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Frontispiece

The composite scene above pictorially illustrates many of the radiometric relationships from which the
implications discussed in this report and derived. The photographic portion illustrates a joint
airborne/groundbased experimental measurements program conducted in the vicinity of Mt. Ranier,
Washington by the Visibility Laboratory of the University of California, San Diego, in cooperation with
and under the sponsorship of the Air Force Geophysics Laboratory. The cartoon overlay illustrates the
influence of the direct and diffuse light fields upon surface targets and the atmospheric path between the
surface and the airborne observer. Within the visible spectrum, these atmospheric processes are primarily
scattering in nature. Whereas, within the infrared regions, the processes must be expanded to include the
effects of absorption and emission. A discussion of these combined effects and their interrelationships is
the primary content of this report.
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SUMMARY

This report is a part of the Visibility Laboratory’s Project OPAQUE effort and was prepared under AFGL Contract
F19628-82-C-0060. [t describes a review of the theoretical constructs for a radiation medium which scatters, absorbs and
emits radiation with special emphasis on applications to the visible and the infrared.

The equation of transfer for radiance, irradiance and scalar irradiance is fully defined and then integrated. If the 47
radiance distribution is measured at several altitudes, the radiance arrays can be tested for consistency and, if consistent, a
measure of absorption obtained.

Some of the special characteristics of the solar almucantar are delineated. Methods are presented for using the solar
almucantar sky radiance to obtain radiance transmittance, test optical stability, and test for spurious sun reflectance in the
sky radiance photometer.

Measurements made with the Visibility Laboratory integrating nephelometer are reviewed and compared to the
Barteneva (1960) catalog of photopic volume scattering functions. An average volume scattering function is derived and
methods developed for obtaining the single scattering albedo from horizon sky radiance, for obtaining the scattering
transmittance from sky radiance ratios, and for obtaining the aerosol optical thickness from solar almucantar radiances.
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IMPLICATIONS OF THE EQUATION OF TRANSFER WITHIN THE
VISIBLE AND INFRARED SPECTRUM

Jacqueline I Gordon

1. INTRODUCTION

In the increasingly sophisticated world of electro-
optical detection, search, and guidance, the requirement
for establishing and predicting atmospheric influences on
system performance continues to be a primary operational
necessity It 1s 1n support of this requirement that the
Visibility Laboratory in cooperation with, and under the
sponsorship of the Air Force Geophysics Laboratory has
maintained an extensive program of airborne optical and
meteorological measurements In recent years this pro-
gram has been conducted as an independent but coopera-
tive effort (Johnson et al (1979)) in conjunction with the
NATO program OPAQUE (Optical Atmospheric Quanti-
ues in Europe), Fenn (1978) During the two year inter-
val spanning the years 1977 and 1978 over 80 missions
were flown documenting the vertical structure of the visi-
ble spectrum total volume scattering coefficient in the
lower troposphere as well as the 47 radiance distribution
of the ambient lght field at several alutudes Since a
thorough awareness of the vertical structure of volume
scattering coefficient 1s essential to the prediction of
atmospheric influences on contrast transmittance through
this regime, these data have been presented in a sertes of
technical reports, the two most representative of which are
entitled "Airborne Measurements of Atmospheric Volume
Scattering Coefficients in Northern Europe, Summer
1978,” Johnson and Gordon (1980), and "An Analysis of
Natural Vanations in European Sky and Terrain Radiance
Measurements”, Johnson and Hering (1981b)

The optimum use of the experimental data
presented in reports such as those referenced above 1s
surely to establish the baseline assessment of those optical
charactenistics most influencing slant  path contrast
transmittance, and to develop from these assessments
realistic predictive models An imtal effort in this model
development, using both surface and profile data from the
OPAQUE program 1s discussed in Johnson eral (1979),
and the further application of these data to contrast
transmittance modelling 1s illustrated by Hering (1981a)

In order to extend the methodologies developed for
visible spectrum modelling into the infrared, 1t seems
appropriate to review the theoretical constructs for a radia-
tion medium which scatters, absorbs and emits radiation
These constructs are being used to evaluate the data from
the atmospheric optical measurement program and
develop models In addition we will review a few of the
data sets which have specific modeling implications

