Visibility Laboratory
University of California
Seripps Institution of Oceanography
San Diego 52, California

RESTORATION OF ATMOSPHERICALLY DISTORTED IMAGES
PROGRESS REPORT

by
James L. Harris

Bureau of Ships

March 1963 Contract NMObs-84075, Assign. No, 2

Advanced Research Projects Agency

SIO Ref, 63-10 Order No. 152-60, Project No. 7400
Approved:

L.

S. Q. Duntley, Director
Visibility Laboratory




SIO Ref., 63-10 ii

TABLE QF CONTENTS
Page
1.0 STATEMENT OF THE PROBLEM . ¢ ¢ o o 0 o o o o ¢ s s o s o o 1

2,0 SIMPLE MATHEMATICAL DISTORTIONS AND RESTORATIONS ., . . . .

2

2ollntroductionooo'ooooooooooo--ooo- 2
2.2 An Example of a Simple Distortion and Restoration . . 3

3.0 INTRODUCTION TO SPATIAL FREQUENCIES . o ¢ ¢ o o o o o o » 7

4.0 A GEOMETRIC DISTORTION MODEL ¢ o o o o o o o o o o « s o o 11

4.1l Description of the Model . o o ¢ o © o o« o« o o« » o o 11
4e2 An Example of a Geometric Distortion. . « « « « « o« » 14

5 .O COWUTER PROGR‘AMING 9 L] o L L] o ° ° ° e -] 9 L] o o ° L ] o ] 19
6,0 MATHEMATICAL MODEL OF ASTRONOMICAL DISTORTIONS o o o o o & 21
7.0 REAL TURBULENCE DISTORTIONS AND RESTORATIONS , ¢ ¢ « o o o 29
8,0 TIME INVARIANT DISTORTIONS . o ¢ o ¢ o o o 0 ¢ o o o « o o 32
8.1 Techniques and Nolse Limitations: « « ¢ o o o o o o « 32
8.2 Processing of Nolsy ImageSe o « o o o « o o o o « s o 35
8.3 Example of a Time Invariant Restoration . « o« ¢ « o« » 37
9 ° O THE FIIM SCANNER [} o -] o o o o o [ o 9 L4 o L] ] L] L] L] ° o 39

lo.o FUT[JRE PLANS © © e e o0 o © ©9 © © e © o & e o o6 o 6 e e o o 52

APPENDICES

I, DERIVATIQON OF FOURIER SERIES QN A SET OF DISCRETE POINT
VA-LUES . e o o L] o ° L] ° . e L4 ° L ° e o ° . L] o . L] ° 5 4

II. DERIVATION OF EQUATIONS FOR THE TRANSFER FUNCTION OF A
DIFFRACTION LIMITED OPTICAL SYSTEM . ¢ o o o o o o « o 14

ITI., DEVELOPMENT OF RESTORATION FACTORS FOR TEMPORALLY INVARIANT
DI STORTION o L] -] o o o o o o o -] o o o ° o ] o e ° o o 81

IV, RESTORATION OF IMAGES WITH TEMPOQRALLY VARIANT DISTORTION . lOl



SIO Ref, 63-10 ii3

LIST OF FIGURES
Page
Sample block letter and a simple spatial distortion 4

Figure 1

Figure 2 - A simple spatial distortion and recovery . . o o o . 5

Figure 3 - A Typical Spatial Frequency. « o o o v o o o o o o o 10
Figure 4 - Schematic illustration of the nature of the

geometric distortion. o « o o o o o o o o o o o 12
Figure 5 ~ Geometric distortion of a single spatial frequency . 13
Figure 6 - Probability distribution of the refractive gradient. 15

Figures 7 through 14 - Images and Their Spectra . . o« « o » o« o 16
Figﬁre 15 - Direct Analex printer image readout . ¢ o o o« o« o o 22

Figure 16 - Intensity distribution from two points on the
entrance pupil. s « ¢ ¢ o o 0 o o o o s & o o o 24,

Figure 17 - Entrance pupil zones making contribution to a
spatial frequency f -'-'% o o 5 o o o s a0 o s 26

Figures 18 through 22 - Turbulence—Distorted Images and
Restorations . o o« ¢ o ¢ 6 o o o « a a o« o o o 30

Figure 23 ~ Typical transfer funetion . . ¢« o ¢ o o o o o o o o 34
Figure 24 =~ Illustration of the effect of time averaging . . . 36
Figure 25 - Image distortion and recovery . o « « o « « o ¢« o o 38
Figure 26 - Film scanner (in rear) and associated electronics . 40
Figure 27 - Close-up of film scanner head.° o o o o s 0 o o o o 42
Figure 28 - Block diagram scanner system o o o o o o o o o o o 43
Figure 29 - Circuit Diagram - Serializer . . . o« o o o o o o o« 44
Figure 30 - Circuit Diagram — BCD Converter . o o « o o o o o o 45
Figure 31 - Circuit Diagram - Reset Control . . ¢ o « o o o o o 46

Figure 32 -~ Circuit Diagram - Forward and Reverse Pulse
G ene rator o L] ° L o o o o o o -] o o o L4 o o o ° 4—7

Figure 33 - Circuit Diagram - Horizontal and Vertical Motor
Control o o o ¢ o o o o o o « o o o o o o o o o 48

Figure 34 ~ Circuit Diagram - 24 Volt Supply . « o o o« o o o o 49

Figure 35 -~ Circuit Diagram - Switch . . o o ¢ o« o o« o o o o« o 50
Figure 36 - Horizontal and Vertical Counters . o o o o ¢ o« » o 51



SIO Ref. 63-10

FIGURES IN APPENDIX III

Graphical representation of distortion process . . « . o « « o

Graphical representation of distortion process (even number of
points)‘ ° o o ° o o '6 e ~Q ] o -] -] o 0. L] ° o . o

Graphical representation of distortion process (0odd number of
points) [ . o ° L] ° o ° o o o o o o o L] o ] ° o

iv

Page
82

90

91



RESTORATION OF ATMOSPHERICALLY DISTORTED IMAGES

PROGRESS REPORT

by

James L, Harris

1.0 STATEMENT OF THE PROBLEM

The space age has created renewed interest in the problems
associated with optical observations from the ground of objects in
space., It is possible to build large optical systems whose image
quality is limited only by diffraction. In practice such ideal
imegery is not obtained because of the image deterioration induced
by atmospheric turbulence.

The Visibility Laboratory has been conducting a program of
research on pbssible méans of accomplishing restoration of these
atmospherically distorted imagese This work has been sponsored
by the Advanced Research Projects Agency by transfer of funds to
this Laboratory's existing Bureau of Ships contract NObs-84075.
Considerable progress has been made in the development of
techniques which may be suitable for the restoration of these
images. This report summarizes the effort on this projgct from
its conception in December of 1960 through December 1962,

The contents of this report have been placed in more or less
historical order because the present day concepts have evolved

from the earlier work and it is felt that the presentation in this
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order of time may make it easier for the reader to follow the

development.
2.0 SIMPLE MATHEMATICAL DISTORTIONS AND RESTORATIONS
2.1 Introduction

At the time that the project was initiated, specific image
restoration techniques suitable for this application had yet to
be developed. It was felt, however, that advances in technology
in fields such as information theory, communication theory, and
related sclences made it a reasonable time to take a new look at
this very old problem.

Atmospheric turbulence can be said to.be a form of noise
acting on the image., Processes of extraction of signals in the
presence of noise have long been used in radars and other sensors.
Techniques of integrating many pulses in order to improve the
signal-to-noise ratio have been utilized in radar systems since
their development during World War II, This form of extraction
of signal from noise, i.e., integration of signal and noise, is
applicable in the radar case because the noise is additive,

That is, the noise serves to amplitude modulate the signal. In
the case of the image distortions due to atmospheric turbulence,
the noise serves to smear the image spatially and it would
therefore be expected that the direct integration techniques
applicable to amplitude modulated noise conditions must be

modified for this application.
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2.2 An Example of a Simple Distortion and Restoration

A very early mathemstical exercise of familiarization with
spatial distortions may serve to demonstrate one way in which a
series of distortions may be utilized to extract information by
which a single image can be constructed whose image quality is
superior to that of any of the individual distortions. Figure 1
shows a sample block letter and one possible distortion of the
letter. The distortion is obtained by allowing each square
forming the block to move left, right, up or down, each move
with equal probability, In the case of this simple model, it
was assumed that each square always moves, that is, the
probability that a square will remain in its original position is
zero, This simple model assumed that there were only two levels
of intensity possible. If two elements from the original block
letter moved into the same square, that square would become black
and would not be distinguishable in level from a square which
contained only one element from the original block letter. The
manner in which the distorted image is formed may be observed by
noting the arrows in Fig. 1 showing the movement of each of the
original elements of the block letter. Figure 2 shows 17 dis-
tortions of an arbitrarily selected block letter. Based on
observations of the 17 distortions, it is n;t apparent which
block letter is actually present.

