s of spa^e 

but a l so forms thu b a s i s f o r a "temporal met r ic c a l c u l u s " c o n s i s t i n p of 

z. c o l l e c t i o n of svmbols which may be manipulated record ing t o fibred 

r u l e s , and '-ihich y i e l d p h y s i ^ l l y meaningful s ta tements about the t i i r o -

depencienT r a d i a t i o n f i e l r 1 . In t h i s wav the formalism b a s ° r or the 
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characteristic function (and later the characteristic ellipsoids and 

spheroids) can be used to solve practical problems in much the same way 

that Boolean algebra and the rules of elementary logic can solve the 

practical problems of computer encoding and switch-circuit analyses. 

As in paper I a necessary prerequisite for the present discussions 

is the material developed in reference 1. Most of the theorems in 

this and succeeding papers of the series are generalizations of some 

earlier work contained in reference 2 which has been brought up to 

dpte and considerably extended, usin/; the foundation developed in 

reference 1. 
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EPOCH TIMES 

Let ( X ) j£ , V ) be an arbitrary carrier space. Let A 

contain a single point source (the fundamental source) a,, £ X 

which initiates emission of radiant energy at time z0 . The 

temporal variation of the output of -f-o is arbitrary but well de­

fined. If ~t ̂  t o , we define T = { " t o as 

the epoch time with respect to the source f^0 # 

In the interests of simplicity we limit the set of fundamental 

sources to a single point. All of the present results can be generalized 

to the case of an arbitrary set of sources; but such a generalization 

does not add materially to the conclusions obtained for a single source. 

In the (phenomenological) theory of radiative transfer the effect of a 

set of sources is postulated to be representable by a (suitable) linear 

superposition of the effects of the individual sources. 

Least Epoch Time 

1 
The Radiative Process Axiom on ( X , C v) gives rise to a 

non-negative valued function Y <~n ~T~ x X * ~T * X > 

the V-density, where ~J~ stands for the time domain. 

This function describes in abstract form the propagation of radiation 

from a point in \ * X to mother point in ~~f X X 

in the presence jf reflecting, refracting, scattering, absorbing, :md 

emission mechanisns in X 



SIO Ref: 59-7 - 4 -

For example, the value 

of # gives the radiance at JO. £ X "t time 

c o ~*"~ T ^ as induced by the radiance rt sz 0 at time -£-0 

It may happen that for a fixed pair of points ( j20 j -ft- ) .and a 

given t o > that at enoch time ~~f the value of the y'-density 

is zero. This may be interpreted by saying that jL has not, at 

epoch time ~T~ , received any flux from S±0 . On the other hand 

a certain value of ~J~ may yield a positive value of V , in­

dicating that /<L> is receiving at this epoch time radiant flux from 

yf^o . It is clear that the least of these times is a measure of 

the temporal separation between /2- o ^nd -/2-

'tfe may now formulate the notion of least epoch time ~T~, ^, 

between the fundamental source J2.Q and an arbitrary point JCL : 

T ^ = mf{T: XCtoj^o ,• h0 + T, ^ 2 ) ^ 0 ^ (1) 

This is somewhat different than the method of determining the 

temporal separation z Lf-o, fi-) of j0.o and j2. by 

means of the Transfer Process, as was done in paper I. However, under 

suitable conditions on the space X sn^ its Radiative Process 

(namely certain special classical carrier space conditions) these two 

methods yield the same measure of temporal separation of points 
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of X (Theorem 3 below). 

Least epoch cime ~T/2u /*- i-s a m°rc general concept than 

fc( ftojyft*) in the sense that the latter time is defined only if 

yf-o and 2̂. are on a natural path in X '•> "7/2 o/2- ^s> 

however, defined for all pairs of points in X » The most commonly 

occurring minimum radiative transfer route in real media is defined bv 

the direct traversal of th'. natural prth P(-f2(Jj A) between y2.Q 

and J2. whenever this path exists. However, in media with opaque 

obstacles or transparent media with relatively bizarre variations of 

index of refraction, the extremal time L (/?o, fi. ) associated 

with P(JP»J'P't may be larger than Tfiuo • Tfof * 

may be described as the epoch time at which the "first 

burst" of energy from y2 0 arrives at /2- —regardless of the 

pfth taken to reach JL . 

Local Epoch Time 

The local epoch time 7/2^ (/&•) at jZ relative tc 

the fundamental source jz0 is defined as: 

'/-o (/"v is clearly the time ^lapsed since s2. has first 

received rfdifnt flux from J2~O . 