The following section will deal with the basic mono-
chromatic equation of transfer as it relates to radiance,
irrachance and scalar irradiance  The concepts will be fully
defined and related where possible to the theoretical work
of Duntley et al (1957), Preisendorfer (1976) and Chan-
drasekhar (1960) A table of notational equivalencies for
the Chandrasekhar (1960) notation and the Visibility
Laboratory notation 1s given in Appendix B

The third section will delineate some of the special
features of the solar almucantar

The fourth section will review the measurements
made with the Visibility Laboratory integrating nephelom-
eter These data will be compared to the Barteneva (1960)
catalog of photopic volume scattering functions and an
average volume scattering function derived Some of the
implications of the average volume scattering function will
then be explored

2. EQUATION OF TRANSFER

2.1 Radiance

The basic equations developed herein are mono-
chromatic Apphicability to broadband sensors will be dis-
cussed where appropriate

The most basic equation n radiation theory 1s the
equation of transfer (Eq 10 Duntley eral (1957),
Eq (3) Sec 315 Preisendorfer (1976), and Eq (46)
Chandrasekhar (1960))

dL(z,8,¢)/dr = —a(z) L(z,6,¢) + L,(z,6,¢) @1

This equation relates the incremental change in radiance
dL(z.8,¢) at alutude z in direcion zemith angle @ and
azimuth ¢ over the incremental path length dr to the
attenuation coefficient a(z), the radiance L(z,0,¢) and
the path function L,.(z,8,¢) The first term 1s the loss

term and the second 1s the gain term

The attenuation or extinction coefficient a(z) 1s
equivalent to the Chandrasekhar (1960) mass attenuation
coefficent k times the density p The attenuation
coefficient 1s the sum of the total scattering coefficient
s(z) plus the absorption coefficient a(z)

alz) =5(z) + a(2) 22
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The path function L.(z,8,¢) is equivalent to the
Chandrasekhar (1960) mass emission coefficient j times
the density p. The path function is the sum of a scattered
component and an emitted component which is related to
the absorption

L.(2,0,0) = L,S(z.e,d;) + Ly (2). (2.3)

The emitted component due to absorption is isotropic and
hence is shown without direction modifiers.

Scattering

The scattering coefficient has two components. Ray-
leigh or molecular scattering gs is highly wavelength
dependent being proportional to the inverse fourth power
of the wavelength A% Mie scattering s is less
wavelength dependent. Both tend to be smooth continu-
ous functions with wavelength.

The path function due to scattering is the integral of
the incoming radiance L(z,6',¢') in all 47 directions
(including the sun where appropriate) times the volume
scattering function o (z,8')

Ly (20.9) = [L0'8) o(z.p)d0. (2.4)

4
The scattering angle 8’ is equivalent to the Chandrasekhar
(1960) angle ©. It is a function of the incoming radiance

direction angles 0',¢’ and the sensor direction angles 6,¢
as follows

cosB’ = sind sind’ cos(p'—¢) + cosé cosd’ . (2.5)

The integral of the volume scattering function over 47 is
the total scattering coefficient

s = [z a0 . (2.6)
4

The volume scattering function is equivalent to the Chan-
drasekhar (1960) phase function p(cos®) times the
attenuation coefficient « divided by 4.

Absorption and Emission

Atoms and molecules in the gas phase absorb and
emit in line and band spectra. The atomic spectra are line
spectra and tend to be at the shorter wavelengihs. The
band spectra are molecular and tend to be at the longer
wavelengths. The continua are essentially part of the band
spectra, weak but broad spectrally.

Molecules in the liquid or solid phase cannot emit
line or band spectra but can only emit in a continuous
spectrum, the distribution of which is determined by the
ambient temperature, in other words like a black or grey

body (incomplete radiator). This implies that the absorp-
tion spectrum for liquids and solids is also continuous
spectrally.

An aerosol is defined as a mixture of gas and small
solid or liquid particles. Although the solid particulates
and water droplets with dissolved particulates absorb and
emit like a grey body with a continuous absorption spec-
trum, the gas or air absorbs and emits in line and band
spectra. Thus the aerosol absorbs and emits like a spectral
or colored body.

Emission Mechanisms. The principal emission
mechanisms above the mesosphere are electrolumines-
cence and chemiluminescence resulting in line and band
spectra. These emissions are called airglow. These are
important in the visible part of the spectrum at twilight
and night but will not be dealt with herein.

