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PREFACE

This report is an integration and extension of concepts developed under several earlier Visibility
Laboratory contracts.

The firsf of these, N5ori-07831, Nbori-07864, and NObs-50378 were contracts between the United
States Navy and the Massachusetts Institute of Technology when, prior to 1952, the Visibility Labor-
atory was a part of that institution (see reference 1, entitled ""The Visibility of Submerged Objects ™).
Another, much later contract, NObs-84075 {Assignment 1), concerned the night aerial search for avi-
ators downed at sea for the U. S. Navy Bureau of Naval Weapons. Three other contracts, NObs-84075
(Assignment 3), NObs-92058 (Task 1), and NObs-95251 (Task 1) concerned ocean surveillance from
satellites for the Bureau of Ships. Still another, Nonr-2216 (Tasks 25 and 27), studied the appearance
of water wave patterns for the Office of Naval Research. Finally, contract NObs-84075 (Assignment
9) provided for the development an reporting of technical materials useful for visibility calculations.

The writing of this report was accomplished partially under Assignment 9 of Contract NObs-84075
and partially under Task 1 of NObs-95251. Final editing, reproduction and distribution was accom-
plished under Contract N00024-68-C-1100, Task 1 to which the subject matter of the report contributes
directly as an integral part of the Laboratory’s “‘investigation of the detectability and recognizability
of military targets in the sea environment’".



DIRECTIONAL RADIANCE
(LUMINANCE) OF THE SEA SURFACE

Jacqueline |. Gordon

1. INTRODUCTION

Equations for the computation of directional sea radiance and/or luminance are presented Three types
of conditions for which the calculations may be made are each treated separately: first, the radiance or
juminance of the calm sea, second, the unresolved radiance or luminance of the time- or space-averaged
wind-ruffled sea; and third, the radiance or luminance of the sea surface in which the large wave pattern
is resolved but the small capillary waves are unresolved

This report 1s for the purpose of presenting the complete set of equations, with derivations, that are
needed for the calculation of the directional sea radiance {luminance) The basis for the calculations In
Sections 2 and 3 can be found 1n an earlier report by Duntley! The extensions and modifications are in
agreement with the theories and equations given by Preisendorfer?, but the treatment of the details of the
sea radiance (luminance) computations given herein are In greater detall Many of the equations n Section
4 also appear in the unclassified section of a final report for an ONR project3, no derivations were given
there, however, so the present treatment, while parallel, contains modifications and 1s more complete

Angular notation throughout 1s as follows- The zenith angle 1s designated by 6 See Fig 1 The azi-
muth 1s with reference to the azimuth of the sun and 1s noted by ¢ These angles are always given as
parenthetic attachments to a radiance N or a luminance B, the angles thus denoting the direction of the
path of sight of the photometer The altitude i1s not included in the parenthesis since 1t 1s always sea
level or zero 1n an inherent sea radiance or luminance computation



Radiance units used throughout are watts/{) sq. ft.; irradiance units are watts/sq. ft. Luminance units
are in Ft-Lamberts and illuminance units are in lumens/sq. ft. The directional radiance of the sea surface
would thus be N(GP,qu) and the luminance B(GP,¢>p).

Zenith
L
>

Fig. 1. Plane passed through path of sight and zenith.

The inherent radiange (luminance) of calm water will be discussed first, followed by the radiance

(luminance) of the time- or space-averaged wind-ruffled sea surface. Next will be described the exten-
sion of these ideas to approximate the radiance (luminance) of the sea surface as it might appear in a
photograph with, for example, a resolution of 1 ft.

A program for the CDC 3600 computer has been completed which carries out the computations herein
described for calm water, the time-averaged wind-ruffled sea, and the tilted sea surface of intermediate re-
solution (in time- or space-averaging). This report contains the equations which are the basis of
that program. :

2. CALM WATER

The directional sea radiance (luminance) for caim water is the sum of the reflected radiance
(luminance) of the sun or the sky and the upwelling radiance (luminance). The radiance upwelling from
within the sea results from sunlight and skylight which has been transmitted downward through the air-
water surface, scattered upward by the {optically infinite) deep water, and then transmitted through the
water-air surface toward the sensor.

The reflectance and transmittance of the air-water surface will be reviewed first, followed by a dis-
cussion of the index of refraction of the ocean surface. Next, the equations for computing the sky or sun
reflectance will be presented. Then the upwelling radiance (luminance) will be investigated.

Most of the equations in this section come directly from Reference 1. They are reproduced here not
only for convenience but also to allow certain necessary modifications to be made.

2.1 Fresnel Reflectance and Transmittance

The Fresnel reflectance, r(8), and transmittance, t(@), are dependent on the index of refraction of the
water, n', the index of refraction of the air, n, and the zenith angle of the incident radiation, 6.

The refracted angle, ®, see Fig. 2, beneath the water surface is defined by Snell’s Law to be



®=sin"! {{n/n') sin 6] (2.1.1)

Air

Water

t(6)

Fi1g. 2 Reflection, transmission, and refraction.

The Fresnel reflectance, r{@), can be found as follows:

r0)={tan2 (6 -0)/2tan?2 (§ +B)] +[sin2 (8 - O)/2s1n2 (6 +0)] (2.1.2)

The proportion of the radiation transmitted through the surface is,

o) =1 -r(0) (2.1.3)

The index of refraction of air, n=1

2.2 Index of Refraction of Sea Water

The index of refraction of the surface sea water depends upon the wavelength of the incident radiation;
and upon the water temperature and salinity The temperature range 1s -2° to +30°C  The normal salinity
range is from 33 to 37 parts per mille 4 The effect of salinity and temperature in these ranges 1s an order
of magnitude less than the effect of wavelength of the incident light Therefore 1t Is reasonable to use the
index of refraction for water with a salimity of 35 parts per miile which 1s the average for the open ocean
Also 1t 15 reasonable to use a water temperature of 20°C (only other data by wavelength available was at
0° and 40°C)



The index of refraction at various wavelengths is given in Table 1 for distilled water at 20°C.5
The index of refraction for sea water with a salinity of 35 parts per mille at 20°C is given in the same
table for the sodium-D wavelength, 0.589 um.® The values for the other wavelengths for sea water were

estimated by multiplying the distilled water values by factors.

A factor was obtained for each wave-

length from the distilled water data at 20°C from the ratio of the index for that wavelength to the index
for sodium. The factor for 0.546 um, mercury, was given in Ref. 6

The indices in Table 1 are depicted graphically in Fig. 3. indices of refraction for intermediate wave-
lengths can be found by interpolating between the values given. The suggested index of refraction for
photopic calculations for seawater is 1.341.

Temperature -Salinity

°C
Distilled water 20
Sea water 20

Table 1.

* Values in parentheses are estimated.

index of Refraction (n')

Indices of refraction of water.*

%/00 0.397 0.434 0.486
0 1.3435 1.3404 1.3372
35 (1.3500) (1.3468) (1.3436)
1.350 — T T
| \\\‘ (o) Data i
‘\ . Estimated
-1.346 ‘\\ Points —
- \\‘ —
1.342 |+ .
1.338 - -
L b
1.334 | .
L Distilled Water
1.330 — L :

0.4 0.5 0.6

Wavelength (pm)

Wavelength (zm)

0.546 0.589 0.656
1.3345 1.3330 1.3312
(1.3409) 1.3394 (1.3376)

Fig. 3. Index of refraction of sea water and distilled water.



2.3 Sky and Sun Reflectance

The calm water reflects the radiance from the sky or sun which 1s at the angular position 8, ¢ginto
the path of sight at 0, ¢

Nsky or sun (ep' ¢p) = N(GBI ¢B) r(OB) (2.3.1)

The reflectance r(OB) 1s the Fresnel reflectance at angle 6,

The sky or sun position O, ¢ 15 In the same azimuth as path of sight c,zSp but at the zemith angle of
the observer position 8, The path of sight zenith angte, ep, and azimuth, ¢_, are In the opposite direc-
tion from the sensor or observer position zenith angle, 0, and azimuth, ¢, Thus,

b= b, = ¢, +180° (2.3.2)

65=0, = 180°- 6, (2.3.3)

Sky
or
Sun

Fig. 4 Plane passed through the path of sight and the zemth.

Equation (2 3 1) can be rewnitten in terms of 0, and &, -

Nowy or sun (05, &,) =N(0, &) 1{0,) (2 3.4)



The sun will be reflected when 60 =6, and ¢>p = 0; thus

Nyu, (180°-0_,0) =N, (6,,0) r(6,) (2.3.5)
where N_ (0., 0) is the apparent sun radiance averaged over the solar disk.