(2) 
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In each of the preceding definitions) the fundamental source was 

referred to as the starting point for the supply of radiant energy in 

X • By means of the mechanisms of scattering, etc., referred to 

above, each point AQ. of X m a v be considered as a potential 

secondary source of radiant energy to which may be assigned a local 

epoch time T-fi-o (V2'') • This time plays the same role for 

/'- as ~f~ plays for Z^-o . Therefore if 42. is a point 

in X which acts as a secondary local source- for still another 

point /£• in X > lot ~Tp'/J be ̂ ne least local epoch 
—r- / 

time A, 0 ( &'} a t which ^2- r e ce ive s f l ux from f&. 

Formally, 

Furthermore, a t ths. i n s t a n t JQ- r ece ives f lux from ^2, we 

may begin t o reckon << l o c a l epoch time T/z'CZ^-) a t s2, 

with r e s rxc t t ° the secondary source s^ / '• 

\«<(*) - TPo (?') ~ TA'J . (4) 
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Observations on the Properties of Epoch Times 

If ~~r^a ( j
i)> O , the element of "volume" about 

/^ r$= JX O is definite1 y receiving (and possibly 

"re-eni-tin";") flux from j2o ; if TAo (f) ~ ° p 

i t is no4. In the special cas< where fL =r j£- a then 

Tfio Lf") •= T-Tf-o^ * 7" ' ^serve that 

no assumptions have been nrde about the temporal behavior of 

the r di-nt, flux output of /£<-> (or for any local source) 

The fundamental source may radiatf frr just an instant, or 

for some finite length of time in any manner during that 

time and then he permanently shut off. I t may start, on the 

other hind, at / c
 a n c 1 radiate uniformly, or in any 

prescribed manner for a l l 7" -^ & , etc. 

I t follows trivially from the definitions and tho properties 

of the Radiative Process that for al l .<2. £ X y 

If x / ana j i are in X and PC-f2',/^) 

jxists, then t(f.',fL) 5= 7 ^ ^ , 

For the uost general Radiative Process both 6 t/2-y/^-J 

and ~Ta' j a r e dependent on z. o 

Roral] chat tn> temporal seminotric *- was formulated 

in ] by Leans cf the Tr.msfer Process in such < way th?>t 
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Here / 2 ; >2 2. are any two points 

on a natural path defined by a time z, o , a point 

y2 0 6 X 1 and two times Z / ; <Z 2. such that 

The Tivnsfer Process Axiom is so general that the trans­

formation f£{ £ z for any two times nuiy depend 

jointly on Z / and z z. * Whenever T±t /, 

depends only on <-z~C,/ ? "the Transfer Process 

is said to be temporally homogeneous. Such a case arises, 

for example,, when the index of refraction 7t does 

not explicitly depend on time. In the present series both 

the Radiative and Transfer Process &Ld , *J<L 

will be assumed temporally homogeneous whenever the symmetry 

property of a particular metric-function is required. 

A simple example of how temporal inhomogeneity can 

destroy the symmetry property of the temporal semiraetric 

-£ can be drawn from Example 3 of paper I. We observed 

that for the natural path A A1 A 2. C- > 

(AX) = -£ [ d(A.,A,.) -f- n^A.Az) + o/{42jc)j . 1 
t. 



.310 lief: 59-7 - 9 -

If r>t soiue time z i > •>• r i i r t r a v rsr s / / C 

(in thvt sens? ) when H — P t . i n A o ? 

wo obtain ~ corrc spendxng value for L ( A > C) , c a l l 

i t +", f A,C~) . If at some tine z£ 2 ^ 

•C2 > -£, , n=.12 7̂ = /?/ _ i n 

X o then a r<iy traverses C ^ (in that sense) 

in time {z CC, ^ ) „ Clerr ly , in t h i s case, 

{/ (A.C) ^ ^zCCj/i) 9 

and, in fact , 

lz (C,A) - I (*,C) - ^ ^ ctf4,,JJ . 

Even more severe break-downs of the symmetry property 

occur when spatial variations of /7 are piled on top of 

its temporal variations. We observe, however, that the 

symmetry nrDperty of L holds for quite arbitrary spatial 

variations of /2 as long as they are independent of time. 

4. Definition (4) may be given a wider context. Consider any 

three points ^ , <f& and -f2, in X 

such that /I is a local source for JZ, ' , 
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and /l is a local source for J2. ; 

schematically: 

* / jZ ^ f. ^ /2. . 