The principle emission mechanism in the tropo-
sphere and in the atmosphere at or below the mesosphere
is temperature radiation which is photon emission caused
by atomic or molecular collision. The atmosphere is
assumed to be in local thermodynamic equilibrium, hence
Kirkhoff's law applies. The path function due to emission
is thus [Eq. (38) Chandrasekhar (1960)]

L, () =a@) LOT) 2.7

where L(A,T) is the blackbody radiance at wavelength A
and T is the temperature in degrees Kelvin. The path
function due to emittance at and below the mesosphere is
highly wavelength dependent and should be dealt with
monochromatically.

A black body in thermodynamic equilibrium absorbs
and emits as a continuous function of wavelength and
temperature according to the classical equation [Wolfe
(1978) Table 1.7]

LT =c;/ [m N(ex =1)] (2.8)
where
¢y = 2m he? = 3.741382E~16 Wm? (2.9)
and
x=1c/ (7). (2.10)

The form 3.74 E-16 is an alternate format for 3.74x 10§,
This computer form is used throughout this report. The ¢
is the speed of light, A is the Planck constant and

¢y = ch/k = 1.438786E—2 mK 21D

where k is the Boltzmann constant. The constants are
from Driscoll and Vaughn (1978) Table A.1.

Visible Spectrum. Blackbody radiance and hence exi-
tance (emittance) is negligible in the visible spectrum.



Even at lum at 300°K (27°C or 80°F),
L(1um,300K) = 1.76E-T W/Qm?. At shorter
wavelengths (all the visible wavelengths) and/or lower
temperatures (the normal range of temperature below the
mesosphere) the emittance is still less. Hence for the visi-
ble spectrum Eq. (2.3) becomes

L.(z,6,¢0) = L.S(Z,O,qs) ) (2.12)

Equilibrium Radiance

The equilibrium radiance is defined as the radiance
when the incremental change in radiance over the incre-
mental path length dL/dr equals zero, therefore from
Eq. (2.1) (Eq. (11) Duntley et al. (1957))

0= L,(z,0,¢) — alz) L, (z,0,¢) (2.13)
or (Eq. (40) Chandrasekhar(1960))
L, (z,0,0) = L,(2,0,¢) /a(z) . (2.14)

Thus the equilibrium radiance is equal to the Chan-
drasekhar (1960) source function J.

No Absorption. In a medium or at wavelengths with
no absorption, the attenuation coefficient would equal the
scattering coefficient and the equilibrium radiance would
be equal to

L,(z,6,¢) = L, (z,0,0)/5(2) . (2.15)
Scattering Negligiblee. 'When scattering is negligible,
such as at longer wavelengths in the infrared, the attenua-
tion is equivalent to the absorption. Substituting Eq. (2.7)
into Eq. (2.14) we have
L,(z,6,6) = LO\,T) . (2.16)
Equation of Transfer. An alternate form of the equa-
tion of transfer is to divide both sides by the attenuation
coefficient and let dr equal secf dz [Eq. 63 Chandrasekhar
(1960)],

cosd dL (z,0,¢) / la(z) dz]

= —L(z,0,6) + L,(z,6,¢) . .17

The cosé is equal to the Chandrasekhar (1960) function u
and «(z) dz is equal to dr(z) the differential of the optical
thickness ¢(z).

Incremental Path Length

For paths of sight at zenith angles =0 to 70° and
110 to 180°, the incremental path length is a simple func-
tion of the altitude increment and the zenith angle.
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Ar = Az secl (2.18)

When used for all paths of sight, this is called the plane
parallel atmosphere approximation. The Ar is always
non-negative since z is defined as z,—z, (the subscripts
increase with the flux direction). See Fig. 2-1.

Fig. 2-1. Path length geometry for steeply inclined paths of sight.

For upward-looking paths of sight from 70 to 90
degrees, the Ar for a constant Az is significantly shorter at
altitude than at ground level due to the curvature of the
earth. For paths of sight at zenith angles from 90 to 110
degrees, the Ar for a constant Az is significantly longer at
ground level than at altitude also due to the curvature of
the earth. Therefore, for these paths of sight, the incre-
mental path length Ar, is computed from

Ar, = [ 1= { n(z) @+2)sing / [n(z) (¢+2)] )2 I_V’ Az . (2.19)

This is the classical equation for computing incremental
path length at paths of sight affected by earth curvature
and refraction. The n(z) is the refractive index, z is the
sensor or observer altitude, ¢ is the radius of the earth.
Use of the mean earth radius of 6.371229E6 meters
results in a maximum error at the equator of -0.1 percent
and at the pole of +0.2 percent. See Fig. 2-2 for the rela-
tionship of # and 8" for the downward (and upward) paths
of sight and see Duntley eral. (1976) Section 2 for a
derivation of Eq. (2.19).