The photopic equations are directly analogous as follows:

Baky or sun (05, 6,) =B(6,, &) 1(6,) (2.3.6)

and

B,.. (180°-6_,0)=B_(d,,0) r(6,) (2.3.7)

sun

2.4 Upwelling Radiance (Luminance)

The upwelling radiance (luminance) is light from the sun and sky which has gone through three pro-
cesses. First, the light is transmitted through the air-water surface. The downwelling irradiance (illumi-
nance) is the light measured just beneath the ocean surface by an irradiometer (illuminometer). Second,
some of the downwelling irradiance is reflected by the (optically infinite) deep water, and interreflected
between the water-air surface and the deep water. The upwelling radiance (luminance) just beneath the
water surface in the appropriate direction for the sensor’s (observer’s) path of sight, results from these re-
flections. Third, the upwelling radiance (luminance) is transmitted through the water-air surface into the
path of sight of the sensor (observer). This is the upwelling radiance (luminance) as measured just above
the water surface.

2.4.1 DOWNWELLING IRRADIANCE (ILLUMINANCE) BENEATH THE WATER SURFACE.

The sky radiance, N(6p, ¢ ), from a solid angle, d{), and projected area, ds cosf, enters the water at

an angle §,. The proportion entering is t(0).
dQ
0, >
ds cosf
Air /] B
Fig. 5. Transmittance geometry. yi
Water
ds
L T
Q'




The radiance just beneath the surface, N(®, ¢5) is related to the radiance above the surface by the ratio
of the respective solid angles and projected areas, and by the transmittance t(f), see Fig. 5.

ds cosfy dQ

N(©® ) = N(fg, oy — 4.
v s (05 $5) 108) ds cos®, dQ' 24.1)

A flat plate collector will receive this sky radiance, N(@, ¢), at the refracted angle, ®5. The col-
lector will weight the amount received by cos®, dQ'. The downwelling irradiance beneath the water sur-
face, HD(O,O)* is thus,

Hp (0,0) :fm N(®p, ¢g) cos®pdQ' (2.4.2)

Substituting from Eq. (2.4.1) for N(@ g, ¢5).

Hy, (0,0) :_/;,,N(GB, bg) 1{0g) cosfy dQ (2.4.3)

The downwelling irradiance can also be expressed as a double summation, with AQ g = sin0 A0 A ¢y
Thus, Eq. 2.4.3 becomes,

n

H (0.0) = X [.mzl N(Og;, bg;) Agij] t(0,) cosfy, Sinfy Afy (2.4.4)
ji=

i=1

The sun contribution can be treated as a separate term, in an analogous fashion. Therefore, the total
downwelling irradiance from sun and sky would be,

Hp(0,0) = [, N(6g ) t{85) cosBg dQy + Ny(f5, 0) 1) cosfs dQs (2.4.5)

where d{_ is the solid angle of the solar disk; dQ, = 6.8193 x 1075 steradians at mean solar distance.
The maximum variability in dQ_, at the perihelion and aphelion, is * 3.4 percent.

The equation for the downwelling illuminance beneath the water surface has an analogous derivation;
but it contains a = term since the luminances used are in ft-L.

1 _
E,(0,0) = —[fm B(0g bp) t0g) cosOy, dQy + By (6, 0) t(0) cosb dﬂs] (2.4.6)
- ,

2.4.2 UPWELLING RADIANCE (LUMINANCE) BENEATH THE WATER SURFACE

The reflectance of the (optically infinite) deep water is a function of wavelength. It is measured just
beneath the water surface by two flat plate collectors: one measuring the upwelling spectral irradiance
H, (180, 0) and one measuring the downwelling spectral irradiance H, (0, 0).

*The parenthetic expression (0,0) denotes the zenith angle and azimuth of the normal vector from the surface of the
irrndiometer.



H, (180,0)

R_(A) = (2.4.7)

Hy (0,0)

The photopic deep water reflectance is defined by the ratio of the upwelling illuminance to the down-
welling illuminance.

E, (180, 0)

R v) =
=0 (2.4.8)

The deep water reflectance is a function of the water clarity as well as wavelength. The standard photdpic
value for deep water reflectance is 0.02 but values ranging from 0.01 to 0.15 have been reported.”’

The reflectance of deep water as a function of wavelength is given in Table 2, and Fig. 6. The curve
represents measurements made with a spectrogeograph in a glass-bottomed boat in the Gulf Stream off
Dania, Elorida.® 919 Values below 0.420um and above 0.570um are extrapolated.  Note that
R.(0.550) 7 0.02. The photopic deep water reflectance of 0.02 can be computed from the following equa-
tion; where the incoming radiation H) is the solar spectral radiation from Johnson. 1

Reo (¥) (2.4.9)

H, v, d
/o AYXON

The reflectance of (optically infinite) deep water for a radiometric sensor having a broad band spectral
sensitivity of Sy would be computed in a similar manner.

Table 2. Reflectance of (optically infinite) deep water.”

Wavelength R (A) Wavelength R(A) Wavelength R_(A)
(pm) o (pm) o (pm) *
0.40 (0.075) 0.50 0.053 0.60 (0.0035)
0.41 (0.079) 0.51 0.040 0.61 {0.0029)
0.42 0.082 0.52 0.034 0.62 {0.0025)
0.43 0.086 0.53 0.028 0.63 (0.0022)
0.44 0.090 0.54 0.022 0.64 (0.0020)
0.45 0.093 0.55 0.016 0.65 (0.0018)
0.46 0.096 0.56 0.012 0.66 {0.0017)
0.47 0.095 0.57 0.0079 0.67 {0.0016)
0.48 0.089 0.58 {0.0057) 0.68 (0.0015)
0.49 0.074 0.59 (0.0044) 0.69 (0.0014)

0.70 (0.0014)

*values in parenthesis are extrapolated.
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Fig. 6. Reflectance of (optically infinite) deep water.

Assuming the reflectance of the (optically infinite) deep water to be diffuse’, the radiance reflected In
all upward directions, N*, is

Reo
N4 = Hp(0.00— (2.4 10)

This radiance strikes the water-air surface and reflects at angle ® Some of the radiance 1s transmitted
through the surface, the proportion reflected 1s r{®) [r(®) = r(0) where the relationship between § and ® 1s
defined by Snell’s Law, see Fig. 7].

Air

Water

Fig. 7 Upwelling radiance reflected at ® by amount t(9).

*Slrlcllv speaking, the reflectance 18 not diffuse butl not enough data on the directional reflectance 1s available to

allow the reflectance to he handled as other than diffuse. See Ref. 10, Fig. 26.
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The downward directed radiance N{®, ¢) would thus be
N(®, ¢) = N4r(O) (2.4.11)
The downwelling irradiance from the first water-air surface reflectance would be:
Hp1(0,0) = J, N(B, ¢) cos® dQ’ (2.4.12)
Substituting from Eq. 2.4.10 and 2.4.11.

H,(0,0) R,
Hp,(0,0) = E—— [217 r(®) cos® dQ' (2.4.13)

The reflectance of the diffuse upwelling light by the water-air interface is the emergent reflectance or
internal reflectance, r_. Thus,

1
ro= ;/mr(@) cos® dQ' (2.4.14)
Using a discrete summation method, with A9 =5°and A¢ = 10° r_ has been evaluated to be 0.485 for the
photopic index of refraction of sea water (n' = 1.341). This is within 1 percent of the value reported by
Judd'? (n' = 1.34,r_=0.480) who used a smaller summative interval (A6 = 2.3° except for the interval

near the critical angle). The emergent reflectance for fresh water and salt water for all wavelengths in the
visible spectrum varies less than 1 percent from the photopic value for sea water.

The downwelling irradiance from the first water-air surface reflectance can now be written thus:
Hp,(0.0) = HR(0,0) Rr, @2.4.15)
The downwelling irradiance from the second water-air surface reflectance would be
Hp,(0,0) = Hp,(0,0)Rr, = H,(0,0) (Rr,)? (2.4.16)
Similarly the third and succeeding surface reflectances would be

Hps(0,0) = H,(0,0) (R r,)° (2.4.17)

Hp.(0,0) = Hp(0,0) (Rr,)" {2.4.18)
The radiance which is in the direction which will be refracted toward the sensor’s path of sight OP is:

R R R

00 o0 [e2]

N@O,, ¢,) = Hp(0,0)— + Hp (0,0) — + Hpy(0,0)— +... (2.4.19)
o Ha w

10



or

N@,. ¢,) = HL(0,0)— + Hy(0,0)—(Rr,) + Hp(0,0)— (Rr,)? +... (2.4.20)
w w m
Let R_r. = x, then
ROO
N©®,. ¢,) = Hp(0,0)— (1+x+x2+x3+...) (2.4.21)
w

The sum of the series in the parenthesis is 1/(1-x), therefore

R

o0

N@®, . ¢.) = Hp(0.0) m) (2.4.22)

Substituting Eq. (2.4.5) in the above equation,

[fm N(Bg bp) tOg) cosfy dy+ N, (6,,0) t(6,) cosf, dQ, ]R

N®,. ¢,) = P T (24.23)

o)

The equivalent derivation of the upwelling luminance beneath the water surface is as follows

B4 = E;(0,0)R,, (2.4.24)

Note the 7 term is missing since the luminances are in ft-L.