A local epoch time 7~p.' {jz ) can now be de­

fined at A. as 

The point v2 now takes the role of f2.0 

in (4), but is not necessarily the point ^2 o 

An immediate corollary of this definition holds for a 

finite sequence { y2o , j2, t j21; ,,, , jZ n J 

in X sucn tnat -i^A is a local source for -f2 

The local time "7/3* — / f/**^ at ^ * ^ ^ 

-<w « 

as an immediate local source is given by 
/ _ _ _ _ _ _ — - — — — 

"/£*-/ ^ ^ ~ 7^,,-z <VV-,j — T/**-, A 

" T - __"„_o T^.-/*-/* 
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Summary of Epoch Times 

The various epoch times described in this section may now be 

summarized: 

T epoch time time elapsed since funda­

mental source y2 a in 

X began to emit. 

"V W local epoch time time elapsed since jz. 

first received flux from 

source /* 

\p'p. least local epoch time temporal separation of two 

points j2- and fZ in 

"X , i.e., local epoch 

time Tp* (/*') 
required for flux leaving 

/2 to first reach /^- , 

where /2 is a source 

for ;_ . 
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TEMPORAL CONNECTIVITY 

By defining the least epoch time Tn'p Between any two points 

/X and /2. by means of the a-density associated with the Radiative 

Process, we were able to bypass explicit consideration of the actual 

path or paths taken by the radiant energy to go from ŝ. to _̂1 . In 

our subsequent studies it will be necessary to know something about these 

oaths. We prepare the groundwork for this knowledge with a review of 

some basic properties of classica] carrier spaces. 

Classical Carrier Spaces 

If C — _ v) is a classical carrier space then^by definition ̂  

x " " A n X-.'-'. , where ^ 0 is some well-defined subset of ^-"3, and * -/.' 

is the unit sphere in Eg. X ° is ^)ne location space component and 

_~^ is the direction space component of the phase space _* . A point 

j& of 5§ is then a pair /2= (•£/{), > f X o , £ £ ZEE? • 

Now in the usual run of classical c?rrier spaces it is possible to 

imbed any two points of X _• in a natural path; the associated 3 are 

determined by the extremals of the Euler equations (see paper I). The 

emphasis here is on points of Ao Because of the necessity of sat­

isfying the boundary conditions on the extremals, we see that even in 

the most simple of classical carrier spaces, any two points of y? 

ire generallv not on a natural path. Fortunately it is the connectivity 
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of points of Xo by means of natural paths that is of central interest 

in the multiple scattering problem. 

We now turn tc a specific example of this connectivity in classical 

carrier spaces. Besides being of illustrative value, the followinc dis­

cussion supplies the motivation for the adoption of the postulate of 

temporal connectivity in classical and general carrier spaces. 

Temporal Connectivity in Classical Carrier Spaces 

Let 'p'p designate a path associated with fp 'p • We will show 

that 'p'p is not necessarily unique, and secondly that /p*p is not 

necessarily a natural path P(p/
Jp) when the latter exists. These facts 

may be illustrated by examining Figure 1 of Example 3, paper I. The 

natural path between *. and C is defined in the Figure by the straight 

line segment AA//!z C. However, it was shown that the extremal time 

associated with this path can be larger than th-t associated with 

a combination of two natural ] aths AS and BC Therefore, 

T^c < t(A,C)j 

where ~72c is the least epoch time associated with the points A and 

Q (observe we are designating for simplicity the points of the carrier 

space only by their location space coordinates). It is also clear that 

T#c < i(AtB) +£(&,€) , 
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f'>r by considering 1 new path A 2. 3 C , we see that 

i<A,*)r -tUjS) + £(3,0 < i f/\>8) * i (&>C) . 

It turns out that in the present space for suitable choices '>f th» 

lenrth Q. , ann the index of refraction /? , the three natural paths 

P(A>2.) , r L2t2>) , P(3 jC) may represent an actual route taken 

by '• set of nhotons which form part of the "first burst" of scattered 

energy received at C from the source at r\ . Therefore, in the space 

A of Example 3, a path /?c associated with 7/)c can be represented by 

the formal sum: 

P„c _- P(A.Z) + P(2>3) +P<S,C) 

of the indicated m t u r a l paths; tht c< rr> sponiin.T rer>resentation . f "~L c 

i s : 

TAO = i (A,Z) •*- i('.J) + id.c) . 