For this type of distortion, restoration can be accomplished
by what has been termed "forbidden image diagrams.” If, in the

! distortion, we can find a blank square which is bounded above,

AN

below, to the left and to the right by blank squares, then we can
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deduce that the originsl undistorted image was blank in the central
square., This follows directly from the assumptions of the distortion
since if the central square had contained an elementy, it 1s forced

to moveAup, down, left or right, and hence would show up in the-
distortion in one of these squares. The "forbidden image diagram”
for a single distortion is therefore a map which shows those
increments which could not have contained an element of the target.

A "forbidden imasge diagram! can be made for each of the 17
distortions. Restorations are accomplished by noting that the
Uforbidden image diagrams® are cumulative; that is, we can super-
impose each of the "forbidden image diagrams" to obtain the sum
total of our information about those squares which could not have
contained a target increment. Figure 2 also shows the construction
of a cumulative "forbidden image diagram.” The "forbidden image
disgram” shown below distortion 2 contains those squares for which
a target element could not be present as deduced from both
distortion 1 and distortion 2. The "forbidden image diagram” below
distortion 17 therefore contains all squares which are known to
have not contained a target element as deduced from all 17 distortions,
As may be seen from the figure, the block letter S; which was the
block letter used in the distortions, has been successfully recovered.

The example which has been described was educational in that it
demonstrated that, at least for this simple type distortion, there
were techniques by which spatial distortions could utilize informa-
tion from a large number of distortions to create a single image of
quality superior to that of any of the individual distortions. The
model, however, is not a realistic one in terms of the type of

distortion to be found as the result of atmospheric turbulence.



SIO Ref, 63-10 =7~

3.0 INTRODUCTI@N TO SPATIAL FREQUENCIES

The later techniques of restoration employ the concepts
of spatial frequencies and an introduction to these concepts
will be made at this time.

Any function having only a finite number of discontinui-
ties can be expressed over a defined region by an infinite
series of sine and cosine terms. Thus the Fourier. expansion
of f(x) over an interval X is -

£f(x) = Ay + Aycos2nfx + Ajcosinfx + ABCosénfx + e
2

+ Bysin2nfx + Bosin4nfx + B3sin6ﬂfx + oo (1)

where Al’ A2, eooy Bl’ B2y ooo a&re the sine and cosine

coefficients which are defined by Egs. (2) and (3).

X
2 : ~
A, =2 f(x)cos(i2nfx)dx (2)
X
X
2
+X
2
B, =2 f(x)sin(i2nfx)dx (3)
X
=X
2

This type of analysis has become widely known through its
application to the analysis of electrical circuit problems,

where a signal is described in terms of its frequency
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composition. The importance of these concepts has been amply
demonstrated in the case of rédar, communications systems,

and audio-amplifier design. In practical problems an infinite.
series is seldom involved and it is generally recognized that
an approximation to a function can be made by including a finite
number of terms with the degree of approximation dependent upon
the number of such terms which are employed. There are obviously
no restrictions on the dimensions of the function which is to

be expanded in Fourier series. For example, the function might
be voltage as a function of time, average annual rainfall as a
function of latitude, or, as in the case of interest here,

image intensity as a function of a spatial dimension,

Consider the case of a piece of film on which an image is
stored. A complete description of the image involves the
defining of the transmission of the film as a function of the
X-Y coordinates of the film. If X is a horizontal dimension then
it can be imagined that a trace in thé X direction for a fixed Y
will result in a function of transmission as a function of X,
Since it is necessary to represeht the image only over the film
format, this transmission as a function of X can be expanded in
a Fourier series, The coefficients for this expansion will be
dependent upon the value of Y which was selected for the
trace, that is, each of the coefficients is a function of Y.

The coefficient itself can therefore be expanded in a Fourier
series as a function of Y, If this is accomplished, as has been

done in Appendix I, the result is a two-dimensional Fourier
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series which describes the transmission of the film as a function
of X and Y in terms of an infinite series of sine and cosine
terms, One form of this two-dimensional Fourier series is

o© 00

flx,y) =A +Z 2 A

cos(2nif x + 2nif_y)
1=0 =0 x ol

1j

00 0
+2 2 B
i=0 ¥0 4]

sin(2mifyx + 2njfyy) (4)
Each of the terms in this series expansion is a spatial

sinmusoid. Figure 3 is a sketch of one such sinusoidal

component. The terms i and ] indicate the number of cycles which

the sine wave makes in the X and Y directions respectively;

thus in the example shown, i = 3 and j = 4. One reason that

the use of Fourier expansion has particular significance in

optical systems is that an optical system passes no spatisl

frequencies above a defined cutoff frequency. A finite series

1s therefore all that is regquired to completely define a

bounded optical image. It is shown in Appendix II that the

statement of a cutoff frequency for the optical system is

the Fouriler equivalent of the usual statement with reference

to the angular resolution associated with a diffraction

limited optical system, Because of this spatial frequency

cutoff in any real optical system, it i1s possible toc define

any reel image by a finite set of numbers, The significance

of this fact may be better appreciated after the develop-

ment of those restoration techniques which employ the concepts

of spatial frequencies,
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4,0 A GEOMETRIC DISTORTION MODEL

4.1 Description of the Model

If a distant star 1s observed with an optical system having
a small entrance pupll diameter, . the primary effect of the
atmospheric turbulence is to move the image about in a random
fashion., This can be explained on the basis of the turbulence
creating index of refraction gradients before the entrance
pupil of the optical system, thus acting in the manner of a
prism. These simple observations serve as a basis for a
geometric model of image distortion due to atmospheric turbu-
lence, In this model it is assumed that the entrance pupil can
be quantized into sectors, each sector having a refractive
index gradient which is determined in some statistical fashien,
Figure 4 shows a cross section through an optical system,
showing the manner in which the different sectors of the lens
form images of the object displaced with respect to one another,
The addition of these independent images is the resultant
distorted image as predicted by this geometric model.

In order to more fully understand the nature of the dis-
tortion process, a single spatial frequency will be distorted
in the same manner as indicated in Fig. 4. Figure 5 shows the
separate images formed by each sector of the entrance pupil of
the optical system and again schematically shows that each
sector forms an image of the particular spatial frequency with
the index of refraction gradient causing the image from each

sector to be displaced right or left from the correct image
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Figure 5 Geometric distortion of a single
spatial frequency.
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position. The composite image is, as before, the sum of the
images from each section and in the case of the addition of
the sinusoidal components, the resultant is also a sinusoid
whose amplitude will always be less than the amplitude of an
undistortéd image, that is, the addition of sinusoids of
different phases results in a sinusoid having an amplitude less
than would be obtained had the phases been equal and having a
phase shift with respect to the phase of the undistorted
image. Thus, the geometric model predicts that in terms of
spatial frequencies the effect of atmospheric turbulence is
to attenuate the amplitude of the spatial frequency and shift

its phase.
4.2 An Example of a Geometric Distortion

The distortion model described in the preceding paragraph
was used to study possible restoration techniques. A necessary
first step in the application of the model is the assumption of
a probability distribution for displacement. As a matter of
mathematical convenience, the displacement distribution or
gradient distribution was chosen to be a triangular distribu-
tion as shown in Fig. 6. Since the distribution has
symmetry about zero gradient, the average displacement is zero.

Figure 7 shows the undistorted image used in the example.
Mathematically the image is a pulse as represented by the first
ten Fourier coefficients. By analogj, it might be imagined

that Fig. 7 represents a horizontal trace through the image of
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IMAGES AND THEIR SPECTRA
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a vertical bar. The representation by a limited number of Fourier
coefficients is a rough analogy to the diffraétion 1limit because,
a8 stated 1in Sec£ion 3.0, a diffraction limited optical system
passes no frequencies above a definable cutoff value.

The image of Fig. 7 was subjected to the distortion process
illustrated in Fig. 4 using the gradient distribution of Fig?-é,
The lens was assumed to be divided into ten segments and by
obtaining ten samples from the gradient distribution, sample
distortions were .constructed° Figures 8 and 9 are exgmples
selected from a group of 30 such distortlons. |

It was noted in Section 4.1 that the effect of this geoﬁetric
distortion is to attenuate and shift the phase of any given
spatial frequency. This observation leads to one possible
restoration technique which will now be illustrated. Figure 10
shows the spectrum of the undistorted image. The dashed line
is the envelope and the vertical lines are the discrete
frequencies of the Fourier series which represent the function_
over the extent of the image. Figures 11 and 12 show the spectra
of the two sample distortions and indicate that the amplitude of
any given spatial frequency varies from distortion to distortion.
Since it has been observed that a spatial frequency is always
attenuated in the process of distortion, a safe estimate is that
the spatial frequencies-in the undistorted image must have
amplitudes at least as large.as the highest amplitude fouﬁd.in any
of the individual distortions., It may also be observea from
studying the spectra of the three distortions fhat one distortion

mey produce a relatively unattenuated amplitude for one spatial
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frequency whereas another spatial frequency in that same distortion
may be quite heavily attenuated; If might therefore be expected
that by selection of the highest amplitudes-for all spatial
frequencies from all distortions, information could be obtained:
which would be superior to the information which can be obtained
from any one distortion., This process of sorting through a

number of distortions énd selecting the highest amplitudes for

each spatial frequency has been termed the peak spectrum

selection technique.

