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A B S T R A C T 

This paper describes a method of obtaining the path radiance for a downward path of 

sight by the ground-based measurements of the path radiance of the reciprocal upward 

path of sight and the two corresponding sterisents. 
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W ITH the advent of space travel an easy means of determin­
ing the path radiance for the dow mvard path of sight is de­

sirable. This communication describes such a method for the case 
of the optical standard atmosphere.1 The required measurements 
are (I) the path radiance for the upward path of sight and (2) the 
related, reciprocal radiant sterisents.2 

The path radiance is the integration of the sterisent over a path 
of sight, with each sterisent increment being weighted by the 
Iransmiltance from the increment to the point of observation. 1'or 
a hori/.onlal path of infinite length the path radiance is given by 
the equation 

N*Jz,Wj>) = J" N, (z,W°,4,) e \ p [ - « ( s ) * f c ] , (1) 

where N, (2,9()°,4>) is the radiant sterisent measured at altitude z 
in the direction specified by the zenith angle 8 and the aximuth <t>. 
In this case N t(z,W,(j>) and «(z) are constant.,. In an optical 
standard atmosphere, in the case of a path other than the hori­
zontal, the attenuation coefficient varies exponentially with 
altitude, i.e., 

« ( z ) = «(<>) •€-'"•, (2) 

and the sterisent, to a useful approximation, usually varies in 
the same manner, i.e., 

N.izM-N.iOMe--", (3) 

KlO. I. .V*(O,0,0), the radiance (if pa th of length r, from zero a l t i tude o t 
a l t i tude s, m a \ he dc te i inmed b> l .u, (O). I his requires the measurement 
of A * i/,0,<t>) be n u d e b> airborne c ' lu ipineut . /r(U.0,0) is usually caten­
ated Horn the a l t i tude prolde ol the a t t enua t i on coefficient. 

where the constant k is 9150 m or 30 000 ft. Thus, in an optical 
standard atmosphere, for an infinitely long vertical path, the path 
radiance is 

Ar%(O,O°,*) = ^.(O,O°,0) 

X j c - « " e \ p [ - « ( 0 ) J'exp(.-u/k)dujdz. (4) 

iV»(O,O°,0) and a(0) are constants and have been removed from 
their respective integrals and, to avoid ambiguity, the variable « 
has been substituted for z in the second integral 

With the substitution of «(0) seeff in place of «(0) in the Irans­
miltance factor of the equation, the equation for determining the 
path radiance for any path of infinite length in the upwanl direc­
tion becomes 

#*„ (0,0,0) = N, (0,9,0) f €->»• 

•exp - a (0 ) sec9 / cxp(-tt/k)du \dz. (5) 

Similarly the equation for determining the path radiance for any 
path of infinite length in the downward direction is 

Ar'„(oo, Jr-0,0+7r)=.A/,(O,, r- 0,0+Tr)/" e--"-
Jo 

•c\pl -«(O)scc0j exp(-K/*)<i« \dz (6) 

These two equations differ in only two particulars, viz., (1) the 
two sterisents are for the same altitude but for reciprocal direc­
tions, and (2) the limits of the du integrals are from 0 to s in 
one equation and z to °o in the other. 

When Eq. (6) is divided by Eq. (5) and the quantity A"*., (0,0,0) 
is transposed to the right side of the equation, the following ex­
pression is obtained: 

/ e_"*exp -«(O)sec0/ exp(-u/k)du \dz 

J e"''*exp -«(0)sec»r e\p(-u/k)du\dz 
(V) 

The right-hand factor, the fraction formed by the two integrals, is 
integrable and is equal to unity for the altitudes (limits of intcgra-
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N*j <Z, i7 -0 . <A + n> j - f N* <Z, i r - 9 , •£+»> 

' j / T , , (Z , » - « , <ft +7T) 

N , , ( Z , 1 7 - 0 , 0 + 77) 

FIG. 2. Total path radiance for the downward path of sight r = r l +7-2 is 
the sum of the path radiance of path rl weighted by the transmittance of 
path rl plus the path radiance of path r2. This is shown by En. (10). 

tion) as shown or any other range of altitude. Thus the equation 
becomes 

JN*(z, 7r-0,0+7r)"| 
(8) 

The applicability of Eq. (8) must be considered for two condi­
tions; first when the atmosphere is virtually an optical standard 
atmosphere and, second, when the atmosphere is stratified or made 
up of layers, each having the characteristics of an optical standard 
atmosphere but with a discontinuity of the exponential function 
at the boundary between the layers. In the first case the path ra­
diance for the downward path of sight for the total atmosphere is 
calculated from the values of the three optical quantities required 
by Eq. (8), measured at the ground level. If the desired path 

radiance is for a shorter path of sight, e.g., from sea level to a 
definite altitude Z, it is necessary to determine the path radiance 
for the upward path of sight to altitude Z, usually by3 

N*r (0,0,0) = AT*. (0,0,0) - N \ (Z,0,0) Tr (0,0,0), (9) 

as illustrated in l-'ig. 1. Then the desired path radiance for the 
downward path of sight is calculated by use of Eq. (8). 

In the second case, when the atmosphere is stratified, the path 
radiance for the downward path of sight is the sum of the indi­
vidual path radiances of the various strata weighted by the trans­
mittance from the point of determination of each path radiance 
to the point of observation. This is illustrated for an atmosphere 
composed of two strata in Fig. 2. The applicable equation is 

N*r{Z, 7T-0, 0 + 7T) = A",., (Z, 7T-0, 0 + Jr) Trl(Z, 7T-0, 0 + 7r) 

+ N*rl(Z,T-d,<t> + ir), (10) 

where N*ri(z, i r -0 ,0+ i r ) and N*,2(Z, tr-6, 0+jr) are calculated 
by Eq. (8). The transmittance is found by 

rr2(Z,7r-0,0+*-) = expr-a(O) sec0j e-'/*rizl, (11) 

where a (0) = a (z) e'!k. 
All of the quantities in the right-hand terms of the four pre­

ceding equations are either measurable with ground-based or air­
borne equipment, or are calculable from such measured quantities. 

* The research reported herein was sponsored by, but does not neces­
sarily constitute the opinion of, the Air Force Cambridge Research Labora­
tories, Office of Aerospace Research, under Contract No. F 19628-67-
C-0181. 

1 An optical standard atmosphere is denned as an atmosphere in which 
the scattering particles are the same at all altitudes but in which the relative 
number of particles per unit volume decreases exponentially with altitude. 
S. Q. Duntley, J. Opt. Soc. Am. 38, 179 (1948). 

• The term recommended by the Optical Society of America Nomen­
clature Committee, J. Opt. Soc. Am. 57, 854 (1967), for path function de­
fined in Ref. 3. 

> S. Q. Duntley, A. R. Boileau, and R. W. Preisendorfer, J. Opt. Soc. Am. 
47, 499 (1957). 
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