Z,

{+z,

Fig. 2-2. Path length geometry for grazing downward paths of
sight in refractive spherical atmospheres. For upward-looking
paths of sight the positions z and z, and 6 and 8" should be
reversed.



2.2 Irradiance

Before deriving the equation of transfer for irradi-
ance, let us first define irradiance and some other terms.
The downwelling irradiance E(z,d) is the integral of the
radiances from zenith angles 0 to 90 degrees weighted by
the cosine of the zenith angle

E(z.d) =fL(z,9',¢') cosd’ dQ) . (2.20)
2w

Similarly the upwelling irradiance £(z,u) is computed for
angles 90 to 180 degrees by weighting by the cosine of the
nadir angle (180-8) so that the cosine is positive. These
are the irradiances on a flat surface oriented to receive the
downward and upward radiances respectively.

Scalar Irradiance

A second type of irradiance is the scalar or non-
directional irradiance in which the cosine term is not
present. The total scalar irradiance €(z) is defined as

@) = [[LGo.7d0 . @.21)
4n

The total scalar irradiance is equivalent to the Chan-
drasekhar (1960) average intensity J times 4. The scalar
irradiance is related to the incoming radiant density w by

(2.22)

w=¢e(z)/c,

where ¢ is the speed of light.

Scalar Exitance (Emittance)

Exitance (emittance) M is defined with the cosine
term similar to the irradiance in Eq. (2.20). Let us define
a second type of exitance (emittance) as the scalar or
non-directional exitance in which the cosine term is not
present. The scalar exitance due to absorption m(A,7) is
defined as

mOT) = LD [da-anLOT) . (223)
47

The scalar exitance is related to the outgoing radiant den-
sity w(A, T) by

w\,T) =m(\,T)/c. (2.24)

Let us also define another scalar term, scalar exi-
tance per length m,. This is the unweighted integral over
47 of the path function

me(2) = [L,(z.0.9)d0 . (2.25)
4

When the path function due to scattering is
integrated over 4 it can be expressed as a double integral
by substituting in Eq. (2.4)

m, (2) = [ [Leosrceprdn an . (226

47 4

Now since the order of integration is unimportant over the
double integral, the relationships in Eq. (2.6) and (2.21)
can be substituted so that we have the scalar exitance per
length due to scattering as

(2.27)

m,,,s(z) =s5(z) e(2) .

Since the path function due to absorption is isotro-
pic the scalar exitance due to absorption is

m,, (2)=a(@)L\.T) 4r . (2.28)

or

m, (2) = a@m(\.T) . (2.29)

Equation of Transfer for Irradiance

The equation of transfer for radiance can be used to
obtain an equation of transfer for irradiance by integrating
over 4. First let us rewrite Eq. (2.1) in terms of the
separate components of absorption, scattering, and emis-
sion and express the incremental path length in terms of
Eq. (2.18) thus

dL(z,0,$)cos8/dz = — a(z) L(z,0,¢)

—s(z)L(z,0,¢) + L,,S(z,o,tb) + L.,a (z) . (2.30)

Now multiplying both sides by d) and expressing both
sides as an integral over 47 we get

d fL(z,O,cb)cosOdQ [dz =
4
~a(@ [LGo8)a0 - 50) [LGo¢)d0
4 4n

+ !;L.S(z,o,dﬂdﬂ + L, (@) :!;dn ) 2.31)

This can be simplified using Egs. (2.20), (2.21), (2.27)
and (2.29) to become
dlE(Gz,d) — E(z,u)] [ dz =
— a(z2)e(z) — s(2)e(2) + 5(2)e(z) + alz)m(\, T) .(2.32)
This further simplifies to

dlEGz,d) ~ EGu))/dz = —-a(2)e(z) + alz) m(\,T) . (2.33)



This is the equation for the net irradiance
E(z,d)—E(z,u) change with altitude. Let us define £(z)
as the net irradiance

£(z) = E(z,d) — E(z,u) . (2.34)
Equation (2.33) can now be rewritten as
de(2)/dz = a(2)[m(\, T) — e(2)] . (2.35)

The net irradiance £(z) is equivalent to the Chandrasekhar
(1960) net flux o F.