Thirty distortions of the type shown in Figs. 8 and 9 were
constructed and their spectra generated. The spectra were then
processed by the peak spectrum selection technique. Figure 13
shows the resultant spectrum obtained by selecting the peaks or
maximum amplitudes from each of the thirty distortions, It may
be noted that the spectrum thus obtained is a very close match
to the undistorted spectrum, the envelope of which is shown as a
dashed line. Phase information must also be processed., Since a
symmetric type distortion process was assumed, that is, the image
is equally likely shifted left or right, the average phase shift
is O, that is, it is equally probable that the phase shift will be
positive or negative. A simple process of phase averaging, therefore,
can be used to estimate the correct phase to be associated with
each of the peak amplitudes. The recovered amplitude and phase
information may now be utilized to construct a restoration of the
distorted image. Figure 14 compares the image restoration
generated in this matter with the original undistorted image shown

with the dashed lines, While the recovefy obtained was not
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complete, the recovered image does bear close resemblance to the
undistorted image and is.far ;uperior to any one of the thirty
individual distortions utilized in the process. This latter:
point is significant since it indicates that this process
involved something more than simply looking through a large
series of distortions and selecting the best of these distorted
images. This would be expected from the fact that the informa-
tion which constitutes the recovered image was obtained not

from a single distortion but.-from many of the thirty distortions.
5.0 COMPUTER PROGRAMING

The example of Section 4.0 clearly indicated the value of
two—dimensional Fourier analysis as a tool in the processing
of distorted images. These calculations were carried out on a
desk calculator and required a great deal of time and effort in
obtaining the. recovered image of Fig. 14. It was recognized that
if this technique was to have application to two-dimensional
images having a large number of picture elements and for a large
number of distortions, the hand calculator techniques must be
replaced by computer operations.

The Computer Center of the School of Science and Engineering,
University of California, San Diego, includes a Control Date
Corporation 1604 computer with a 160-A satellite computer.
Peripheral equipment includes an IBM-088 card reader, an Analex
high speed printer; and necessary magnetic tapé units. Computer
programs for this project have been written in Fortran 60, The

basic computer program consists of taking a series of input data
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points which describe the image at points on an XY grid and per-
forming two-dimensional Fourier analysis to obtain the amplitude
and phase of each spatial frequency comprising the image,
Additional subroutines allow for operation on these spatial
frequencies in any desired fashion., For example one such sub-
routine allows the application of the peak selection technique
and the phase averaging as utilized in Section 4.0, The computer
output consists of tabulations of the amplitude and phase of
each of the spatial frequencies for each image which has been
inserted, as well as the peak amplitude and average phases
associated with restorations achieved by the peak selection
technique, and the restored image obtained by taking the inverse
transformation of this peak selection phase averaged spectrum.
Several auxiliary subroutines for displaying the output and
input information have been developed and can be used as desired.
As an example, the computer can take the output image, round
each picture element to the nearest digit between one and ten,
and print out an image having the proper XY relationship with
this ten step gray scale,

An "image" printout was developed asvan aid to immediate
visual evaluation of the results. Printed patches of each
character available in the Analex printer were photometered.

The values obtained reflect the difference in inked areas
associated with the different characters., The meximum reflect-
ance is, of course, a blank and the minimum reflectance was

found to be the character E. Characters of intermediate
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reflectance were chosen to fill out a ten step gray scale as follows:

Character Relative Reflectance
Blank 1.0
. 0.95
0.92
+ : 0.91
I 0,87
= 0.84
4 0.81
H 0.78
$ 0.75
E 0.72

While the resulting printed images are lacking in contrast, they
do allow a measure of visual evaluation. An example is shown

in Fig. 15.
630 MATHEMATICAL MODEL OF ASTRONOMICAL DISTORTIONS

The example of Section 4.0, A Geometric Distortion Model, was
extremely valuable as a means of investigating the application of
Fourier techniques to restoration processes. It does not, however,
represent an accurate model of the distortion process which would
be expected by a large aperture optical system, The geometric
distortion model assumed an intensity additlon of images formed
by the various sectors of the entrance pupil. This model, therefore,
neglects the effect of the coherence of the wave front over the

entire entrance pupil. While it is perfectly plausible to consider
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separately the images formed by various sectors of the entrance
pupil, these images will not be additive in intensity because
of the coherence of the electromagnetic radiation. A more
realistic model must consider the addition of these images with
due consideration to the relative phase of the electromagnetic
radlation as received from the different sectors., It will be
shown that this distinction is an important one.

In Appendix II, it 1s shown that any two.points on the
entrance pupil serve to generate a single spatial frequency
which has a sinusoldal variation in a direction parallel to the
vector connecting the two points. For example, if the two
points on the entrance pupil were chosen to fall on the X axis,

the resultant image would be described by the equation

i, 2nDx
F(x) = A A, + AL, sincv + A¢)

s illustrated in Fig. 16. The terms A, end A2 are the
amplitudes of the electromagnetic wave front at the two
points on the entrance pupil, D is the distance between the
two points on the entrance pupil, )&‘is the wave length of
the radiation, f 1s the focal length of the optical system,
x is the spatial dimension in the image plane, and AZ is the
phase difference between the electromagnetic radiation at
the two points on the ehtrance pupil., For the case of
atmospheric turbulence close to the entrance pupil,

Al and A2 would have approximately the same amplitude as in

the absence of turbulence, and the primary image distortion
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Figure 16 Intensity distribution from two
points on the entrance pupil.
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would be due to the AF term. Appendix II goes on to show that
the total contribution to & given spatial frequency may be
found by summing all of the sine terms of the type shown

in Eq. (5) from every pair of points on the entrance pupil,
separated vectorially by the distance D(see Eqs. II-15 and
II-16). Figure 17 illustrates this point by showing that area
of the entrance pupil which is responsible for the generation
of a spatial frequency D . This has been termed a spatial
frequency zone. A

As in the case of the geometric diétortion, a maximum
amplitude is obtained when all of the Ag's are equal or equal
to 0. This is the case of an undistorted image where the
electromagnetic wave front is still plane at the time it
reaches the entrance pupil. Thus it is once again apparent
that the effect of atmospheric turﬁulence‘will be to attenuate
the amplitude of any given spatial frequency. The peak
spectrum selection technique utilized in restoration of the
image distortions in Section 4.0 is therefore applicable to
this more refined model of distortions due to atmospheric
turbulence.

The distortion process may be visualized with reference
to Fig. 16 by imagining a phase distortion map superimposed
over the entrance pupil of the optical system. The amplitude
of any spatial frequency in the resulting distorted image is
found by summing all of the sine waves of Eq. (5) for eﬁery

pair of points separated by a distance D as defined by the
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Figure 17 Entrance pupil zones
making contribution to a
spatial frequency f =D

X B
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zones of Fig. 17. A power spectrum may be associated with the phase
distortion map.l This power spectrum will fall off as frequency

is increased. The significance of this fact is that there will be
no discontinuities or very rapid changes in the phase map over
short distances. - Two points on the phase map separated by a short
distance will, therefore, be highly correlated. Since the very

low frequencles passed by the optical system correspénd to pairs

of points separated by very short distance, there will be a
tendency for the very low frequencies to be passed with small
attenuation., For the higher frequencies which relate to points
separated by increaged distance, there will be an increased
probability of having phase difference between the two points and,
therefore, it is to be expected that és the frequency increases,
the attenuation will increase. The increase in attenuation with
frequency will continue until a frequency is reached at which the
separation between the pairs of points which form this spatial
frequency is sufficiently large, such that the phase variation

at the two points becomes independent. -From this point on

there will be no increase in attenuation with frequency.

There is a very great significance to the assertion of the
previous paragraph. Previous geometric models of the distortion
process have suggested that the image of a point source in the
presence of turbulence would be normally distributed in two
dimensions. The Fourier transformation of a two-dimensional

normal distribution is also a two-dimensional normal distribution.

13, H. Reiger, "Seeing through the atmosphere,” Proceedings of a
Symposium, December 1962, Rand Corporation Memorandum RM-3294-PR.
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Such a model suggests that there is an increase of attenuation with
frequency without limit. This.type of model would, therefore,
impose a practical 1limit to the highest frequencies which could
ever hope to be recovered or restored. The fact that the

more realistic model indicates a leveling off of attenuation

with the higher frequencies suggests that no such limit does,

in fact, exist.