The symmetrical arrangement f>f^ of piguie 1 (j. aper I) about line 

AC shows that the "bove representation f /^, may just as well have 

toon of the form: 

/•?c _ pr^n + PO>4) + pr4,cj j 
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and 

This illustrates the assertion that fic may not necessarily be a 

unique path in X • However, by definition of 7^c > t n e t w o represen­

tations of 7/4c a r e numerically equal (in this case term by term). 

This example also illustrates an important property possessed by 

many (but not all) classical carrier spaces, namely the property which 

we shall call temporal connectivity: any two points A1,A °? —^ m a v 

be connected by a finite number of contiguous natural P(£jP. ) paths 

in such a way that Tp'p may thus be represented as a finite sum of 

the associated extremal times "tip; A") o f t n e natural-path segments 

p(P, JL • ) . We will now establish the appropriate generalizations of 

this notion needed in the context of arbitrary carrier spaces. 

<£" -Temporal Connectivity in Classical Carrier Spaces 

Suppose that the space X o °f Example 3 were not a parallelepiped, 

but rather some region bounded by curved surfaces, such as that shown in 

Figure 1 of the present paper. The basic dimensions of the figure are 

identical with Figure 1 of paper I, and /?(/*)•= n > / on X 0 as before, 

but now the straight lines—Band (4 are replaced by the gently curving 

arcs (2,3) and (f 4) as shown. It follows once more that 
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r(/l)6) -ht(B,C) -*c: t (A/C) is quite possible by suitable choice of 

the values of (X and /? . Without going into all the details it should 

be clear that PAC can actually be the formal sum of the paths P(AP), 

(2,b) (the curved arc), and P(3,C). This would be true if,for example^ 

scattering mechanisms wero in force throughout X - But the curved arc 

(2,3 ) is certainly rot a natural path in this space, so that no simple 

extremal time can. be associated with it. Now extremal timei. and more 

generally, temporal semimetric- are the only temporal yard sticks at our 

disposal in funeral carrier spaces. How, then, can the temporal metrics 

be applied to such paths as (2 J 3 ) ? One way of solving this 

problem is suggested by the following considerations. If we represent 

PAC formally by the sum 

PAC = P(A,2) -+(2>3) + PS3,C) } 

and the corresponding least epoch time ^4C tentatively by 

77),-:- ?(/<,?) + _ i j -*- £(3xj} 

where z^ i s the ' :time" reciuircd for radiant flux to t raverse (Zj3) , 

i t i s clear -'.,hai, at any rate 

£(fi,6) -,'- ((exJ > £ c/?,2) + ^Z3 + I dx) - TAc 
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The l e f t hand side of th i s inequal i ty may be considered as a crude 

estimate of T/JC which uses extremal times associates with na tura l 

paths. A be t t e r estimate of 7~/\C would be (see Figure l ) 

i(AtB,) + t CB0&2.) + £(BitC) > TAC 

A s t i l l be t t e r estimate would be (Figure l ) : 

i(A,8,) -h 6(81,83) + i (e3> &*) -+ ^f'3f;C) ">- TAC . 

The left hand sides of the preceding three inequalities are progressively 

smaller numbers (times). It is clear that by choosing a sufficiently 

large finite number of contiguous natural paths we can come as close as 

we wish to approximating 7/1 c by the sum of their associated extremal 

times; however, the estimate of ~J~/\c obtained in this manner will 

generally be too large. 

We summarize these observations as follows: Let ($i^)lJj be 

a classical carrier space, and let ji ^ JL £' i_" . Then given any 

<£ —- O , there always exists a finite set of (jc—l) points, f2, , . . . } 

j 2 ^ l t ) such that PC/l'jL,) ,/?/*,, A* J > ••-, ^ - ' . W > a r e 

natural paths and 

T}^ =- l(/-'jp,) + I(/!,,?*)+ »>+ £(£'->/*) - 6« 

where Q _ <£/>• ̂  cf . 
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£-— Temporal Connectivity in General Carrier Spaces 

It turns out that most of the important results deduced for abstract 

temporal metric spaces below, and in subsequent papers of this series, 

do not require the representation of P» >&. by a single natural path. 

All that is required is the <f"-type of representation enunciated above, 

or at most the possibility of a formal exact decomposition of Pp'p 

into a finite set of contiguous natural paths. 

Now, the general carrier spaces will be considered as product carrier 

spaces without any loss of generality (Reference 1,fy 16, 17). 

Hence, as in the case of the classical spaces, the abstract pro­

duct carrier spaces can be formally two dimensional, with location and 

direction space components. The temporal connectivity statements will 

then apply as before to the points of the location space component. 