B®, ¢) = BAr(6) (2.4.25)
1 -
Epy(0.0) = — [, B(O, ¢) cos® dQ' = E;(0,0) R, (2.4.26)
w
and
Epa(0,0) = EL(0,0) (R.r,)? (2.4.27)
thus

BO,, ¢,) = E,(0,0) Ryt Ep, (0,0) R +Ep,(0,0)R+. .. (2.4.28)

11



and
B(G)p, ¢,) = E;(0,0)R_+EL(0,0) R (R r,) + EL(0,0) Rm(Rmrs)2+. .. (2.4.29)

and

ROO
BO,, ¢.) = Ep(0,0)

(2.4.30)
(1-r, Ry

Note the # term is missing in Eq. 2.4.30, but when Eq. 2.4.6 is substituted, Eq. 2.4.23 and 2.4.31 become
equivalent with no = term differences.

B(®,, ¢,) = [_/;,,B(GB' ¢g) t{0g) cosfy, dQ, +B (6,,0) 1(6,) cosh, dQs]RN

m{1-r_R_)

(2.4.31)

2.4.3 UPWELLING RADIANCE {LUMINANCE) ABOVE THE WATER SURFACE

The upwelling radiance just beneath the water surface, N(@p,(f)p), is transmitted through the surface,
and refracted by that surface so that the same energy is spread over a larger solid angle. The projected
area of the radiance is smaller, being a function of cosf  in the air, and of cos®, in the water. The total
effect is to reduce the radiance by the Fresnel transmittance t(6_) and by the ratio of the respective solid
angles and projected areas, see Fig. 8.

do,

S

Air

Water

Fig. 8. Upwelling radiance at interface.
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ds cos@®, d '

N0 .d)=NO, &) Hb) — 2.4 32
b % PP ds cosf, dQ) ! !

The solid angle of the radiance dQ may be written in the form sing, df, d¢p. The azimuth d¢ does not
change above and below the surface since ¢ is defined by the plane through the light ray and the normal to
the surface. Thus:

cos®, sin®, dO_

N.(6,. &) = N(O_. &) o)) 2.4.33)
b % > % cosé, sind, df, (

To obtain d®_, Snell’s law Eq. 2.1.1 is differentiated

e, = sin“[—nT sinOO:I (2.1.1)

n

n
de = — ? cos6_ do, (2.4.34)
by proper substitution,

n cosf,
ae, = — dé, (2.4.35)

N cos®,

then since sin®_/sinf, = n/n', Eq. 2.4.33 becomes

2

n
N6, ) = N©,,¢) t(0°)<—‘> (2.4.36)
n

The change in radiance at an interface due to the square of the ratio of the refractive indices was first
noted by Gershun,!3

The photometric expression for the upwelling luminance is directly comparable to Eq. 2.4 36.

2.5 Directional Radiance (Luminance) of Calm Water

The directional radiance of calm water N(Gp, ¢, ) is the sum of the reflected sky and/or sunhght and
the upwelling radiance.

N(ep’¢p) = Nsky or sun(op'¢p) + Nu(Gp’¢p) (251)
Similarly, for the photopic case

B(Op,¢p) = Bsky or sun(ﬁp’¢p) + Bu(ep' ¢p) (2 52)

13



3. WIND-RUFFLED SEA, AVERAGED

The wind-ruffied sea has a myriad of tiny wave facets which reflect and transmit the sun and sky light.
The time- or space-averaged radiance (luminance) of the surface of the wind-rumpled sea is dependent
upon the statistics of the tiny capillary wave slopes. The statistical distribution of these wave facets
will be examined in the first section. The representation of the slope characteristics of the wind blown
sea by means of an ergodic cap will be described in the second section. Third, the occlusion from the sky
or sun of a given point on the surface of the sea by other waves is analyzed. Then come sections on the
equations for sun glitter, sky reflectance, upwelling light, and their sum total, the time- or space-averaged
directional radiance (luminance) of the wind-disturbed ocean surface.

3.1 Wave Slope Statistics

The distribution of the water wave slopes is a function of local wind speed. The relationship of the
slopes to the wind speed has been measured by Duntley!4 mostly at a fresh water lake and by Cox and
Munk 15 in the open ocean. In both cases the distribution was elliptical with the up-wind direction con-
taining larger slopes than the cross-wind direction. The relationship of the standard deviation of the wave
slopes to the wind speed is given below for up-wind and cross-wind for the open ocean. The wind speed,
v, is in knots and is for a 41 ft. height, the anemometer height normally used by ships at sea.

) hr. .
02=0.00162 { — v (3.1.1)
_\n.mi.
hr.
az =0.000990{ — v (3.1.2)
n.mi.

The standard deviation for any azimuth from the wind direction ® other than up-wind, ®= Oo, or cross-wind,
® = 90° can be found by,

2

g

= . (3.1.3)
o?sin?®+02cos?2d

In order to simplify the calculation of the sea radiance (luminance) the wave slope distribution will be
approximated by a circular rather than an elliptical probability function. This means that the slope distri-
bution in the up-wind and cross-wind directions will be assumed to be equivalent. In doing so, to
minimize the error, the standard deviation for a 45° angle from the wind will be used since this lies be-
tween the measured values for up-wind and cross-wind.

20202 hr.
020 = = 000123 — Jv (3.1.4)
ok +o? n.mi
Also,
o= 00351 g . (3.1 5)

14
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This means that the wave slope distribution will be represented three dimensionally as illustrated in
Fig 9

Fig. 9. Three-dimensional probability function.

Where the height, y 1s

1 X2
y = — exp <——2> (316)

27

and the radius X 1s

tan @
X = (317)

(4

tan 0 1s the wave slope The volume V of the solid in Fig 9 s the probability of the wave slopes Thus
the total volume or total probability V.= 1 From Fig 9

AV = ya(X5 = X3) = ay(X, - X,) (X, +X,) (318)
and

AV = 27y XAX {319)

thus

o X2
v:j X exp (—7>dx:1 (3110)

15



The probability V(A @) that the wave slopes lie between tan@, and tan@, regardless of azimuth of
orientation would be

X3 X2
V(AB) :f X exp ——2 dX (3111)

X

X3 X
= —exp (———>+exp<———) (3112)
. 2 2

tan 8

Since X =
g

tan2t92 tan?0,
V(AG) = - exp (— >+exp (— > > ' (3113)

2
20.2 ag

The probability, VA6, A¢), that the wave slopes lie between tan@, and tan@,, and that the normal
from the facets lies between @, and ®, would be,

(¢, = &) ( tan262> ( tan26, )
VIAG, Ag) = ——— |-exp |- +exp | - 3114
( ?) 7 exp " exp > ( )

where A ¢ Is In radians

3.2 Ergodic Cap

The slope distribution of the wave facets for a given wind speed can be represented by a three-
dimensional ergodic cap The surface of the cap 1s shaped so that it has the correct distribution of slopes
for that wind speed The ergodic cap Is circular since the probability function has been assumed to be
circular © The horizontal projected area A, of the ergodic cap 1s equated to the probability or volume un-
der the three-dimensional probability function 1llustrated 1n Fig 9 The total horizontal projected area
thus equals 1

*
The derivation for a non-circular ergodic cap has been made by Preisendorfer in Ref. 2. The cap become s elliptical
instead of circular but the general form of the equations 1s similar.
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Fig. 10. Ergodic cap.

A, =7R2 =1 : (3.2.1)
The portion of the ergodic cap which would have slopes between tanf, and tan@, in all azimuths
would be between r, and r,, see Fig. 10, where,

AL(AB) = VIAG) (3.2.2)

n(r2 2 tan202 B tan?6,
, ~h)=—-exp |- " + exp (3.2.3)
g 20.2

Also, the portion of the ergodic cap with slopes between tanf, and tan¢, and with normals from the sur-
face lying between ¢, and ¢, would be,

AL(AD, Ad) = VIAG. A¢) (3.2.4)
Ag , Ad tan?6, tan?6,
(- )=—|-exp| - +expf - (3.2.5)
2 2n 252 202

The true area of the surface of the cap with normals from the surface lying between 6, and 6,, and ¢,
and ¢,, is

AL (A6, Ad)

ArAB APp) = ——— {3.2.6)
cosfy

where 0 is (0, +0,)/2 or the average slope of the elemental surface area.

17



The area as seen by an observer or sensor along an inclined path of sight at 09, #,. is equal to the
true area projected onto the plane perpendicular to the path of sight. This projected area is equal to the
true area times the cosine of the angle between the normal from the surface at Oy, @y [where by =
(¢, + ¢,)/2] and the observer’s position, at §, ¢, . This angle is the Fresnel reflectance angle, Oc-

A (MG, A) = ALAD, Ag) costy, (3.2.7)

When 6. 2 _
en G Z90° A (AG.A) =

The elemental horizontal area of the ergodic cap, A,(Af, A¢), is equivalent to the probability of oc-
currence of the wave slopes between A6 and A é. The elemental projected area of the ergodic cap divided
by the total projected area of the ergodic cap, A (A() A @) /A , is the probability of occurrence of the r:adi-
ance (luminance) reflected and transmitted by the elemental surface area in the direction of the path of
sight of the observer. -

The ergodic cap will be used to develop the geometry of the reflectance and transmittance of the sdn,
sky, and upwelling light. The probability function will be used to give the probability of occurrence of the
wave slopes. The ergodic cap will be used as a continuously curved surface for development of the equa-
tions for reflectance and transmittance of the sun by the water surface. The reflectance and transmittance
of the sky light, however, will be handled by a simplified ergodic cap, having, instead of a continuously
curved surface, a series of flat surfaces, each having a normal from the surface at angle 0, ¢,. L

3.2.1 ROTATION OF COORDINATE SYSTEMS

Computation of the reflectance (transmittance) angle for each ergodic cap element, and the position
6 ¢y of the sky radiance (luminance) reflected (or transm|tted) is facilitated by using unit vector nota-
tion, the normal from the surface being N the sky position being B and the observer position, 0. By ro-
tating the coordinate system from the zenith, sun azimuth system to the coordinate system defined by the
observer position, the reflectance angles and sky position can be found easily. Coordinate rotation is
also useful for finding the portion of the ergodic cap which reflects the sun light into the path of sight. of
the observer.