Visible Spectrum. In the visible spectrum where
L\, T) and hence m(x,T) are negligible, Eq. (2.35) can
be written as (Eq. 10 Section 1.2 Preisendorfer (1976)
since the altitude z is the negative of the depth into the
medium)

de(z) [ dz = —a(2)e(z) . (2.36)

The net irradiance either stays constant with altitude indi-
cating no absorption, or decreases as depth into the atmo-
sphere increases. This can be and is being used as a test
for the internal consistency of visible spectrum data when
measured at a series of altitudes over a period of several
hours.

From Eq. (2.36) we also see that in a purely scatter-
ing atmosphere there would be no change in net irradiance
with altitude. ‘

Equation of Transfer for Scalar Irradiance

An alternate expression is derivable from Eq. (2.30)
if we first multiply both sides by secf as well as dQ and
then integrate. Thus

d [LGo8)d0/d
4
= — a(z) fL(z.O,d))secO dQ — s(z2) fL(z.o,d&)secO aQ
4n 4

+fL.s(z,9,¢>)sec()dQ + L.a(z) fsec() da . 37D
47 an

Again the middle two terms on the right hand side cancel
each other out since the order of integration is not impor-
tant in a double integral

s(z) fL (z,8,¢)sec6d )
4n

= [ [Leo8)0@pId0scodn . (2.38)

4 4

Also

fsecl)d(l =0, (2.39)
4n
since sec(m—0) = —secd. Thus the fourth term also drops

out. Now Eq. (2.37) can be written in terms of the
change in scalar irradiance with altitude as

de(2)fdz = —a(2) [ L(z.6.8)sec0d0r . (2.40)
4

Thus the change in scalar irradiance with altitude is solely
a function of absorption and the radiance distribution.
The scattering and the path functions due to scattering and
absorption do not effect the change in scalar irradiance at
any wavelength including the infrared wavelengths.
Therefore, when there is no absorption the total scalar
irradiance does not change with altitude.

An alternate way of expressing Eq. (2.40) is to
separate out the sun term and to express the more diffuse
radiances as a radiance difference, sky minus terrain thus

de(2)/dz = — a(z) e(z)sech,

- al2) J‘[L(z‘o’,d&’) — Lz — 0'.¢))sec8 d , (2.41)

where ;e(z) is the sun scalar irradiance. Equation (2.41)
appears indeterminant because sec goes to infinity at 90
degrees. However, since the radiance difference
L(z,0)—L(z,m—8) goes to zero as sec® goes to oo, the
equation is not indeterminant and can probably be
evaluated with measured radiance distributions.

It is useful at this point to speculate on the relative
importance of the two terms in Eq. (2.41). First, we note
that at the top of the atmosphere, the sky radiances (¢ = 0
10 90 degrees) are zero so that the second term in the
equation is positive and the loss due to absorption at all
wavelengths is less than due to the solar beam as you
begin to descend into the atmosphere.

Now, for additional insight into the two terms for
the visible spectrum, let us refer to our existing airborne
data on apparent sky and terrain radiances from ground
level to 6 kilometers. Figure 2-3 contains two graphs for
the AVIZ pseudo-photopic filter (see Appendix A for sen-
sor spectral characteristics), one for high altitude, one for
low altitude, of measured sky and terrain radiances for
azimuths from the sun ¢ of 0, 90, 180 and 270 degrees.
These graphs are typical of terrains with albedos of
approximately 0.1. The sky radiances (§ = 0 to 90
degrees) are generally less than the apparent terrain radi-
ances (8 = 90 to 180 degrees) at high altitude and gen-
erally greater than the terrain at low altitude. Thus at high
altitude the absorption loss or change in €(z) with altitude
is less than the absorption due to the solar beam at @,
term 1, since the second term is positive. At some inter-
mediate altitude the loss is equivalent to that due to the
solar beam since the second term in Eq. (2.41) becomes
zero. At low altitude the loss is greater than due to the
solar beam since the second term becomes negative.
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On the same flight, graphs for broad band filters 2
and 3 with mean wavelengths 478 and 664 nm, were simi-
lar but the broad band filter 5 mean wavelength 765 nm
with an albedo of 0.3, showed sky radiance lower than ter-
rain radiance at low altitude indicating the absorption loss
would be less than that indicated by the first term of
Eq. (2.41) at all altitudes. This may be typical of measure-
ments for relatively high albedos and high transmittances.