In addition to offering an explanation of the distortion
process in the presence of atmospheric turbulence, the
derivations of Appendix II also offer a ready means of
determining.the transfer function of a diffraction limited
optical system. Since the contribution to a given spatial
frequency can be assoclated Qith zones on the entrance pupil
bounding all points separated by distance D = fA,
as 1llustrated in Fig. 17, the defining of these zones and
the measurement of this area relative to the total area of
the entrance pupil is, directly, the transmittance of the
optical system for this given spatial frequency. This concept
of zones associated with non-coherent optical systems is
suggestive that where primary concern is for objects of high
spatial frequency, techniques of apodization, that is,
masking of the entrance pupil, may be effective in increasing
the amplitude of the spatial frequencies relative to the

average ambient amplitude,
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7.0 REAL TURBULENCE DISTORTIONS AND RESTORATIONS

The peak spectrum selection technique introduced in Section 4.0
has also been utilized in attempts to restore images distorted
by real turbulence., A six-inch diameter astronomical objective was
mounted so as to form an image in the plane of & mechanically
driven aperture. The flux passing through the aperture was
collected on the photocathode of a multiplier phototube whose
output was displayed on an osciiloscope. The scanning aperture
performed a single horizontal scan and the resulting oscilloscope
waveform was photographically recorded. The scanning apparatus
was equipment availabie at the Laboratory as a result of work
on a prior photoelectric scanning problem. A hot plate was
mounted in front of and below the objective lens to produce
turbulence close to the entrance pupil. The single horizontal
scan was sufficiently fast so that the image was essentially
fixed during the entire scan. In order to obtain high flux
levels and therefore minimize the noise level relative to the
signal level, the object to be imaged was chosen to be a
filament lamp. Since the scan was performed in one dimension
only, it was necessary that the image have flux variation in
only one dimension., The image of the filement lamp satisfied
this requirement in that for a considerable region in the
image plane, it had the general appearance of being three
vertical bars. Figure 18 shows thirty oscilloscope
photographs, each representing one horizontal trace through the
image of the filament lamp. The fourth recording in this

series was taken with the hot plate removed in order to show
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the nature of the undistorted 1mage° The reduction of information
‘content by the atmospheric turbulence can be visualized by
imagining that the essential 1nformation which was des1red from
the image was5 how many peaks are present in the image, and
secondly what is.the reiative order of amplitude of the three
peaks, i.é,, which is 1argest; which is next 1argest, and which

is smallest. d-

Before attempting the peak spectrum selection technique,
some more common forms of processing were performed. For
example, Fig, 19 shows the addition or 1ntegration of the
twenty-nine distorted waveforms. The result is an 1mage in
which the third peak is completely missing. Thus, in terms
of the imagined information desired from the image, this type
of processing is unsuccessful,

One component of a turbulence distortion can be visualized
as a gross shift of the image. It would, therefore, seem
reasonable that this shift could cause a considerable loss.of
information in the process of direct integration previously:
described. For this reason a second integration was performed, - .
but this time the center of gravity, i.e., the first moment of
the flux distribution was determined and all images were shifted
to have a common center of gravity prior to integration.

Figure 20. shows a result of this second integration. There is
no significant improvement associated with this form of process-
ing.

The twenty-nine -distortions were then subjected to Fourier
analysis with the aid of the €DC 1604.computer and the peak

spectrum selection technique was applied., This was first
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-accomplished without using the cehfef bf gravity shift and the
results are shown in Fig. 21, The third peak is now present; the
three peaks have approximately correct relative amplitﬁaes |
although considerable distortion still exists. Figure>22 shows
the results of applying the peak spectrum selection technique
where the phase estimates were made after all images were
shifted to common center of gravity. Comparison with Fig. 18

,
shows that while the restoration of detail is not complete, i.e.,
it is lacking in contrast, much of the detail of the original

image has been recovered.,

8.0 TIME INVARIANT DISTORTIONS
8.1 Techniques and Noise Limitations

The preceding section dealt,with the case of time variant
image distortion, i.e., the situation in which a time sequence
of recorded images shows a different distortion in each
exposure. Another case of interest is the time invariant dis-
tortion in which a time sequence of image recordings shows an
identical distqrtion for each exposure. Lens aberrations would
be of this class'of distortion.' Atmospheric turbulence can
alsq produce . this typg of distortion, for example, in the case
where a long time exposure is required. In a long time
exposure a large statistical sample of the turbulence is
averaged and there is therefore little variability from image

recording to image recording. This type of distortion is



SI0 Ref. 63-10 ' -33-

therefore characterized by a transfer function which is temporally
invariant. Figure 23 shows a hypothetical transfer fugction»
for this type of distortion.

If the transfer function is known, restoration can be
accomplished by amplifying each of the spatial frequencies by an
amount which exactly compensates for the attenuatién which it
has suffered. The limitation in quality for this type of
restoration lies in the presence of noise. Any real sensor
recording an image is ultimately limited by some type of noise.
In the example shown in Fig. 23, the noise is assumed to be
white or flat with frequency. In the process of amplifying each
of the spatial frequencies to compensate for its attenuation,
the amplitude of the noise of that spatial frequency will also
be amplified by an identical amount. Figure 23 shows the
noise spectrum which would result after compensation for the
transfer function of that example., A spatial frequency which
had an amplitude equal to the noise prior to restoration will
have an amplitude equal to noise after restoration. It is
conceptually important that the information content of a single
image is not increased by any such processing. However, whers
simple additive noise is the limitation in the restoration,
the signal-to-noise ratio can be increased by integration
processes well established in the fields of radar and gommunica—

tion.
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| 8.2 Processing of Noisy Images

A demonstration of the improvement of signal-to-noise ratio by

integration was performed. An image orthicon television chain was
| used to view a test pattern. The chain was purposely adjusted
to give an extremely poor signal-to-noise ratio on the video
‘ monitor. The upper left photograph in Fig. 24 shows the
photographic recording of a monitor image of a single frame (1/30
second) of the test pattern. As can be seen, the noise level was
sufficiently high so that little, if any, information is present
in this recorded image. Integration was then accomplished by
increasing the exposure time of the camera used to photograph the
monitor. For example, the second image shows an exposure time
four times that of the first image with the # number of the
optical system adjusted to maintain constant integrated flux. The
sequence of pictures demonstrates the effect of increasing the
number of frames which are averaged or integrated. Figure 24
shows clearly the increase in information content which can be
obtained by increasing the period of observation or the number
of images which are processed. If it is imagined that the upper
left-hand picture representing an exposure of one frame was the
image which resulted from the correction of a temporally
invariant distortion, then the pictures which follow indicate the
improvement in image information which could be obtained as a

result of processing of multiple images.
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Figure 24  lllustration of the effect of time averaging. The
original noise level is 128 times normal image

orthicon noise and the number below each
picture indicates the number of frames which
have been integrated.
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8.3 Example of a Time Invariant Restoration

The techniques involved in the restoration of temporally
invariant distortions were studied by means of simple mathematical
distortions of this class. One example of a temporally invariant
distortion is the case of a photograph taken while the object to
be photographed is in motion all during the time of the exposure.
This would be the equivalent, for example, of a reconnaissance
photograph taken under conditions of inadequate image motion
compensation, Figure 25 shows a distortion of this type which
was mathematically constructed. Here the block letters ARPA
were smeared horizontally by an amount which corresponds to an
image motion during the exposure equal to 1 1/2 times the width
of a block letter. The resulting image distortion is shown in the
top of Fig. 25. This distorted image along with information as
to the nature of the distortion process were fed into the
computer which then performed Fourier analysis of the distorted
image, amplification of each of the Fourier components to
compensate for their attenuation, and the construction of the
restored image which is shown in the bottom of Fig. 25. In this
"noiseless case" the image recovery was accurate to the eighth
significant figure and was limited only by the extent to which
the finite Fourier series could approximate the image in

question.
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Figure 25 Image distortion and recovery,
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9.0 THE FILM SCANNER

The preceding sections have described tgchniques of image
restoration and shown examples of distortions and restorations
by means of which these techniques have been explored and proved.
It was recognized at an early state in the project that the
restoration of atmospheric-turbulence-distorted images by these
techniques would require some type of automatic accumulation of
input data for the computer. The most easily adapted sensor for
recording the distorted images is photographic film., For this
reason it was decided that the initial trials of real image
restorations would be accomplished from images recorded on
photographic film. The number of resolution elements associated
with the image distortions virtually prohibits the hand
processing of these films in order to obtain input data for the
computer., A considerable project effort has therefore been
directed toward the construction of a film scanner capable of
automatically reducing the input data into computer format.

Figure 26 is a photograph of the completed film scanner and
assoclated electronics. At the left rear of the picture may be
seen a projection system through which 16 mm film is fed. Films
of 35 mm or 70 mm would be printed on 16 mm format for use in
this scanner. Scanner heads to accommodate the larger formats
can be constructed if required. The image is projected onto
the rectangular, flat, white metal mask (or screen) shown in the
middle of the picture. The mask contains a small aperture and

the flux passing through the aperture is imaged onto the
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Figure 26 Film scanner (in rear) and associated electronics.
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photocathode of a multiplier phototube which is mounted in the black
box behind the white mask.,

Figure 27 shows a close-up of the projection system. The
operation of the system will be explained with the aid of the
block diagram shown in Fig., 28. The scanning is accomplished by
physical movement of the film in the image plane. A horizontal
scan is accomplished in a series of discrete steps. Stepping
pulses are supplied by the motor driver unit and activate
stepping motors in the projection unit. The horizontal counter
counts the number of horizontal steps which have been taken.