The derivation of the equations for the transformation of rotation of axis expressed in spherical co-
ordinates is given as Appendix A. The angles in the unrotated system are given as unprimed: zenith
angle 0, azimuth from sun, ¢. See Fig. 11.

Fig. 11. Unrotated coordinate system. Y

— e o . — - —— -
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The rotated coordinate system is defined by angles 6, and ¢, in the unrotated system. See Fig. 12.

Fig. 12. Rotated axes.

The angles in the rotated system are denoted as primed values, ' ¢'. See Fig. 13.

g, 13, Rotated coordinate system.
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The basic equations for finding direction angles in a rotated system are as follows (equations from
Group A.12 in Appendix A).

cosf' = sinfcosg sind, cosey, + sinf sing sinb, sing, + cosfcosh, {3.2.8)
cosg' = [sinfcosgsinf cosed, + sinf sing cosf, sing, —cosfsing,] + sing' (3.2.9)

and
sing' = [-sinfcos¢ sing, + sindsingcosg, ] + sinf’ (3.2.10)

Egs. 3.2.8 through 3.2.10 are for finding the zenith angle 6' and azimuth ¢' in the rotated system for the
vector at zenith angle 6 and azimuth ¢ in the unrotated system. The rotated axes are defined by zenith

angle 6, and azimuth ¢,. It is necessary to find both sing' and cos¢' in order to place ¢' in the correct
quadrant.

The basic equations for finding direction angles in the unrotated system are as follows (equations are
from Group A.11 in Appendix A).

cosd = - sinf' cose'sind, + cosh' cosb, (3.2.11)
cose = [sing' cosg' cosh cose, -sinf' sing' sing, + cosf' sinf, cose,] = singd (3.2.12)
sing = [sing' cose'cosh, sing, + sind' sing' cosp, + cos' sinb, sing,] ~ sin (3.2.13)

Egs. 3.2.11 through 3.2.13 are for computing the zenith angle § and azimuth ¢ in the unrotated system for
the vector at zenith angle 8' and azimuth ¢' in the rotated system. The rotated axes are again defined by
zenith angle 6, and azimuth ¢,. Again it is necessary to find both sing and cos¢ in order to place the
azimuth ¢ in the correct quadrant.

3.3 Occultation from Light Sources

The ergodic cap simulates the slope characteristics of the wind-ruffled sea, but does not simulate the
effect of hiding of one wave by another. A given point on the surface of the sea will sometimes be ob-
scured from a light source; this effect increases as the zenith angle of the light source becomes large.
Q° (¥ is the average fractional time that an incident source from elevation angle Yreaches a given point
on the sea surface without first having intersected the water surface at some other point. The derivation
of Q° (¥) is given in Appendix B by MacAdam, it is consistent with the derivations given in Reference 2.

[¢)
Q%W = - —_—— 3.3.1

Changing from elevation angle notation to zenith angle notation, and substituting from Eq. 3.1.5 for o,
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Q°(6) = exp ( - 0.0140 tan0 V) (3.3.2)

Q° (0) is the fraction of the light from a source at zenith angle @ which reaches the sea surface.

3.4 Sun Glitter

The time-averaged sunlight reflected by the water-wave facets is called the sun glitter. The average
apparent sun radiance, Ns (05, 0) is partially hidden from the sea surface by other waves. The radiance
that reaches the water is Ns (0,. 0) Q°(6,). This radiance 1s reflected at angle O into the path of sight
of the sensor. The proportion of the time this sun radiance will be reflected into the path of sight is
AL(At)/A,. A, is the total projected area of the ergodic cap. The equation for A, will be derived in the
next section which will concern the sky reflectance for the wind-ruffled sea.

N (05 ép) = N,(6,0) Q°(6,) 1 (O ) AR(At)/A, (3.4.1)

The photometric equation is directly analogous.

B (05 ¢bp) = B, (6,,0) Q°(6,) r (05 ) ALALIV/A, (3.4.2)

Ap(At) is the portion of the projected ergodic cap that is tilted at the appropriate angles to reflect the sun
into the path of sight. Thus,

V(A1) cosfgp

Ap(At) = — (3.4.3)
cosf

where V(At) is the probability of the wave slopes which reflect the sun into the path of sight, GSR is the
angle between the observer and the normal from the facet reflecting the center of the sun, and OSN is the
zenith angle of the normal from the facet reflecting the center of the sun, the probability V(At) will be de-
rived first, and then the equations for computing the angles OSR and GSN will be set forth.

The first step in deriving the probability will be to redraw the probability function from Fig. 9 by
changing variables, see Fig. 14. The radius changes from X to tanf and the height y becomes y' and is

1 tan26
y' = — exp (-
2no? 202

{3.4.4)
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Fig. 14. Distribution of wave slopes.

1 - tan20 '
v/, tanf exp { - dtand (3.4.5)
0_2 20’2 —
1 202 tan26
= — - —exp |- =1 (346)
o? 2 202

0

The element of volume of the probability function representing the wave slopes which reflect the solar
‘disk of size Q_, can reasonably be represented as an elliptical cylinder. The center of the cylinder is at

tanfg . the slope which reflects the center of the sun. The height of the cylinder is y; where

2
. tan OSN

Y, =

exp | —
2"02 202 . (347)

The ellipse of the cylinder is the tolerance ellipse as defined by Cox and Munk Ref. 14. Its area At
is given as

At = Yime2sec?® 3 secaw, (3.4.8)

where ¢ is the angular radius of the sun in radians, 3, is the tilt angle and is equivalent to the angle Oy
in the notation herein, and ¢, is the angle of reflection used herein as GSR. Thus Eq. 3.4.8 can be rewritten,
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At = Yim e?sec g, sech (349)

The angular radius of the sun for mean solar distance 1s
¢ = 0 004659 radians | (34 10)
The volume of an elliptical cylinder 1s the height times the area of the ellipse Thus combining Eqs 34 7

and 349,

V(At) =

ezsec395N seclq . tan20
expl- —— {3411)

802 202

Finally combining Eqs 3 4 3 and 3 4 11, the projected area of the ergodic cap which reflects the sun into

the path of sight 1s,
tan26,
e2exp [- —————
20?2

AL(At) = (3412)
802005468N

Substituting for o2 from Eq 3 1 4,

tan20
62 exp <_ _—)
0 00246v
AL(AL) = (34 13)
0 00984v cos*fgy

The angles 04 and Osn are easily computed by rotating from one coordinate system to another and
back again  The principal or unrotated coordinate system 1s defined by the true zenith, and the azimuth
from the sun  The prime coordinate system 1s defined by a vector S toward the sun at 0, and ¢, = 0
See Fig 15

Fig. 15, Obscrver O vector 1n principal
and prime coordinate systems,
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The observers position vector has a zenith angle §, and azimuth ¢, The relationship of the observer an-
gles §, ., &, to the path of sight angles was discussed in section 23 The observer’s position in the
rotated system 1s found by appropriate substitution into Eqgs 328 and 329 Since ¢, = ¢, = 0, some of
some of the terms drop out

cosfl, = sinf, cos¢, sind,_ + cosf, cosf, (3414)
cos¢. = [sing, cos¢, cosf, —cosf, sinf,] ~ sinb, (3 415)

It 1s not necessary In this case to determine ¢ directly only cos¢, , the reason for this will be seen

shortly Therefore, it 1s not necessary to compute sing, from Eq 3210 Since 6, 1s the angle between
~ ~

the sun S and the observer O, the Fresnel reflectance angle, 64, 1s equal to half of 0,

(3416)

The normal from the facet reflecting the center of the sun éT\l i1s at 6;/2, qS; in the prime coordinate system,
see Fig 16

~
Fig. 16. Normal, SN, reflecting the sun 1n principal
and prime coordinate systems.

1=}
Rotating back to the principal coordinate system by substituting appropriately in Eq 3211, Eq 3417 1s
obtained

% %
cosflgy = -Sin —zcos¢c', sing, + cos > cosf, (3417)

3.5 Sky Reflectance
The time-averaged wind-ruffled sea reflects light from various portions of the sky To simplify the cal-
culation, the curved surface of the ergodic cap 1s represented by a series of flat surfaces Thus, the time-

averaged inherent radiance of the sea due to sky reflectance can be calculated by summing the appropri-
ately weighted reflected sky radiances by each of the flat surfaces
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AH(GNi)

n

— 1
Nsky(eP’ng) = -AT' )

3z (3.5.1)

P

2 N(b dg)i; Q°(6;;) r (g, ;) COSOBRi,J
i=1 0s0y;

The equation is similar for the photopic case.