A carrier space £Xj ̂  TJ) is said to be temporally connected if 

for every two points /fZo, >fi-K £ X there is a finite (possibly empty) 

set {p'j "•} /V'jof points in )( such that P(p*J /ZA+,) } ^°>~ X~'j 

are natural paths with the property: 

A carrier space ( Xj ,S if) is said to be ^ -temporally connected 

if for every two points fa, ^H^Z X > ^^ arbitrary <£ P" O , there 

a finite (possibly empty) set of points \ pi > "' j pM~< J (depending is 
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possibly on 6 ) such that P(f2A JZA+I) , /. — Oj ,.,, !<•-! , are 

natural paths with the property: 

Ip-opK. ~ ; = 1 £(/**,S4+<) ~ €« 

where <9_ £ * t& € . 

The notion of temporal connectivity is by definition more restrictive 

than that of £ -temporal connectivity in the sense that the former 

implies the latter. The converse, however, is not generally true, as 

was demonstrated in the preceding discussion. Furthermore, the demand 

for temporal connectivity is clearly less restrictive than the demand 

for the existence of a single natural path between every two points in 

the carrier space (simple temporal connectivity). 

The hierarchy of connectivity notions introduced so far may be 

summarized diagrammatically: 

Collection of all carrier spaces 

£ -temporally connected spaces 

temporally connected spaces 

simply temporally connected space 
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Whenever possible, we will prove a theorem under the least restrictive 

assumptions. Thus all carrier spaces will henceforth be considered to 

be £-temporally connected, unless explicitly stated otherwise. 

TEMPORAL METRICS 

Triangle Inequality for ~]~a.'p. 

We now establish three basic theorems about the properties of least 

local epoch times ~Jaf/2. • •['ne first theorem asserts that the triangle 

inequality holds for Tp •'a. in arbitrary carrier spaces. The second 

supplies proof that ~Pp'/> is a temporal (pseudo) metric in carrier 

spaces with temporally homogeneous radiative processes. Finally, it is 

proved that the notions of temporal metric T.(p '.p.) and least local 

epoch time ~~Pa,'a, coincide in temporal metric spaces. 

Theorem 1. Let (*J $ ,^) be an arbitrary (not necessarily <£ -temporally 

connected) carrier space with arbitrary radiative transfer process 

((jt^,J^) , Then the triangle inequality holds for least local epoch 

times. 

Prxjf. Let &' , ̂sz , and ^2. be three points of X . Let TA/^ 

~Tfi."iLJ be the least local epoch times associated with the pairs (ft-jpl 

(P'")P^ respectively. Therefore, the sum 7/2.'/z'-*-TZ'pi can be 

interpreted as a local epoch time (with respect to /Z as a local source 

for p. ) for the point pair (fi"jp) . But ~7A"/2 is the least 



SIO Ref: 59-7 - 21 -

local epoch time associated with the pair (/z"jft.) . Therefore 

~Tp"p- ̂ = Tfp' + Tp',z j 

which completes the proof. 

Identity Property for 7 * V 

In the discussion of the epoch times —in particular, paragraph 3 

above— we observed and illustrated the fact that the symmetry property 

of the temporal semimetric was a necessary consequence of the temporal 

homogeneity of the transfer process. Thus, such a simple and completely 

accepted fact in classical carrier spaces as the reciprocity of extremal 

times is denied validity in the more general spaces which do not possess 

temporally homogeneous radiative or transfer processes. Now while the 

identity property ((ii) in paper I) of •£ generally holds, a careful 

examination shows that it must be established by proof or fiat in the 

case of the least epoch time function. In any event, its validity cannot 

be taken for granted for Tp'p in an arbitrary carrier space. We are 

referring to the property: 

''rz'p=0±f: and only if ^ '=>ft- (identity property). 
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In ordinary euclidean space,if we are told that c/c/O/^"^ , i.e., 

that the spatial distance between two points is zero, then we may con­

clude that JZ — fL . On the basis of simple intuition, it is incon­

ceivable that Q(/2.')/£•)—O for two distinct points where <y is the 

usual euclidean spatial metric. Even more so, if jZ = & , then we 

expect on the basis of experience in the real world that d (£ 'j/S.) ~ O e 

However, the condition that fi-'~ p if &(/*';f2-)^ is not logically 

necessary in certain contexts. Consider for example the space-time 

metric u of special relativity applied to two spatially distinct points 

on the four dimensional light cone G of a point source of light. Any 

two points pZ /Z on _? have the property that 

Such a situation has been built into the axiomatic foundation of 

radiative transfer theory. From definition (l) and the statements of 

the radiative measure .axiom A?/ (Reference l) we have the following 

property: 

if /2'~/2 j Ue/J T^ - O . 