When the desired number of steps have been accomplished the

motor driver unit supplies a series of rapid pulses which cause
the stepping motor to retrace to its original position; and at the
same time take one vertical step. The horizontal scan is then
repeated. When the desired number of vertical steps have been
completed, the motor driver supplies a series of rapid pulses

to the vertical motor which cause it to retrace to its starting
position. The system is now ready for a new film frame.

The output of the multiplier phototube is fed into a voltage-
to-frequency converter. The converter output is then counted. The
digital output of the counter is serialized so that it may be fed
directly to an IBM card punch. The system in this way accomplishes
automatic recording on IBM cards of the images contained on the
film,

Where commercial units were employed, their identifying
trade names and serial numbers are shown on the block diagram. The
electronic circuits designed and constructed by the Visibility Labora-

tory are shown in Figs. 29 through 36.
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Figure 27 Close-up of film scanner head.
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At the time of writing of this report, the construction and
assembly of the film scanner system has been completed and effort
is presently directed toward the scanning of test films used to

check the reliability of the system.
10,0 FUTURE PLANS

The computer program used to accomplish the restoration of
the smeared ARPA image has been rewritten to allow for smear in
two dimensions. A mathematical distortion of the block letters,
ARPA, corresponding to a two-dimensional smear will be fed into
the computer as a test of this program. At the same time,
photographically recorded two-dimensional smears of the block
letters ARPA are being prepared. These are accomplished by
masking the entrance pupil éf the recording camera to the form of
a square and then defocusing the image so that every point in
object space becomes a square in the image plane. As in the
case of the one-dimensional smear, the smear function will be
sufficiently large, such that the block letters ARPA cannot be
identified in the distortgd images.

Because of the presence of film noise, the restoration of a
single distortion from a single film frame may result in an
image of very high noise level. For this reason multiplg images
will be recorded, that is, a sequence of film frames are being
prepared, each of whigh is an identicgl smeér;ofithe block letters
ARPA., The computer program ﬁill theref;;é_ghvolve not only
restoration of each frame but also an integration of the resulting
recovered images to form a single image of high signal-to-noise

ratio,
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When the temporally invariant distortions of this type have
been successfully recovered, the next step will be to generate
film strips with the optical system used to produce atmospherically
distorted images in the laboratory. The flux levels and time
exposures will be chosen so as to give large statistical sampling
of the turbulence and therefore produce temporally invariant
distortions., After these distortions have been successfully

: procéssed, additional atmospheric distortions will be generated
of the temporally variant variety. These film strips will be
scanned and fed into the computer and the two-dimensional
version of the peak spectrum selection technique will be used to
attempt restorations.

The above trials will represent a checkout of the entire
system from the film scanner through the computer programing and
will constitute a test of the restoration techniques. When these
‘ techniques and the system have been demonstrated to be performing
adequately, the system will be ready for attempted restorations
of some real space photographs. While the system as presently
conétructed is inadequate for any volume processing, it.should be
extremely adequate for demonstrating that image improvement can
be obtained by the techniques which have been described. The task
of engineering a system capable of operation with an astronomical
system should not be initiated until the simple system which has
been constructed has clearly demonstrated the feasibility of

accomplishing this type of image restoration.
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Tha('onow'mt defeminations Wil be used LaTey ' The

dw'wlﬂibﬂ.
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a-l )
2., Ws2Fim _ O, m#Ppa (0.1)
o
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Evoludie :

a-~
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fot @& = wdwn 20 ?

le: WM#EN
> n>wm 20 g

Nl

Thon in itwey of the two lasT ec‘umﬁms:
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Evaluale: 2_; ., Sin 27im sn2win -

= "'Z Z_;[cos 2ii(wm-n) — (os Z-:TL(VVHW)]:h ()
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2
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Appendix I,

limited optical system.

Assume that a diffraction limited optical system 1s imaging
an infinitely distant; monochromatic point source. The plane
electromagnetic wave incident on the entrance pupil; in the

absence of turbulence, can be described by the equation

a=Asm(Wt+d). (11-1)

Suppose, however, that in the neighborhood of the entrance pupil,
the plane wave passed through a thin lamina having a spatially
varying index of refraction., The emerging wavefront would then

have the form

a(x,y) = Al ) s ot + 40w,y ] (11-2)

where x and y are the horizontal and vertical directions in the
plane of the entrance pupil, This phase disturbance will

result in an image distortion, a mathematlcal derivation of which
will now be developed.

The nature of the image can be determined by the application
of Huygen's principle in which each point on the wavefront will
be considered to be an isotropic radiator. The propagation in
a direction (0(,(%) will then be examined, where A and @

are angles measured with respect to the x and y axes respectively.
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The optical system would produce an intensity map as a fupction
of OL and @ such that the intensity is proportional

to the square of the amplitude of the vector sum over the
wavefront in a plane inclined at the angle ((X, 6) . The

constant of proportionality involves the geometry of the optical
system and is not relevant to this particular derivation,

For the appli-catioln of interest;, the objects to be imaged
have angular subtense on the order of seconds of arc, and the
sine and tangent functions may be represented by the angle
expressed. in radians, Using the central axis as a reference,

a point x,y on the wavefront will have a path length increase

in the inclined plane relative to the point o,0 of

Ad = K ¥ +@L1 - (1I-3)

This increased path length results in a phase shift relative

to the entrance pupil of

'>/= Ok’\(,)\-f- Qq‘ : (TI-4)

Equation (II-2) can therefore be rewritten for the case of

propagation in the direction (O(, @) as,

a(d,(ﬁ,ﬂc,l0= A(%,«\) S’ln[(Dt +g(£_<, + %{4’ +c(9(fx,\1)] (11-5)

The square of the amplitude of the vector sum of Eq. (II-5)
over all x and y within the limits of the entrance pupil will

be proportional to the intensity of the image at the point

corresponding to the direction <0(,%},
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The image plane intensity is therefore

1= {ﬁ: SZ A (ny) ws [O‘% rRy cp(x,c\\]dm\»\}lJ,

(11-6)

+ {g: &: A(w\\ sm[%% +&1“r . b (’Yﬂﬂ]c{%d\,\}z

where A(x,y) is zero in the region of x,y outside the boundary
of the entrance pupil. By recognizing the conceptAof dummy

variables of integration, (II-6) can be rewrititen as
ls2] D . |
T= g_w &_M A(%,LD oS {ng%_ +_@73_ + <t>(%b\3] dxd\‘ .

. K@i g: A(\Néi)cos [Q%L +0= +4>(w,z)i]dwcl% +

(11-7)

+ c&:: gi L\(&,ubsm Io_k%_ +£?;;%r +cb(wp] clydl:( .

. §_‘: %t Alw,2) s ]:Qiu_ + _Q%_ +4>.(W,%\]dwd%
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Since the integration with respect to x and y is independent of

the integration with respect to w and z, Eq. (II¢7%) may be

rewritten as

1=§" . § SZ AlxAlwz) cosﬂﬁgi kY + 4>(x,tg\] '
: Coslé_k_i\g n Q% + c\v(w,aﬂ é\vd\»\dw dz +

® p @ Cw © | - (11-8)

+ SX_@ S.,, s_w &-w A‘[Q\L\\ A(w@) sm[o%c_ +§g.% +¢(MM ;

: sin[g\fu +L;_% + ¢ (w,z\] dx dn\c\w dz
By using the trigonometric identity
s 0 Cosb + Sina sinb = cos(é\ - b) (11-9)
Eq. (II-8) can be rewritten as
1-§_¢§\ QQSS,Q, ,W)A(wz)cos\:ou +Q%+

(II-10)

.\.4:(3(,[\\- 95‘_;\\;_'«_ -QT - W,Q:’d&du‘.dwdz

Let
W %L +€y , dw =dex
2= 4 tey cl2-=cleu‘

T= ﬁ §_m§ S A k.)l\(wre,,tﬁeq\ cos[ Rex 0Ly +
+4><’X lﬁ) - '\H-G'x L“keLD] du dc‘déy deﬁ (1I1-11)
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By using the trigonometric identity

cos(a+b) = dsa wsb —smasinb | (11-12)

Eq. (II-11) becomes

I= g-:: g:: cos Io_k_%_ag +§%§£Z§ZA(N\\ f\('x-réx,‘\’réub‘- (II-13)
cos[-dP (%LD - ¢ (x+ €x, 4r 61)3 c\&c\u‘} dex de“ +
+ Q g sm[uiu +De mw g_&A(x ,LDA('H-G*,L\%«D_‘

sin[@ (1) - (xtex, WM d*c‘%? dendey

The terms

G (&, Q) = cos[w - 254 | }
Gr %,8) =Sin[3E* + g%f—‘f]

may be recognized as spatial frequency domponents where £;‘= r s

(II-14)

and the double integral terms which ﬁultiply them in Eqg. (II—13)
is the transmittance associated with the spatial frequency

F%)Cq) The transmittance of the cosine term is

T, = S § AX«DA(%»ex,\veLD

(I1-15)

. 605[d> (%, LD 4>(1<+ex) t\+ CLP] c{'de‘
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and for the sine term
= 5 S A, L\)A X+ €x,t\+é«‘\
' IT~

* 3in [b(x,tg\ - ¢ ('\Hé'x,t‘f é«‘ﬂd%dt‘ e
It must be remembered that A has nonzero value only over the
region of the entrance pupil. The transmittance may be seen
to be determined by pairs of points on the entrance pupil -
separated by a distance € in the x direction, and 6(1
in the y direction., It is further noted that it is the
product of the amplitudes of the pairs of points and the
difference in electromsgnetic phase between the pairs of points
which determine the transmittance. |

This leads directly to the concept of Spatisl Frequency
Zones on the entrance pupil. For a given spatial frequency

(Fx,cbp those regions of the entrance pupil which contribute to
the generation of this spatial frequency are defined by bounding
all pairs of points which are separated by a distance €4 in
the x direction and €51 in the y direction,.