The surface of the ergodic cap can be cut into sections represented by flat surfaces. Each flat surface
is represented by a normal from the surface at 6, and ¢, where 6 = (6, +0,)/2 and ¢ = (¢, + ¢,)/2;
A0y = 0,-0, and Agy = ¢, — ¢,. The slopes from 6, = 0°to AG/2 regardless of azimuth are repre-
sented by a horizontal surface, 6, = 0. Thus, from Egs. 3.2.2 and 3.2.3

tan2(A6/2)
AL0) = —exp | - +1 (3.5.2)
20?
and from Egs. 3.2.4 and 3.2.5
1 tan?(0 + A6 /2) tan2(0 - A6y /2)
ALl0y) =— |-exp\- +exp \- (3.5.3)
m 202 202

The term 1/m = A¢/27 where A ¢ is in radians. The number n of i or 6 terms depends upon wind speed
and the assigned precision level for the total wave slope probability. The number of 6, terms for an er-
godic cap with A6, = 5° with slopes greater than 6, _+5° contributing less than 107* to the total wave
slope probability is given in Table 3 for various wind speeds.

Table 3. Ergodic cap specifications for A9, = 5°

Wind speed (knots)

0. 2 4 8 14 20 26 32 38
n 1 3 4 6 7 8 9 9 10
O, (degrees) 0 10 15 25 30 35 40 40 45

The three terms cosf . A, (0 )/cosfl are actually the projected area of each flat surface or element
of the ergodic cap

cosf g Ay lly)
Agly) = ———— (3.5.4)
cosf

Thus, the total projected area is the sum of all these elemental projected areas.

AH(GN )1

A, = % ¥ cosf,...| —— (3.56.5)
P i=1 [.i: 1 BR”] CoseNi
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The total projected area is within 1 percent of the cosine of the observer angle, Ap = cos(,, for observer
zenith angles 0to 70°. For larger observer zenith angles the projected area becomes a function of wind
speed. Evaluation of the projected area for large observer zenith angles for an ergodic cap with flat sur-
faces representing A6 = 5°and A¢, = 10° is given in Table 4.

Table 4. Total projected area, A, of ergodic cap for large observer zenith angles.

O;::irt\;er Wind Speed (Knots)
0 2 4 8 14 20 2 32 38
Angle 6,
75 0.259  0.259  0.259  0.259  0.260 0262 0264  0.267  0.270
80 0.174  0.174  0.174  0.175  0.179  0.184  0.189  0.194  0.199
85 0.0872  0.0878 0.0907 0.0977 0.107  0.116  0.124  0.131  0.137
90 0.00000 0.0198 0.0282 0.0398 0.0527 0.0630 0.0718 0.0796  0.0868

The reflectance angle Ogg and the sky position angles 0g ¢y can be computed by assuming unit vec-
tor notation and rotating axes. The observer position vector O at §_, ¢_ defines the rotated system. The
normal N from a given ergodic cap element is at 0, ¢,. The first task is to find the normal direction an-
gles, 6N', ¢N', in the rotated system. Appropriately substituting into Egs. 3.2.8, 3.2.9, and 3.2.10.

cosfy = sinfycosgysing,cose, + sinfysingysing,sing, + cosd, cosé, (3.5.6)
cosg, = [sinf cospcosf cosg, + sinf, sing,cosd sing, - cosfysing,] + sindy (3.5.7)
singy = [~ sinf cosp, sing, + sinfysing cose,] + sinfy (3.5.8)

. 6;\, is also the Fresnel reflectance angle, 6,5, When 0y =0, > 90° the reflectance is zero and the pro-
jected area is zero. The sky position in the rotated system is twice the Fresnel reflectance angle and in
the same azimuth as the normal from the reflecting surface. Thus

gy = 26! (3.5.9)

by = Pu- (3.5.10)

The sky position in the unrotated system is determined by appropriately substituting into Eqgs. 3.2.11
through 3.2.13. See Fig. 17.
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Fig. 17. Sky position vector Bin prime

and principal system.

cosf, = sinfcospysing, + cosdcosf, (3.5.11)
cos¢y = [sindcospcosl cosg, - sinfgsingsing, + cosfysing,cose,] + sinfy (3.6.12)
singy = [sinfcose cosh, sind, + sinfsing cosd, + coshsing,sing ] + sind (3.5.13)

When 0> 90°, the sky radiance (luminance) is considered = zero since the contribution from the lower sky
(sea surface) is negligible. Also, when the sky luminance distribution is symmetrical with respect to the
azimuth of the sun (clear days without clouds are reasonably symmetrical) it is not necessary to compute
sinqSB; (:0596B will yield answers between 0 and 180° in azimuth.

3.6 Upwelling Light

The light upwelling from the surface of the wind-ruffled sea is similar in form to the light upwelling
from a calm sea, (see Eqgs. 2.4.23 and 2.4.36), with these differences: Each source radiance, N(GB, )
will be accompanied by an occultation term, O°(GB), and a time-averaged transmittance and cosine,
ft(OB)cososdf for the transmittance and redirection of the light ray beneath the surface of the sea by the
tilted wave facets. The internal reflectance of the water r_ will be a time-averaged internal reflectance
of diffuse light frsd?. Finally, the transmittance of the diffuse light upward in the direction of the path
of sight is a time-averaged transmittance ft(())df. Thus,

N,(0,. ¢) = [fN(GB, bg) o°(033/t(98)cosoadfd93
2T

+N_(6,, 0)0°(64/I(9§) cosesd?dﬂs] X

Re ( n>2
—— . [Juo,)dt\— : (3.6.1)
n(1-warsdt)/ n'
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The photometric equation will not be written out since 1t I1s necessary only to substitute the luminance
symbol, B for every radiance symbol N

361 TIME-AVERAGED TRANSMITTANCE AND COSINE

The slope distnibution of the wind-ruffled sea surface 1s represented by an ergodic cap with flat ele-
ments as was described in the preceding section on sky reflectance For a single source at angle 0y the
occultation 1s invariant but the Fresnel transmittance angle, Opre 's different for each fiat element of the
ergodic cap Second, the ratio of the solid angles and projected areas changes with each element,
(ds cosf,,dQ) - (ds cos®, dQ') [see Eq 24 1] Third, a flat plate collector will receive the radiance
at the refracted angle ®; and solid angle dQ' which wHLbe different for each element of the ergodic cap.
Fourth, the probability of transmitting the radiance from B by the elemental surface area represented by
the ergodic cap 1s cosOBRAH(ON)/Apcos@N Thus, for one element of the ergodic cap, the irradiance be-
neath the surface of the water, AH(0, 0), received from the source radiance at Og bpis

ds cosf,dQ Aglly)
AH(0,0) = ] (362)

1
— [N(GB,qSB) Q°(0g)t(0gg) ————— c0s@,dQ' cosh \(p——
A, ds cos@,,.dQ' cosf,
The 1rradiance received from the source radiance through all elements of the ergodic cap 1s, as follows,

AH(eNx)

cos® Biy > —6—
cosfy,

dQg (36 3)

H(0,0) = N(B, Bg) G°(6,) =

S| S coso ) AulOn)
0Ss ——
1=1\1=1 ¢ BRt COS@Nl

The term in braces 1s called the time-averaged transmittance and cosine, /t(@)cos@df

n m COS29BRU AH(GN 1)
—  cos® _—
f 1=21 E;tw“") L E By cosf
t(0,)cosf dt = (36 4)
® ® % E 0 AnlOy,)
cos _
=1 5= BR cosf,
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Thus, the irradiance received from the source radiance at 0 is
H(0,0) = N(6g, ¢5) o°(0B)/t(eB) cosf dtdQ, (3.6.5)
and the irradiance from the upper hemisphere is

H(0,0) =/ N(fg ) O°(OB)/t(GB) cosf,dt dQy (3.6.6)
2m

~
The Fresnel transmittance angle 6. is the angle between a vector in the source direction, B and the
~ ~
normal from the flat surface, N. The axes are rotated to the vector N and the luminance zenith angle, OB,
determined in the prime system. 6, = 6_.. See Fig. 18.