However, the converse of the statement cannot be deduced from Axiom r</ 
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I t is only when we come to the consideration of the abstract counter­

parts to the classical carrier spaces and study them via product carrier 

spaces that we have an analytical need for such a property. The property 

is present for example if one assumes that the radiative process is 

restricted on a carrier space (for definitions of terms, see Reference l ) . 

~7~i 'a as a Pseudo-metric 

The condition (*-) above is inessential for many purposes. A function 

/ o n X * X which satisfies all the usual properties of a metric 

except (•*) is customarily called a pseudo-metric.-3 As will be proved 

below, the temporal metric Tp'f provided by least local epoch times 

is such a metric in carrier spaces with unrestricted temporally homo­

geneous radiative processes. 

Theorem 2. Let (XJ i? , "^v be an arbitrary carrier space on which is 

defined a temporally homogeneous radiative transfer process. Then the 

l_ts-_i0-?jL_L0J?h..i^e___25_f satisfies the usual postulates for 

a pseudo--metiio._and (X, $, **' becomes a temporal pseudo-metric 

space under / / ^ __ 

Zr..'SS'- ~77o, j s ? temporal pseudo-metric on X * X if 7T^ is non-
• / rP 

negative vaJued and 

(.-) Tfo - O if /l-'^P , 
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(b) Ip'p - Tfp'for every p a i r (,Jt ^ ) composed of p o i n t s i n X > 

(c) l\\*p. <- 7) V v / ^ / a f^r eve-y t r i p l e £/? ^ /Z'j /*. ) 

composed of p o i n t s in X 

F i r s t of a l l , by d o f i u i t i o n ( l ) . , Pu'p- i s c l e a r l y non-negat ive 

f>..r a l l p a i r s (/2-'j p.) composed of p o i n t s in X • P roper ty (a) 

ho lds bv v i r t u e of the 0 e n e r a l Radiat ive Process p r o p e r t i e s . To prove 

( b ) , l e t <£.-*• O Tnr> j.ct, (pr },,. t/a.^_,) be a s e t of p o i n t s in 

such t h a t A 

l-'—~c 

Tp / : - V. (pi', «, ) -h ^E^ , . . C (^, p^ *,) -h £(/z K-I, P)-<=p 

where 0~ <£ t= *=• , which fol lows from the £ - c o n n e c t i v i t y of / \ . 

Since the 'Function ( i s a temporal semirretr ic , we ha.ve 

t t&t, -X, J - ' 6f~Xi.; X,) 

for a l l j " , yt c~';( - «Ivrcfor3.-

by Jofinitien tf P/^p' 

Since cT >- O was arbitrary, we have 

~7}L p ~^= T/zp, ' t 
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An argument of this kind now applied to "fy-jl' yields a similar result: 

so that (b) holds. Finally, (c) is known to hold in all carrier spaces 

(Theorem l). This completes the proof. 

Compatibility of T. and / 

To understand the full implications of the final theorem of this 

section, we must recall the distinction between the temporal semimetric 

I on X * X m(1 the l e a s t local epoch time function ~~J~ on X K X ! 

the former was defined by means of the Transfer Process | ~Tf , { J on 

C X) %t "0 ) , the latter by means of the ^-density which is supplied 

by the Radiative Process VRf, +z\ °n ( Xj S, v) • Now suppose that 

C is a temporal metric on X * X • Tnis situation is encountered, 

for example, on all classical carrier spaces with temporally and spatially 

invariant inherent optica"1, properties, The following question now arises: 

given tuat £ ij i oenroox-al metric on X ^ X > 3n'3i (f/2 V/^' is 

an arbitrary pcint oair on a natural path in X > wnat i-s tne relation 

between the magnitudes £(/2'j/z) and Tp'f? ? It would be unfortunate 

if these W o "shortest" temporal distances were found to be unequal. The 

impossibility of such a pathological state of affairs is guaranteed by 

the following: 
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Theorem 3. If Z is a temporal metric on a carrier space ()()$> V' 

and Cp- if2-' is any pair of points on a natural path in A , then 

-L(p'ifi) = T/2'fi. 