Equations (II-15) and (II-16) are the transmittance values
which result from both the atmospheric turbulence and the |
diffraction limit of the optical system. To make this point clear,
the transmittance in the absence of the phase disturbance will be

derived. When AF =0

Ted = S: §: Ao('\hLD Aol(’k'réx,"‘ t EW)dML‘ (11-17)

and

Tsd =0 (11-18)
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If Ao is constant over the entrance pupil, theh Eq. (II-17) is

Ted = Aol Se I : (11-19)
where Ese is the area of the spatial frequency zone associlated
with the spatial frequency(%yyﬁkg Equation (iI-l?),is a useful
tool in determining the transfer function for a diffraction
limited optical system.
The transfer function which may be attributed to the
turbulence alone is found by dividing (II-16) by (II-19).

Expressed in complex form the transfer function for the turbulence

is
t= Tet+Ts (1I-20)
Ao Se
The concept of spatial frequency zonses makes it clear that
there is a sharp cutoff to thse spatial frequencies transmitted
by an optical systémo Since fhe largest separation possible for
a pair of points is equal to the maximum dimension of the
entrance pupily D, the highest spatial frequency passed by the
optical system is
?m w = _'_‘i_ | (I1-21)

This is the Fourier equiﬁalent of the usual diffraction
limit expression that the angular distance to the first null

of the diffraction pattern is

oL = L2Z2 A " (11-22)
D
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Original image

T
ﬂ
Y
Y

6
Distorted image ’
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Graphical representation of distortion process
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0, b : Fourier coctbicioni® of £, \ndexed b(x R,

Of"z.‘. M-l = wn
2

AR : Fourier toxtfiienTs of F, imdened \m\ k,

0 £ k< m-

-l =n
Z
wr : Numbey o} 'mpuT pownTs ot enTive '\maQe.
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n .
F((—)} = 2Z k-0 (gh tosh ® +Ek5mh93 : ()
LeT: Fir(0) = ArwskO +B,swko
Then: V(6) = 2, Fe(6) . (2)

¢(e) = Zn-%g; &(eﬂ'&@
wheve: %(9 ’r‘YAQB T 2k p[Ak cos k(6 tYAB) +
' +T_’>;.s'm\z(@+\'A®
Let: qk (6 t¥AB) = P[Ah sk (6+Y00) +
+ Bpsink(6 +YD0)

(o) Z«Zw Lk (6+v00)

(%ssum'mt Convevqane of The series 2 (F()uviev seYies | Havch‘,

Mac Miilan , 1944, p-37 €f. T!Mbvxs O Fouvier Sevies and I.Vlf'%ggs(s,

Cavslaw, Dovey , Third editim , 1930, p-230 FF.\).
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(@)=, Lk (6 +vn 8)
Let: fp = Ty qe(0+v06) )
(6) = T fr ()
Expanding: 3k CERFNOE

= P[A R (Los RO wskyA @ - smkO swmky A@) +

b Ry (sink® WskvAO + (0skO sMRYDNO)
N Summ'mt e (G tYAB) ovey Y = -3, _'52. , SWie
X = = sm(-%) ond s O = 0, the Torms (onTa"m'mz
swm hyNO Wi véw\s\n.
Ly Ik (6 tvao)y= Ty P cos ky O© (A(, (0skO +
+ Bl Sink©)

Ox from (): Fp = Y 2y posky A D
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SubsTWuT'\nz w (@) FO) = Ze T 2. P cosky A6

B is vow WideiT TwaT € s The R -h tavmn of The Fouriey

QY s \'Qwsen‘fml £(0).So fvom (1) and the '\V\t\o‘)owlonu
0\'oﬁ\/\oq.om\'r\’u\ ok The sim ama oy Tevwms :

Ok = O =\ peoshvArg

b * Bh 2. P(OShVA@
Then :

A

_ Ohr -
PR p Cos kvone

By

)]

br
Xy Pcus\'z TYE)

The lugi expressions Cuwn be s%myliﬁ\’d Fox Com puTaTiow bt1_

?o\c\'mi'me Summation, since Cos (%) = COS (- %) . The
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problow ok 0dd and cuen numbheys ob inTevvals s tuken cave
ot bu\ Aae (owd'mon ¥ > 0O and bu\'ﬂm subsTITuTion of q

~ Pov p. ( See notation |'|sﬂ.

AR = . Ok
Z .5, q Wskv A6

My * — - br
Zi s q coshy AS

_—d
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SQC\’\W\% .

Dudopwmedt ok YesTovafion taiTors for wo-dimensional fewporally

wvoviant dioeTion.

I_W\mm\uﬂh\- Gul\uw}v\% This shedt ave qraphical vQ\)veswﬂaﬁons
of the fempom\h\ nvavianT distortion prowss. L these
vepresedTaTiong cada squave vepresenTs & powiT value 0 the
imaqe brignTaess. The wum ey o¢ divisions Was (v(b'mrav}lj
Closan 1o swow the dikberonte W offe of 0dd awd e

wuwbevs oF diwisions.
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[}
M=6 36 | Z=36
N=6
Original!imoge
3 (s |e |t |E|2]|2 |3
ME AR ENE;
Plg v e e fE .
M N
o I S R T I BN A K z 2
Z i ZS=—j_ Z,5= 36
IR 2 z
AN IR ERE
= IERENEAERERE AK;
-3 -2 -1 0 I 2 3
DistortedI image
[}
3 I 12 |2 I
2 2 1414 ]2
M N
| 214 |4 |2 2 2
2 m=o Zneo Zr,s= 36
0] 112 |2 |
r=—2M— -mz20
-1
S=%- -nz2zo0
-2
-3
-3 -2 -1 O | 2 3
Effect of folded !summaiion
Graphical representation of distortion process
(even number of points)
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M=7 49 Z= 49
N=7 - .
Original | image
el g e |s [+ ][] ]5
LY B IO NI IO N I I
AN N
S i N I A A R A
—A :
5= I T I I A I B O
—5—42-4375-| I T I A
—54A
2¢12-| NN EEE:
el TE 4 [ [ ]#]5 [
~ 740 -540 -300 -A0) A8 348 548 7A8
2 2 2 2|12 2 2 2
Distorted Image
2 212 ]I
4 (4|4 |2
4 |a|lal2
4 [4]4a}2
Effect of folded| summation
Graphical representation of distortion
(odd number of points)
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v
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v

process
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NoTaTion
C,D,E, ¥« Fouvier coukficiaels with vespec To % (0,
¢,d,e,F: Vouriev CoekbicienTs with vespedl To 2 (0,4)
L aw elemovl ob Tue disTovled ima'te.
T [ on % ok numbay of fovms of Fouvior Sothes.
J: im0 on u of wambay of Tevmy 0F Fouriex geriss.
\
C: mdix on’k OF Taems | Lo Oyly », T
j : wnday on u\ of fTorms J = 0,1, ,-d
M(: wwmber 06 diwisions of digTorfion ow X .HinTs ave Mti

N: wamber ot dwisims of distortion 6w L‘.'/VO\V\TS aye N+t

W mdex on & ok pownls o€ dictortion , W = - Mmo,M
N inda ony of poinfs df distorfion, n = -N_ N
z '
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z

= L, vz 1} S ¥ %
veasy, % ey
=L, v#2M ,s=2 N
2 7 2

s
q

qzwe\q‘\!\‘\"\n%(’af\‘ovt q= 4 ¥# O,Lg-, ; S¥ 0,_‘_(?:

=25;Y¢=0,M

s#o,8
2 2

L4

=1y (=O,M_3$=O,ﬁ_
2 2
X W\uH'\p\io\' ok DO : YAB S O\V\%Mlav distance own X of lemenT
from Cenler of distoction. V = ,(‘.’zL -m >0

S vnul‘t]\‘)l'm okhd: sBD s anqular dislonce ovu1 of elemonl

Evom edaler of distuvtion. s = _HZ, -n=>=0
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A - abscitsa oF image (ield.