D
D
wl

Fig. 18. Sky position vector in
principal and prime system. ¢é

4

Since the time-averaged transmittance and cosine should not change with source azimuth, the integral in
Eq. 3.6.4 can be evaluated by assuming ¢, = 0. Thus, from Eq. 3.2.8,

cosf . = sinfgsinfy cosgy+ cosfgcosty (3.6.7)

When 0. > 90° both the transmittance and the projected area of the element are zero and that element of
the ergodic_cap is not included in the summation. The refracted angle @5, is found by means of Snell’s
law, Eq. 2.1.1,

BR = sin~! _n-' sinfge (3.6.8)
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The zenith angle of the refracted ray ®4 can be found by noting the analogy between the angles be-
neath the surface of the water and above the surface of the water. A new vector B is defined in the op-
posite direction to the refracted ray, see Fig. 19. '

Water

Fig. 19. Plane passed throughﬁ and B.

qS'B is the azimuth of both the radiance vector ABJ and the refracted vector 'U\B in the prime system defined by
the normal N. The zenith angle of the refracted vector in the prime system @ = Ogg COSéy is found by
appropriate substitution into Eq. 3.2.9.

cosgy = [ sinf, cosfy cosg, — cosfy sinfy ] +sinf oo (3.6.9)

Now the zenith angle of the refracted ray @, can be found by rotating from the prime system to the princi-
pal system by using Eq. 3.2.11 appropriately.

cos®@, = -sin® cos¢y sinfy + cos@y cosby (3.6.10)

The time-averaged transmittance and cosine was evaluated for various source radiance angles and
wind speeds for an index of refraction n' = 1.341 (photopic, sea water) with an ergodic cap element size
of A@ = 5°and Ao = 10° The result is given in Table 5. These values may also be used for other wave-
lengths in the visible spectrum for both salt water or fresh water if the accuracy desired is no greater than
1 percent.
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Table 5. Time-averaged transmittance and cosine for source at zenith angle, theta.

Source Wind Speed (Knots)
Zenith . .
Angle 0 2 4 8 14 20 26 32 38

0 0.979 0.977 0.976 0.974 0.970 0.967 0.963 0.960 0.956

5 0.975 0.974 0.972 0.970 0.966 0.963 0.959 - 0.956  0.952
10 0.964 0.962 0.961 0.959 0.955 0.951 0.948 0.944 0.941
156 0.945 0.944 0.943 0.940 0.936 0.933 0.929 0.926 0.922
20 0.920 0.918 0.917 0.914 0.910 0.907 0.903 0.899 0.896
25 0.887 0.885 0.884 0.881 0.877 0.873 0.870 0.866 0.863
30 0.847 0.845 0.844 0.841 0.837 0.833 0.829 0.826 0.822
35 0.800 0.798 0.797 0.794 0.790 0.786 0.782 0.779 0.775
40 0.747 0.745 0.743 0.741 0.736 0.733 0.729 0.725 0.722
45 0.687 0.685 0.684 0.681 0.677 0.673 0.669 0.666 0.663
50 0.620 0.619 0.617 0.615 0.611 0.608 0.605 0.602 0.599
55 0.548 0.546 0.545 0.543 0.540 0.538 0.536 0.534 0.5632
60 0.469 0.468 0.468 0.466 0.465 0.464 0.464 0.464  0.463
65 0.385 0.385 0.385 0.386 0.387 0.389 0.391 0.393 0.3%
70 0.295 0.298 0.299 0.303 0.310 0.315 0.321  0.325 0.329
75 0.203 0.209 0.214 0.224 0.236 0.247 0.255 0.262 0.268
80 0.113 0.126 0.136 0.153 0.172 0.186 0.197 0.206 0.213
85 0.0361 0.0610 0.0751 0.0963 0.119 0.135 0.148 0.157 0.165
90 0 0.0265 0.0390 0.0594 0.0809 0.0961 0.108 0.117 0.124

3.6.2 TIME-AVERAGED INTERNAL REFLECTANCE OF DIFFUSE LIGHT

For a wind-ruffled sea, the equation for the internal reflectance of diffuse light, Eq. 2.4.14, changes in

the following manner
~ 1 -
/rsdt = —-/ [ﬁ(@))dt]cos@ dQ'. (3.6.11)
2m

The term in the brackets is the time-averaged internal reflectance of diffuse light into the path of sight
® of a sensor. See Fig. 20.

3

Ay(®y,)
—-——z (3.6.12)

M@g;) cos@mj] 050
Ni
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——— Sea Surface

Fig. 20. Time-averaged internal reflectance of diffuse light.

For this computation the ergodic cap is assumed to have a normal N' from beneath the surface at a nadir
angle ®,, and azimuth, @, where in this instance 6, = ®, and @, = ¢ + 180°. See Fig. 21. ;

Fig. 21. Element of ergodic cap.

Since the time-averaged reflectance should not change with sensor azimuth, ® is assumed equal to zero.
The reflectance angle @ is found by appropriate substitution into Eq. 3.2.8.

cos®, = sin®, cosd, sin®@  +cos@y cos® (3.6.13)

The angle 6 is found from Snell’s law, rephrasing Eq. 2.1.1,

n
g = sin"!{— sin®. (3.6.14)

R
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The Fresnel reflectance r(® ) 1s found directly from Eq 2 1 2 r(@g) = r(fg) The total projected area of the
ergodic cap 1s the same as before, or rephrased in terms of nadir angles

(36 15)

m Au(@y,)
1 Jélcos@ij _—

cos®,,

The time-averaged internal reflectance for diffuse light was evaluated for an index of refraction
n' = 1 341 (photopic sea water) with an ergodic cap element size of A9 = 6° A¢ =10° The summative
grid for Eq. 3 6 12 was the same. The result 1s given in Table 6 for wind speeds 0 to 38 knots. These
values may be used for fresh water as well as salt water, for all wavelengths 1n the visible spectrum with
an accuracy of 2 percent

Table 6. Time-averaged internal reflectance of diffuse light for n' = 1,341

Wind Speed (Knots)

0 2 4 8 14 20 26 32 38

/rsdf 0 485 0 482 0 481 0478 0474 0470 0 466 0 463 0 459

363 TIME-AVERAGED TRANSMITTANCE

The time-averaged Fresnel transmittance toward ¢, of a uniform radiance {luminance) from beneath the
surface of the water 1s equivalent to the time-averaged transmittance from air-to-water from a source at 6,
For ease 1n computation let ()B = f)o Then, the time-averaged transmittance 1s the sum of the transmit-
tances of each of the elements of the ergodic cap weighted by the probability appropriate to the source
direction 0

/ “ 1 n m Aplly,)
t - — s _— 3616
(0p) dt Ap 151 2 t(()BRU) cosOyp,, 050 { )

N1

A, 1s the projected area as defined in Eq 356 Since the time-averaged transmittance should not change
with source azimuth, the integral 1s evaluated by assuming ¢, = 0 Thus GBR can be found from
Eq. 367
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The time-averaged transmittance has been evaluated for the index of refraction n’ = 1.341 (photopic in-
dex for sea water). The ergodic cap was again made up of flat surfaces representing Afg = 5° and
A¢y = 10° The results showed the time-averaged transmittance to be equal to the Fresnel transmittance
within 1 percent, /t(@) dt = t(8), for source zenith angles 0°to 65° The values for zenith angles greater
than 65° are given in Table 7. The slight decrease and then increase with wind speed at zenith angle 70°
is consistent with the results for the smaller zenith angles. For zenith angles 0°to 60°, the time-averaged
transmittance consistently decreased with increasing wind speed 0 to 38 knots, even though the decrease
was less than 1 percent between 0 and 38 knots. The values in Table 7 may be used for all wavelengths
in the visible spectrum for both salt water and fresh water if the desired accuracy is no greater than
1 percent.

Table 7. Time-averaged transmittance for n' = 1.341 for source at zenith angle theta.

Zenith
Angle Wind Speed (Knots)
0

Degrees 0 2 4 8 14 20 26 32 38
70 0.864 0.864 0.863 0.863 0.865 0.868 0.872 0.875 0.879
75 0.785 0.787 0.790 0.797 0.809 0.820 0.830 0.838 0.845
80 0.649 0.666 0.680 0.708 0.738 0.763 0.781 0.795 0.807
85 0.414 0.499 0.542 0.603 0.660 0.698 0.726 0.747 0.765
90 0.0000 0.359 0.419 0.506 0.585 0.636 0.672 0.699 0.722

3.7 Directional Radiance {Luminance) of the Time-Averaged Wind-ruffled Sea
The directional radiance (luminance) of the wind-blown sea due to time- or space- averaged small ca-

pillary waves is the sum of the terms for sun glitter, sky reflectance, and upwelling light. In radiometric
form,

NG, &) = NG, ) + N, (6) +N(6,, ). (3.7.1)

sky

The photometric form is the same.

4. RADIANCE (LUMINANCE) PATTERNS OF LARGE WAVES
Photographs of the sea surface usually contain radiance patterns which indicate that the radiances are

not time- or space-averaged. The photographic work by Cox and Munk (Ref. 15) to obtain the slope distri-
bution utilized a defocused camera in order to obtain photographs of averaged radiances. The resolution
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of many photographs is such that the radiance pattern indicates the larger wave train pattern. The small
capillary waves however are normally not resolved and can be assumed to be time- or space-averaged. The
calculation methods described in the previous sections can be easily modified to give a reasonable ap-
proximation of the intermediate resolution obtained photographically. This is done by tipping the ergodic
cap in the direction of the normal from the surface of the large wave. The surface normal used should rep-
resent the average slope for the resolution of the photograph, such as 1 ft., 2 ft., 4 ft., etc.