Proof. Consider the two paths P(/2'l/2) and 'fi'f> associated with 

{;(&'. d.) and T/a'a respectively. Since /\ is <£-temporally 

connected, for every <£ > O there exists the following representation 

)f "7̂ '-* : 

where £1 ^ £)<• ^ £" . By the triangle inequality property of £ , we have 

and since <£" i s arbitrary, 

However, by definition of "//? ''A > w e squire 

7*> ^ ^V,V; , 
whence 

~ ^ > - *{/*',*)> 

which completes the proof. 
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Observe that no corresponding assertion can be generally made about 

the identity of the paths ifi-'p an<^ ' O*2//^* Examples can be 

found under the hypothesis of Theorem 3 in which I/6-'/? an(i '(/^j/1-) 

are distinct. 

SUMMARY OF TEMPORAL METRIC CONCEPTS 

Before going on to the applications of the preceding concepts, we 

pause to summarize the distinctions between the various metric concepts 

introduced so far. We begin by reviewing the several different types of 

metric spaces. To this end, let y be an arbitrary set, and/° a real 

valued function on Y * V • We a**e interested in the following five 

possible properties of P : 

(a) ft^hli)^0 f°r a H ^tflt £ Y (non-negative property) 

(b) P^i^i)-^ p^^i) for all (du ld ifV (symmetry property) 

(c) 0 (SI/; yz) =*0 if V / = ^ 2 (trivial identity property) 

(d) °/, = ̂ 2 if / ^ o f t j — O (non-trivial identity property) 

(e) P(^,,^h) ^pCjn^fftlt'yi) forevery ̂ , ^ , ^ 3 inV 

(triangle inequality) 

If P satisfies (a), (b), (c), and (d), P is a semimetric 

and [ is a semimetric space. 
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• If P satisfies (a), (b), (c) and (e), /? is a pseudo-metric 

and J is a pseudo-metric space. 

If /> satisfies (a) - (e) inclusive, P is a metric and Y is 

a metric space. 

If Y — X ° is the spatial component of a two-dimensional carrier 

space CXj £. ̂ J and p ~ i is defined by means of the Transfer 

Process such that L is a semimetric when applied to point pairs on 

natural paths ( L is not defined on arbitrary point pairs) then Z 

is a temporal semimetric space. The necessary condition that I be a 

semimetric is that the Transfer Process on ( X, ~> t ~V) is temporally 

homogeneous. In the most general situation presently encountered, £ can 

only have properties (a), (c) and (d). If temporal homogeneity is intro­

duced into the Transfer Process, then (b) becomes a property of L 

If, finally (as an example) H is spatially homogeneous, then (e) also 

holds for t . 

Let Y = Y o be the spatial component of a carrier space (Y-)StVJ 

and let P ~ T b e t h e least local epoch time function defined by means 

of the Radiative Process. In the most general situation presently en­

countered, T can only have the properties (a), (c) and (e) and / is 

defined on all point pairs. If temporal homogeneity is introduced into 

the Radiative Process, then (b) becomes a property of ~f and X becomes 

a pseudo-metric (Theorem l) and X becomes a temporal pseudo-metric 

space. If, finally, (as an example) ()<, £ ( V ) is a two-dimensional 



SIO Ref: 59-7 - 29 -

1 
product carrier space on which the radiative process is 1 -factored, 

then ~]~ satisfies (d), and "T becomes a metric, and \ a temporal 

metric space. 

These observations may be summarized schematically: 

arbitrary j "u : (a), (c), (d) (induced by Transfer Process) 
I carrier "\ 

space I T : (a), (c), (e) (induced by Radiative Process) 

arbitrary carrier space J "t : (a), (b), (c), (d) (semimetric) 
II with temporal homogeneity 4 

of corresponding process / I : (a), (b), (c), (e) (pseudo-metric) 

arbitrary carrier space + spatial homogeneity, ~t : (a) - (e) 
III with temporal homogeneity < (metric) 

of corresponding process j + factored Radiative Process, J" :(a) - (e) 
^ (metric) 

The assumption of <fT-connectivity is by definition associated with 

but is not needed in set I above; it was however, needed to establish (b) 

of set II for T~ . Furthermore, it was not needed to establish (d) of 

set III for ~Y • 

The set of properties II will be the one mostly used throughout the 

remainder of this study; the carrier space and Radiative Transfer Process 

will be such that -£ is a semimetric and that ~J~ is a pseudo-metric. 



SIO Ref: 59-7 - 30 -

CHARACTERISTIC FUNCTION 

Let 0 be a local source in X , an arbitrary carrier space. 