Y : ovdnaTe ok iwmaqe fied.

% (6.,9) : Fouvier vepresentotion of undisToeied imaqe.
z (0,9) : Touvier vapresuilation of distorted m aqe.

8 anqular waauve on 4« of field

&+ anqular wiousure on u\ of Cield

Gen:

T <4 ) . C .
RO = Ziiy Lo (Crj 0si 0 ws]p ¥DijwsiOsing b 1

tELjSmtO 0sjd + Fijsinid s 4))
LeT: By (0,8) = Cj osiOos[ + Vi 01O | +

+ B Sni0 (95345 % T“l Snid sin \\43 )

20,9 = 2, 3 Ry (09)
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z(0 4)- 2. _%\{ 2 .. _y;z_ %<(—D tYNO , P+ S A@)
Wheve - ?)(Gﬂﬁe,cb FSOP) =
L 2 PICL;\ ws ¢ (6 + YAG)\)&S:}@N SA&H
+ Dy @si(0t YA smi(o+sid)+
b E i (6 +mé’) s (¢ + sOP)+
b S0t 0@ | (P rSAd)
LaT &i_:\(ef YNO, D + SA¢\ < P[Caj (D&i(bﬂl.\@) (08 | @D 186\3;'\) +
+Dij wsi(6+ m@)s\vg(ﬁp pShp)
rEij sind (04 ¢66) s | (& +sb$)*
k¥ sini(0t \’AQ\)S'\'U(‘?*SQ@) #)

2~ 2 s 202y Q4] (64106, pts0P)
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37
Y :

Assum}m&; CoanVCLe'nce of' SIS S I S'ec’(]on a:

22 2] (Zv 2s ZL:\)

|<T: Ziy T 2o s &

Then: 2 = 2. 2} "Z;,J‘

Expanding (2) g1 (0t100,ts0d):

= p(CL; ((0s 18 s ivAG -SMiB SinivHO)-

(s 0sjs AP = sin b SmjsOP) +
+Dy (st B ©sLYAB - s\niesi‘nim@\) '
+(<in]® 05 [SAd 1 (05 Sin|sAd) T

t Eij(s'\'nié) S (YAO t (0.8 SMiYAB)

'(Cos_jq) ws s & -~ s jd sin'JsL\Ab\) t

(3)

(4)
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+ Vi (SMiB osixn@ t (OSLOSMix £G ).
: (S'Mj4> WsysOP + 0s)d s'mjstscﬂ

Lnsueaming 905 ,Gbout, vty ¥ = -0 M, awd

S = - NE , Tevms (owm'm'mt S (YAD and

)
s\njg AD Wil vamsh e Sw X © -SiW(' x) avd

sy 0 :=GC.
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ZY ZS %L_\ (@ +YA9;<beQ¢) :Z\'Zs P(USLYAQ COSlSM'

. [C’;j 0si 6 (s} * UG s\OsmiP t

t €L SmiB osyP t Fif Sinib '3'\“5'4)]

From (3) and (D ii_j = Z” Zv S.s P COSLYN® COS:]SA@,

Gnd subsT}’mT'mZ wm ).

200): Z; ¥ %ii PRI P (0sivAS Cos js 09
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T1 1o now wident thwal i"lv is The (L)D’m Tovm 0F e
Fouruy S211es \'oqﬂsen'fm% Z (6,43) From the indegendonie
ov ot Tauqonalify ok tae tompbnenT forms ¢

| OF,

E{_} s Z {3
2Zv2ZsplosivQo 0s {sOd

o~

dL'_\ = Sig
2y 2s pwsivho ws sOP

and likewise fov D,E,and ¥ With vesped To d,2 ondv
of 2, .

As in Section A, The donom'mqﬁov abov> Can he Simplivied
tox (om putation b‘ﬂ fold iw;C the summations | Sine

cos K = COS(=%). The problem 0F odd and even infevyals

1s Taken cave of bw e (ondttions V=0, =0 awd b({
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e subsTurion of q fov p. The denominaTor Thon becomes:
A _ o
Zmio Zn-o q ws AN, Qos_isA<b

whove Y = ,ﬂi_-m‘?.o

-n=0

W itliaw | ot\\v\\ Uihavdson
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Appondix IV,

WegTovalion 0k '\ma%Q_s Wit Temporally Yaviav! distortion.
) )

elion B Tredls Twe owe-diwensional cose omd SedTion B Treals The

two-dimwoensional  Cose.

————— ——ee

———— sy,

TesioaTion oF owe- dimengional iwage WiTh 'Towapom\lw vaxianT digiorfion.

Cioem: A wuwmbey of disTored immles ndexed 1§ = 1, 2, ~, ath
vepr aovifed bx\ o Fouviex sevies Wilw cwebbicienTs A¢,j owd B,
dored Wit vespecT 1o Cvu\uww \ov‘ Ce 2,

To €imd: The veiind corbhidedls , A, avd Ba

CowmdiTigns:

) (—\;._‘_Kaz = Wayg (ém,]t‘fﬁd.' 3
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2 BAs - 2 Aol
'Bo; Zl @G,:\

(2) Q%V\(AA : Sy (Z", (*\a,j\
(4) ézn (Ba) = 3 (Zj ,Ba,])
SoluTion :

Aa* Ba Zi0ea) ; From ()
Z_‘,’.B(u:\

gubs'\'ﬁu’\"ml m (1)

PA 2 1
( 2, ,z_s.c_-\_g__> ¢ Ba = max Qe +Bay)

Ba (ES god + |> = W\O\XJ(AQ.}""‘/L])(A,:}I)

. SN <Zj ’&,3)
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Section K.

Tedodlivn oF Two-dimonsivnal image With ’Temgovallq vaYionT

dslofion .
Giown: O wuwlaer of distorTed iwaaqes indoxed W= 1,2, eudh
Vopresanfad by o Fourviey serieg:
£ oo (eh,cbﬂ = 2 ZJ(CLSM CosL Oy Cosi, +
*+ Dijm WL O, S'mjd?l t+ Ealms'miek C05j¢1 T
+ FijmSini0, sinjd, )
The quon equdion can ke Yewritten as:
(—'M(@h ,Cbﬂ = Ji_ PAY, 23 [(C"'.'\"’"- T:ijb (os(i, O\ Tj <bl>+
’r(C'L;m t V£3m> (03 (iek‘j‘bﬂ ¥
t (‘D;_j,m + Eéjm3 N1 (L Ok 1-j4313+

1 ("'DL_\m fE;_:“MXS'\Yi (L@k - :)Cbl\)]
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Since The veSoruTion process isThe Swwe for tach (L,j) , Tae

L ond | wneluTion is dvopped mThe Fo\low'm?l.

To€ind: The vodored coxfficients C', D, E,F.

Conditivas :

(¢-F)" +(pre) - vvmxm[(dm- Fon) + (D t Emﬂ - (#)
(C+F) + (-D+E) = wmaxm | (CFu)' t (Dt ev,;ﬂ = (#2)

CF 2 Zn(Cu-Fm) - (#73)
TV+E Zm('Dm *E—Vﬂ)

g +__]_:_____ = Z\m (Cm‘f \—’m) - (ﬂ;qs
-D+tE Z.m('_—Dm st-m)

S%VI(C-TB TSy [wa (Clw. 'Fm>]
Sqn (CHF“) = Sq [Z o ( Qo +F ) ]
S¢n (D+E) = SN [Z.\m (’DM + Em)]

sqn (Dt E) = Sy [}:m (Dt Emﬂ
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Qoz.i) From (102): (C-F)*= (D+E)" " (#3)*

(102.) Feom (103): (d+F)*= (-Dre) - (F4)
SubgTuTing (102.1) iw (100) and (103.) in (101):

(o) >+ (%3 + (vre)* = (#1)

(109 (-DreY (#d™ + (-DtE) = (#2)

From (108) and (106):

'/l-
(o) (DtE) = H' (#1) ]

(#3) 41

. SN [Zm(’Dm-r Ey.):l - (# b)

From (109) and (107) :

(u) (-D+E) = [ (# 1) jl'ﬁ . S?,W[Zw.(-'Dm +Emﬂ : (# &)
(#4)"+1 -
(1022) Frowm (102): (D¥E) = _I_ (¢-F)*
(# 3)?
(103.2) From (103): (-oDtE)'= | _ (C‘i’ F\jl

(#4d)*
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S“ubsmm‘\"m(L (10z.2) ‘W (100) :

(hyy (C=F)*4 L _ (c-¥)*= ()
(t3)°

Subs’\'ﬂﬂ'\n% (IOSZ) " (IOl} :

s (CH+Fy e (C+F)" = (#2)
(#d)

From (11d) and (lb‘-i"):