The equations in this fourth section will be stated in radiometric terms. The photometric equations are
directly equivalent,.

4.1 Tipped Ergodic Cap

For a calculation of intermediate resolution of the time- and/or space-averaged slope distribution of
the sea surface, it is desirable to have the capillary or small facet wave distribution separated from the
larger, gravity wave component. The capillary distribution probably is partially dependent upon position
on the wave train, at or near the peak of the gravity wave the distribution would probably have a larger
standard deviation than down in the trough. No such statistics being available, however, it is probably
not unreasonable to assume that the wave slope distribution as measured by Cox and Munk is primarily
the capillary distribution and for a first approximation, can be assumed to be the same for all positions on
the larger waves, the primary effect being that of tipping the distribution according to the slope of the
large wave.

Various assumptions may be made about the point-to-point slope distribution of the larger waves. The
simplest and least accurate is that of assuming trochoidal shaped waves in the direction of the local wind
and of superimposing trochoidal shaped swell from other directions, to represent swell from distant storms.
This method is fully described in Reference 3. A more sophisticated method would be to represent the sea
surface by Lagrangian equations.!®

In tipping the ergodic cap’in the direction of the normal from the larger wave surface, the vector repre-
senting the normal from the wave will be designated as T with the zenith angle being 6. and the azimuth
from the sun being ¢... See Fig. 22.

Fig. 22. The tilted ergodic cap.
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The vector T will define a rotated system designated by double primes. The normals from the elements of
the ergodic cap N will be designated by angles 6y and ¢y Wwhich are angles in the double prime system
[equivatent to angles in the unrotated system when 0. ¢ both =0, when the cap is untipped]. The hori-
zontal projected area of the element representing the probability of occurrence of slope is in the double
prime system and is designated by AL(0y). The true area is

A6

ALOL) = (4.1.1)

"
cosfy

4.2 Sun Glitter

The sunlight reflected from a wave tilted at OT, ¢, is found by equations similar to those in Section
3.4. Eq.(3.4.1) for Ng(@p, ¢,) can be used directly but the equation for the projected portion of the ergodic
cap reflecting the sun, Ap( At) changes from Eq. 3.4.12 to

tan? 6.
62 exp -
202
Ap(At) = (4.2.1)
802 cos* Oy

The modified equation for the total projected area of the cap, Ap, will be given in the next section.

The Fresnel reflectance angle GSR is found in the same manner as for an untipped cap through the use
of Egs. (3.4.14) and (3.4.16). In order to obtain the normal from the cap surface reflecting the center of
the sun in the double prime system, Gs"N, it is first necessary to obtain the normal position in the unro-
tated system, OSN and ¢gy. Oy can again be found through the use of Egs. (3.4.14) through (3.4.17). In
order to find ¢gy . however, it will be necessary to also compute~sin¢; by appropriately substituting into
Eq. 3.2.10. As before the prime system is defined by the vector S. Since ¢>l = ¢, = 0, some of the terms
drop out.

sing, = [sing, sing, ] + sing, (4.2.2)

Then ¢, can be found by rotating back to the principal coordinate system and appropriately substituting
into Eqs. 3.2.12 and 3.2.13.
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6, 6,

COShgy = [sin?cos¢; cosf, +cos -g-sines ] - sinf,y (4.2.3)
%
Singgy = [sin?sinqb; ] - sinfg {4.2.4)

Now rotating to the double prime system defined by the vector?at 0., ¢, and substituting into Eq. 3.2.8,
Osy is obtained. See Fig. 23.

cosfyy = Sinfgy COSehgy SinGLCOSh + sindyy singgy siNbrsing.. + cosyy cosoy (4.2.5)

~o
Fig. 23. Normal, SN, from surface reflecting sun in double prime coordinate system.

4.3 Sky Reflectance

The sky reflectance for the tipped wave surface is a direct extension of the equations given in Sect.
3.5 for the untipped ergodic cap sky reflectance. Eq. 3.5.1 becomes

Il s

m ° AH(GI"I'x)
E N(OB' ¢B)l.| O (eBu) r(()BRl]) COS(}BRU ] (4.31)
1

— 1
Ny (0, 6,) = i
R A, i=1 cosfly
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The expression for the horizontal area of the surface at 6, = 01s Eq. 3.5.2. The general expression for
the horizontal area of each element merely substitutes 0;1' for 6, in Eq 353 Similarly the total projected

area of the cap changes from Eq. 3.5.5 to

3 coslyp,, | ——— (4.3.2)
1]1=1 cosf

The Fresnel reflectance angle, OBR, and the sky radiance angles, 0, ¢, are found by first rotating to

the double prime system defined by the tilt position 6, ¢.. The observers position, 8, ¢_, 1s found in the
rotated system by substituting into Eq 3 2 8 through 3 2 10 as follows,

cosf), = sinf, cosd, sIN..COS.. + SInG, sIngh, sINf..SiNgh 1. + cos, cosb.. (4.3.3)
cos¢ = [sing, cos¢, cosf..cosp.. + sinf, sing, cosfsing.. —cosf, sinf..] - sinf) (4.3.4)
sing, = [—sing, cose, sing.. + sInf, sing, cose ] ~ sinb, {4.3.5)

See Fig. 24 for the relationships between the vector 0 and the unrotated and rotated axes.

~
Fig. 24. Observer O vector in principal and double prime systcm.
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Now both the vector 0, and the vectors, N, of the elements of the ergodic cap are in the double
prime system.

The second step is to let the vector 0 (at §,, ¢, or 6, ¢,') define the single prime system, and to find
the vector N position in the single prime system through substituting into Egs. 3.2.8 through 3.2.10. See
Fig. 25.

~ .
Fig. 25. Normal N from element of ergodic cap in double prime and prime coordinate systems.

cosf;, = sindy cosey, sind, cosg, + sinfy singy sinb, sing, + cosfy cosh,’ (4.3.6)
cosgy = [ sinfy cosgy cosh, cosd, + sindy singy cosl, sing.' - cosfy sind, ]. + sinfy (4.3.7)
sing, = [- sindy cosgy sing,' + sindy sing, cosg,'l+ sinfy (4.3.8)

As before, 0'N is the Fresnel reflectance angle, 0,.. When 0y > 90° the reflectance and projected area
are zero and there is no contribution to the sum from that element of the ergodic cap. The radiance direc-
tion angles in the prime system are again 0= 20, and ¢ = ¢y

The third step is to go from the single prime system to the unrotated system through the use of Egs.

3.5.11 through 3.5.13 as was shown in Fig. 17, section 3.5. Again when 6 ,>90°, the radiance contribution
is considered negligible.
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4.4 Upwelling Radiance

It will be assumed that since the untilted ergodic cap represents the time- or space-averaged case,
that it is also appropriate for all parts of the upwelling equation relating to the light penetrating the sea
surface from above, and reflecting and interreflecting beneath the surface. The only term in which the cap

is assumed tipped is the time-averaged transmittance of the radiance through the water-air surface toward
the observer. Thus Eq. 3.6.1 becomes

N(6g. ¢g) o°(eB)/t(eB)cosoBdEdQB

27

N,(,. &,) = [

+ NS(GS,O) 00(65)/t(6g)cos(95 dt’ dQS] x (4.4.1)

wat(e;')df ( 0 )2

77(1—Rm/rsdf)

n '

The angle toward the observer in the double prime system 0;', was found in Eq. (4.3.4) in the pre-
ceding section.

4.5 Directional Radiance of Tilted Sea Surface

The directional radiance of the sea surface at resolutions which do not average over large areas (or
are not long time exposures), can be approximated by computing the radiance of a tipped ergodic cap. Eq.
3.7.1 is directly applicable for summing the components of the radiance. The radiances of the parts of the
wave pattern would emerge from computations for ergodic caps tipped at the appropriate angles.
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APPENDIX A

DERIVATION OF EQUATIONS FOR THE TRANSFORMATION OF ROTATION OF
AXES EXPRESSED IN SPHERICAL COORDINATES

By J. W. Wasserboehr and J. |. Gordon

The basic equations used for the development of the angular relationships were those for the transfor-
mation of rotation” of axis in a three dimensional rectangular coordinate vector system.