Let /2 p be an arbitrary pair of points in /(\ Then the charac­

teristic function y£ o n X * X> * "T" into the non-negative reals 

is defined as 

Co '"£ Tp+(p'\ < Iff 
'XL?',/",™*')) -= < -r (5) ' 

Observations on / \ 

1. By defini t ion (5 ) , a value of 1 for / v means that A- i s 

receiving flux from 12- which ac ts as a local source for /&• . 

The loca l epoch time at P- i s referred to some fixed local (not 

necessar i ly the fundamental) point source pi . Now since the 

l e a s t local epoch time / A 'p. i s bas ica l ly a fixed magnitude 

(for the space ^ and i t s radiat ive process) there i s a period of 

loca l epoch time at p during which Ifi. ^(f2 ') ~^~ > l°(/° • During 

t h i s time /2 receives no flux from P , (which has been 

passed on from p^ ) and /C= O , However, ~J"ni< C/1') 

s teadi ly grows u n t i l i t becomes equal to ~T~P(/° . At t h i s ins tan t 

the value of X~ becomes 1 and remains 1 for a l l ~~Tn^C/& /) 

afterward. 
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2. As a special case of definition (5) let p2 = / 2 ^ the 

fundamental source. In addition, let pi coincide with pZ 0 

Then according to the observation 1 in the section on epoch times, 

~j~ ^-(/l'\ — ~T~ i and (5) reduces to: 

which reveals the basically simple idea behind Jr . 

3. In the case of simply temporally connected spaces in which 

is a metric, the preceding form for rY may be simplified even 

further. For by Theorem 3, Tpafi niay be replaced by T(p>")p>) 

O if ~T< i (p0j/2\ 9 

I (T T ^itf;/*) . %(h<?>T) = 

Examples of Some Theorems Using /C 

As an example of the use of Q / and the various notions of epoch 

times, consider 

Theorem 4, Let & be a fixed local source in an arbitrary carrier 
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point pairs of A such that 

(i) "X (pt)p ; T,W/*,) ) = o ^ 

(ii) T ^ Y ^ " X^/2 ^ ""^V, ^"^/ /* 5 

then 

ItCpi^S 7>* (A))^=o , 

Proof. By ( i ) , Jja./e > T f + ( fr) ~ (p oCfiV-Tp+p ; so that 

—r -r- -r- / /9-W« But from (ii) we conclude that 

T^r<1 - f T ^ f >Tf.(fi so then T / 2 ^ > "7>0^^-^^2 : 

•= TfL* if**) , which implies ^-Cft,/0') Tf+(ft)}~ ° 

This completes the proof. 

The simple geometric content of this theorem is depicted in Figure 

2. This theorem was chosen for i ts extreme simplicity so that i ts con­

clusion (once the meaning of the various uynbrLs in (i) and (ii) are 

digested) is intuitively evident. The pojni te?ng made, however, is 

thft the problem of deciding whether or not fl is receiving flux from 
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fit, may be reduced to a formal methodical manipulation of symbols — 

a temporal calculus as it -./ere — representing the time dependent multiple 

scattering problem. We rrrive at a formalism analogous to that used in 

coding automatic computers, or that used in elementary logic, namely a 

formalism which on one level may be manipulated without knowing (or 

caring about) the physical meaning of the symbols, and on the other level 

(usually after the manipulrtion is over) may be interpreted for physical 

meaning. 

As <" final example of this calculus lot us consider the following 

simple problem: If (/£ 'jjg. ) is a pair r f points in a space X with 

temporally homogeneous radiative process, and f2. is at a certain 

instant receiving radiant flux from j? , whrt condition will allow 

the conclusion: p , is also, at this instant, receiving radiant flux 

from ft- (Firure 3). We suppose that the radiant flux field is generated 

by the fundamental source ^ - . On intuitive grounds the required 

criterion is evidently that Tp^f ^= //̂ /-'/ ' This I s borne out by 

Theorem 5• Let (r i <' be a point pair in A with /£ o as a 

fundamental source Then tht conditions 

(i) % > V ' V / ' >)-->' 

( i j ) I f>afi> <z T/*op ' ^ 
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imply 

Proof. By ( i ) ~]~p'(P') ~>~Ha,p • B v d e f i n i t i o n (4) and t h e t r i v i a l 

i d e n t i t y p rope r ty f o r ~T,J'P ' 

and by d e f i n i t i o n (2) ', 

71 f^C/z'l = T-T^ /e-f' 

Thus 

7 — / ^ ^ / ^> Tr'/2 . 

By ( i i ) and the symmetry p rope r ty of </2'/J > 

This imp l i e s 

T<2 r>6 

which , by definition of Y , implies 

and the theorem is prc-ved. 
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