= - |
(#1) } h
Bhifes

(w1

From (\l'S.) and <|05\):

[ (# 2) ]"‘I's%v,[izm(cmfrm‘)jg(ﬁ)

(#_i"q)t“"

(ha) (d-¥) =

. S’(’))Y‘ [Z\m (Cm -TW\)] = ('# 5‘)

) (d+¥) =

Ac\c\'\v\l(n%) and (us) :

d = (#£8)+ (#7)
2
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.OY'.C:

L
2

: S%n[zm (4 M‘Fmﬂ *

‘ L

Waxw L(Cw~ Fu) + (Dwmt Em)t] :

[zm<'DM+EM)}t + |
ZM(CW\"'.FWA

4 . Szn[lm (Cmme)]

| 2 2 l/
maxmi(jl'm +Fm) +(‘Dm+Em) ] ¢
[zm(—om»rem) J.‘ A

gubTradi‘n% ( “D Cvom(llo) :

D= (#0)-(#8)

Ov: D= 3 ma\xm[(Cm‘FmV*r (Dw rEm) | "
SN [Zm(Dm*Emﬂ -

[ZM(C’m‘Fq .
ZM(%M‘*‘Em)

wmaxw [(Clm ‘f‘Fw)z ‘\i" ("Dm + Emy‘] ,/7‘
[Lm(crm‘i’Fm) ]1 + |
ZM("DM‘('EVVB

: sgw[Zm(-Dm +Tvn)]
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Bdding (10) ond ()

E= (#0 + (#8)
“

-SIW[ZN(DM‘l’EmS_) +

O E= ’.I’z' MaXm [(CM—FWX-+((DM+ E:wy] g
[Zm(CIm“FVE)_}z*_ |
Zm(’Dm‘TE\m\

+ 'lz‘_' {mo« w [(Cm+ FMY"" ("'Dvn* EW\Y] %

[i.wo(cm +TF WA\‘{ . | \ S%h[zm("Dm*Emﬂ
Zwm(-Dmt Em)

SubsTruding (ud) fvom (115)

v . -(#35)+ (#7)
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Ly
2

mm.,[(ﬁm ‘VMY'!‘ (Dw. ¥ Em\‘]
[éa_(ﬁmf—'—“‘llz ! sqolZm(Cu ol +
ZW\ (Cm - F W\X

Wi OXw [(Cmf me + ("DM*.E"‘:_I " .
1'_%. [Zmﬁ‘@m tE m\ J l + . g?“[{'“ (C,V“+ FM)_‘
Z wal Cw t rm\

William H adluﬂ 1ihard son
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\ " Multiplier
\ Phototube

GRS L NS S

f ' ; \ Tape Surface
‘ DT _,I I.,_. (Illumination = |5 Ft-C)
| . ‘ — |
' Figure 6 -~ Schematic representation of the .
3 " Ansco reflection head. ' )
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caloulated as followss
F=BRA - where B = Ir, Q=%

. B = surface brightness in
foot~lamberts :
r = surface reflectance

I = surface i1lumination in
foot candles

§l = solid angle in steradians
A‘L = lens area in ft2

The illumination on the tape surface was measured at 1.5 (ft-candles),
Using this value of 11lumination and taking a unity surface reflectance,

one has,
. o <
B= 1,5 (ft-candles) x l(f‘b-lamberta/ftf-oandles) = 1,5(ft~lamberts)

™ 1 '
=t x . =_.7I.x.._2x =125x10 2 steradlans
L TR 55

F= 1,25 x 10°2 (atemcuana) x 3.4 x 107 -4 (f‘tz) x 1.5 (i‘b-hmbert.a)
= 6,38 x 10'6 lumens

The cathode current for thig value of flux would be,

13- azF
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For a 931-A a typical value of 8, 18 30 (microamps/1unen),

i = 2 (miorcamps/lumen) x 6,38 x 10~6 (1umens)

1,914 x 10™% (microamps)

The fracticnal reduction in curremt that would result when the
flux 18 filtered by the green Ansco fi{lter would be foumd as before by

'thgratio, ‘
8 C LTI s (M) wA) an
= v f":m CH @V

v -8224 0812 w

where J(\) is the Spectral emittance of a. 2854° K full rediator
82( \) is the nomalised photamultiplier tube response
Wi\ is fbe.nomlized <z'espon.sle of the green Ansco filter
v 18 the peak transmittance of the green Ansco filter
Figure 7 illustrates this process, / | |
Taking a value : of unity for w, the photocathode current resulting fram

the filtered flux is,
= 1.9i4 x 10"4(m1c1foampa) x (0812 = 1.55 x 10'5_(mioromnps)

Now 1t is quite possible to achieve a stable gain in the order of 106
from & multiplier ph'otortube depending upon the value of dynode voltage
employed, - In the case of the oircuit actually used the value of dynodo
voltage used ves 1,200 volts resulting in & medisn gain of 2,x 106,

1'=155x10'5(n1cmm)x2::10 =31(microampa) - :



Speciral Emittance of a 2854:°K " Full Radiator - (Watts /cm2/Micron) §

. 80k

260

240

220F

200

T

180

160} -

140-

120k

100

.60

20+

SZ()\) is the normalized 93I-A ,
‘Mutltiplier Phototube response

W(A) is the normalized Ansco
Green Filter response

19 *J9y 018

NTRSEXON

-

JONS,(N WA

i q | 4
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1 ] ] ] L
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' '

b

Figure 7 - Spectral curves showing ‘the relative amounts of radiator power
utilized by the Multiplier Phototube before and after filtering.
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§ In practice this current could be set at 40 (microamps) for the yellow
tape by a slight a&justment of the lamp supply voltage. The red tape

then ylelded a 20 (micrcamp) signal as would be predioted by camparing
the spectral ‘refleotance curves of tbe two tapes in the green part of .

the spectrum,
When a multiplier phototube is used as a detector, no additional

f1ltering is needed to eliminate the near infra-red rediation since .
the 8-4 surface is not respormfve in this region, Hence, in spite
of the low signal current at the photocathode the 931-A multiplier
phototube proved to be a superior detector for this application,

5, CIRCUIT DESIGN DETATLS

The electronic system oan be naturally subdivided into three
sections, the high voltage supply, the lamp supply, and the amplifier,
The high voltage supply 1s theé most oritict};l. component of the system
as far as stability is concerned, since the multiplier phototube gain

varies as the nth power of the dynode voltage, n being an exponent

that varies fram tube to tube but typically has a valus on the order

of 5 or 6, The high voltage supply used in this system was a 2,000

volt, 2 milliamp supply manufactured by the Condenser Products Company,
* This suﬁply was used since it was already at hand, Additional stability

ws added by driving the supply with a Sola constant voltage transformer
(not shown on the schematic) and regulating the output with a Vistoreen
Corona discharge regulator. A more logical aixpply to use for this

application would be a 80114 state do to dc convertor type, A
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regulated supply of this type is mamufactured and it would be much
more ccmpdct. |

Second in importance to the bigh voltage supply 15 the lamp
supply. Here the flux varies as approximately the 3,5 power of the
voltage, so this supply also must be regulated if the device is to
be made insensitive to line voltage changes. A campound regulation
- effect 13 simply aéhieyed by employing a 8ola constant voltage
tranéfomer as the rectifier transformer and following the output
of the power supply with a compound- connected emitter follower, The
lamps are connected to the emittef’and the base is heid at a constant
voltage by means of a zener diode. | '

The amplifier must perform two functions, First of all a poﬁar
gain must be achieved to drive the 60millivolt relay with the .4
.millivolts of available power at the phétanultiplier anode, Secondly,
a diacrimina‘_hion must be made between the 20 microamps of current
produced by the red tape and the 40 microamps of current produced by
: the green tape, |
| The first 2N1375 transistor is an emitter follower which reflects
the voltage change that ocours in the base circuit to the emitter but
. Teduces the impedance level by a factor of the beta of the transistor
(minimun value -50). The 1N755 gener diode is the discrimination
element, The bre#kdmm vblt_age .of this diode occurs at 7,5 volts wb-ioh.
is midway between.the 5, volts resulting from the red tape and the 10
volts from the yellow tape., Once the diode breaks down, sufficient
ourrent is trensferred to the base circuit of the aeoond transistor
to activate tho ‘mhy 1n tho ocolleotor oirouit,
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. The circuit is fail eafe since the funotion of the relay would

be to turn on the unclassified tape reader, Any circuit or power

' failure would simply prevent the reader from turning on when tape was .

'fed into the machine,

The device was found to be quite relia.ble and stable in opemtiono
Also there 18 a good insensitivity to 1ine voltage variation, The '
line voltage can be varied fram 70 to 140 volts and the anode current -
will hold constant over this range dropping's per cent at each end,
Long temm drift doe~s not appear to be a prdblein. Aﬁer e ghort vam
up period the anode current boids constant throughout the day.
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ELECTRICAL SCHEMATIC OF THE COLORED TELETYPE TAPE DISCRIMINATION
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