The equations are:

x = x'"(i-i"y+y' (i) +z'(i k")

y=x"(j-i"Y+y' (i) +z'(K") Group (A.1)

N
1

x'(ki') +y'(kj') + 2" (k- k")

and,
"= x(ici)y +y(jei) + ztkei")
y' = x(ij)y + vyt + ozikej) Group (A.2)
z' = x(i k") + y(j k') + z(k *k')

If the rectangular coordinate system is changed to the spherical coordinate system of Figure A.1 it can be
seen that,

x = psinfcose x' = psind'cosg'
y = psinfsing y' = psind'sing’ Group (A.3)
z = pcosf z' = pcosf'

and if these are substituted into groups (A.1) and (A.2), and the common factor p is divided out, the equa-
tions of transformation of rotation become,

sinfcosep = sing'cosg' (i *i') + sin@'sing' (i *}') + cosf' (i *k')

sinf sing = sin@'cose'(j <i') + sind'sing'(j <j') + cos@'(j * k') Group (A.4)

1)

cosf = sin@' cose' (k *i') + sing' sing' (k *j') + cosf' (k - k')

* 1. S. Sokolnikoff, and E. S. Sokolnikoff, Higher Mathematics for Engineers and Physicists,
McGraw-Hill, N. Y., 2nd Ed., 1941, p. 403.
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X = psind cos¢

Y = psinf sing
Z = pcosf
X
J
Y

Fig. A.1. Rectangular Coordinate System to Spherical Coordinate System.
and,
sind' cosg' = sinfcosd (1 *1') + sinfsing(; - 1') + coshik - ')
sing’ sing' = sinfcosd (1 * ') + sinfsing (| - ') + cosfik - ') Group (A.5)

cosf' = sinfcosg (1 *k') + sindsing() -k') + cosOik *k')

In spherical coordinates the 1, j, and k unit vectors are

1;p=1,0=90°¢ = 0°
l.p=1,6=290°¢ =90°
ip=1,0= 0°¢= 0°

From these i1t 1s obvious that,

(M +(0)) + (0)k
(0)r + (1)) + (0O)k
= (0 +{0)y + (MK

Group (A 6)

x -
+ I
= —

If 0, and ¢, are the angles for the transformation of rotation to the new axes x', y', and z' (Figure A.2)
then the spherical coordinates of 1', §', and k', with respect to the original x, y, and z systems are:
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i p=1,0=6+090° ¢=¢
yop=1,6= 90° é = ¢, + 90°
K:p=10=9, ¢ = ¢

If these latter values are substituted into the general equation of a vector,
A = xi +yj]+ zk = (psinfcosg)i + (psindsing)j + (pcosf)k Group (A.7)

then equations for the vectors i', j', and k' in relation to the original

Fig. A.2. Rotation of Axes.

system are obtained as follows:

i' = [sin(6, + 90)cose,]i + [sin(6, + 90)sinp]j  + [cos(f, +90)]k
i' = [sin 90 + cos (¢, +90)]i + [sin 90 sin(¢, +90)1j + [cos 901k Group (A.8)
k' = [sin61,cos¢>l]i + [sing, sing,1j + [cosf, ]k

I

and since, sin 90° = 1, cos 90° = 0, sin(6, + 90) = cosf,; and cos (6, + 90) = -sinf,

(cosf, cos¢,}i + (cosf, sing )| - (sin0,)k

-
n

"= -(sing,)i + (cose, )i + (0)k ' Group (A.9)

[
i

(sin01 cosg,)i + (sinf) sing })j + (cosh )k
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a

. ~Ne
From vector analysis the dot product of any two vectors is A *B = X X, tY,.Y, + 2,2, therefore,

i"i' = (1) (cosf, cos¢p,) +0 +0

cosf, cos¢,
itj' = (1) (-sing)) + 0 +0= -sing,

i *k'= (1) (sinf, cosep,) + 0 + 0= sinf, cose,

j i' =0+ (1) (cosf, sing,) +0 = cosb, sing,

i ti' = 0+(1)(cosd,)) +0 = cosg,

j "k'=0+(1)(sinf, +sing,) +0 = sinb, sing,
k "i' = 0+0+{1)(-sinf)) = ~sinf,
k*j' =0+0+(1)(0) =0
k *k' = 0+0+(1)(cosf,) = cosf,

Group {A.10)

Substituting these dot product values into the group equations {(A.4) and (A.b), the following are obtained.

sinfcosp = sind' cose' cosd, cosep, - sind' sing' singy, + cosf' sinb, cose,
sinfsing = sinf' cosg' cosb, sing, + sind' sing' cosd, + cosf'sinf, sind,  Group (A.11)
cosf = -sinf' cosg' sinf, + cosf' cosf,
and,
sinf'cos¢' = sinfcosecost, cosd, + sinfsingdcosh, sing, - cosbsinf,
sin0'sing' = -sinfcosg sing, + sinf sing cosg, Group(A.12)
cos0' = sinfcosesind, cosp, + sinfsingsind, sing, + cosf cos,
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APPENDIX B

OCCLUSION

by Keith B. MacAdam

The theory of occlusion is given in Reference 2, Chapter 12. The problem will be stated, definitions
and terminology given, and some results derived.

Definition
Q°(x, &) is the average fractional time that an incident path £ corresponds to direct light from the sky

or sun at point xon the mean sea surface § As the waves undulate, the intersection x of the path of
sight £ with S changes its horizontal position; Fig. B.1.

Fig. B.1

On the assumption that the sea surface elevations { at neighboring points x are uncorrelated, it can

be imagined that what is seen from £ is the air-water interface point directly above or below x, with no
change in results, Fig. B.2.
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/

>0 §—-

Fig. B.2

The problem can be visualized as follows: How often could one see a floating bob at horizontal point
x? (Indeed, this point of view yields an immediate technique for empirical verification of the theory).

There is a certain probability p,({)A{ that x will fall into the vertical interval (£, +AL). Wher-

ever it falls, there is a certain probability that £ has no additional intersections with S between x and the
sky. ’

If pz(é, A ¢)is the probability that in an increment A ¢ of vertical ascent along &€ there is no inter-

section, then

[Ip,(¢. AQ)

is the probability that & is completely free of intersections. Then the final answer is

Q° = 2p (£)A¢ [Ieid. AQ)] o
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in the following, it is assumed that the Neumann spectrum, developed in Ref. 2 satisfactorily repre-
sents the ocean surface, although it is essential only that the mathematical form of the Neumann spectrum
agree with experiment.

From the Neumann spectrum,

1 {2
p(YAL = —— - )A B.2
1 T exp< v~ ¢ (B.2)

where m__ is the mean square wave height.

From the Neumann spectrum it is also possible to obtain the average number of times per unit length
that a horizontal path at height { from the mean sea surface crosses the air-water interface. That is,

1[™07" ¢?
ng) = — exp - —— (B.3)

m mOO 2m00

where m,, = 02, the mean square wave slope. Assuming that ideas from the Poisson distribution describ-
ing random events may be used, the probability that a horizontal path of length Ax is free of intersections
is exp (-n(£) Ax).

Then if the slanted path & is approximated by a series of short horizontal paths at increasing height,
the result is the approximation

e, (£, AQ) = I exp [-nt¢,) A¢ 7tany] (B.4)
j=0

since A{ = Axtany, ¢ is the elevation angle. This is a procedure similar to that used in Ref. 2. Then

Op,(¢, ALY = T1 exp ['n(C°+ijtan¢z)AC/tan¢] (B.5)
j=0

exp; 2 —n(§°+ijtan¢,)A§/tan¢E (B.6)

i=0

Now setting { = {_ + jAxtany, and letting Ax-0

_.‘] oo
[I= expg ——-f n(é)dég. (8.7)
tany J £
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Upon evaluation

m
H:exp%— 20 [1—E(C/\/m ) E
V2rtany ° °0 ]
where
t 1
E(t) =/ n?
- exp( a /2) da
Also,

Q° = Ip()Al

becomes the integral

/_ () T de

and

e 1 \/m_zo
Q° =/ exp-({2/2m_ ) exp | - 31 - E({o/\/moo)§ d¢,
-0 V2mm tany V2n

The result is independent of m__ and can be written

o0 1 g
Q° =/ exp -7n%/2 exp [— — 1 -E(n))] dn.
-0 \/’27 tan‘ﬂm

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

Q° is the value of a modified error integral, parametrized by o and . Some simplifications of this diffi-

cult integral are possible.

g
exp

B tany /2 o0 o E(n) 72
Q° = il f exp[ ‘—“] dT’
m —o00

2 tanl/l V2n 2

Now notice that E{n} = -E{-7). Then

/‘m /N /0 /N gE('fI) - UE(”) ( 7’2>
= + = exp ———— + exp ——————— exp | - ——|dy
-0 ) - 0 tany V27 < tany V2n 2

(B.14)

(B.15)
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oo oE(n) -n?
=2 cosh | ———————  |exp|— Jdn (B.16)
0 tany \V2r 2
Then

0 -a oo 2 oE(n) n?
Q" =exp [ ——— — cosh | ————— lexp {-— ]dy {B.17)
tany v 25 o \Vor tany\/ 27 2

Except for the hyperbolic cosine factor, the integral is the error integral with value 1. How large is
the effect of the extra factor? For suns higher than ¢ = 10°, in the worst case, v = 38 knots, the actual
integral is less than 12% greater than 1, and probably better than this; for v=26 the actual integral is less
than 1.08. For suns higher than ¢ = 20° the integral is less than 1.03 for all wind-speeds less than or
equal to 38.

Then for 10° < i < 90° and 0 < v < 38 the formula below may be used

Q° = exp [—o/(\/Ey tam/z)] (B.18)

it will be good to within 12%. In all cases the actual value of Q° will be greater than that given above,
within the specified limit.

It is interesting to note that if the probability is computed that a single path & leaving § has no in-
tersection with S, i.e., if & istied to the mean surface rather than the actual surface B.18 is ob-
tained exactly.
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