Normalized Functions

Normalized functions have the convenient property
of always integrating to one. Thus from Eq. (2.6) we see
that the normalized scattering function is o(z,8)/s(z)
since

floG.p)/s@ an =1 (2.42)
47

similarly the normalized scattering path function from
Eq. (2.27) is L. (2,6,¢)/(s(2)e(2)) since

JL, cos)an / s@e@) =1 (2.43)
4

Whereas the normalized path function for a medium
which emits as well as scatters according to Egs. (2.27)
and (2.29) is

[ Lu.0.01d0 [ [s@e@) + a@m, D] = 1. (2.44)
4

Since the equilibrium radiance is the path function
divided by the attenuation coefficient (Eq. 2.14) the nor-
malized equilibrium radiance for an emitting and scatter-
ing medium is

J1,c8040 a@)/[s@e@ +a@ma DI =1, (2.45)
4

The single scattering albedo w is defined as the ratio of the
scattering to the attenuation coefficient

w(z) =5(2)/alz) . (2.46)

The normalized equilibrium radiance can be expressed in
terms of the single scattering albedo as

J 1,66 40 / {o@e@) + 11 - @] mO, D) = 1. 2.47)
4

Visible Spectrum. For the visible spectrum where
emission is negligible the integral of the equilibrium radi-
ance divided by the total scalar irradiance is equal to the
single scattering albedo

[ 1,026,040/ e = (@) . (2.48)
4

Thus when there is no absorption the equilibrium
radiance divided by the total scalar irradiance is the nor-
malized equilibrium radiance,

Jr,cowanse:=1. (2.49)
a7

2.3 Integrating the £quation of Transfer

The equation of transfer for radiance Eq. (2.1) when
integrated over path length r yields (Eq. | Duntley et al.
(1957), Eq. 1 Section 3.15 Preisendorfer (1976) and
Eq. 50 Chandrasekhar (1960))

L,(z0.6) =L,(z.0.8) T,(z,6) + L'(z.6,¢) . (2.50)

This equation relates the apparent radiance L,(z,0,¢) at
the sensor altitude z to the inherent radiance L,(z,.,0,¢) at
the target or object altitude z to the radiance transmit-
tance 7,(z,8) and the path radiance L)(z,8,¢). The
transmittance is expressed as a function of 8 but not ¢
since transmittance is not azimuth dependent as long as
the attenuation coefficient is assumed to be solely a func-
tion of altitude, i.e., the attenuation coefficient is isotropic
horizontally.

The radiance transmittance is defined as

T.(z.0) =expl —1,,(z)sec ] . .50

The 14,(z) is the optical thickness in the altitude interval
Az (z to z). The optical thickness is equal to the integral
of the attenuation coefficient from z to z

b4

1@ = [ a)z .

4

(2.52)

The path radiance is the integral of the path func-
tion times the intervening transmittance (Duntley er al.
(1957) Eq. (17))

L'(z,0,6) =fL,.(z,,0,d>) T, ,(z.9)secOdz (2.53)
i

where r, is from z, to z.

Horizontal Case

The path radiance for the horizontal case can be
expressed as

L'z90.0) = L9098 [ T, 90a  (2.54)

since the path function is homogeneous horizontally if
the attenuation coefficient is horizontally isotropic. By



multiplying the numerator and denominator by a(z) we
can integrate to get

L(z,90.¢) = L, (z90.8)[1 = T,(z90)] / a(z) (2.55)
or from Eq. (2.14)

L(2.90,6) = L,(z,90,¢) 1I-7,(z,90) . (2.56)

This is the standard equation for the horizontal path of
sight which holds for a scattering, absorbing and emitting
medium which is horizontally homogeneous.

Since the sky radiance is the path radiance from
space-to-earth, the horizon sky radiance is

L2 (2,90,¢) = L,(2,90.8) [1 - T(z90] . (2.57)

The transmittance from space-to-earth at zenith angle 6 is
a function of the vertical transmittance and the relative
optical airmass mw(z,8)/ m.(z,0). Therefore

m_(2,90)/m_ (2,0}

T.(2,90) = T, (2,00 (2.58)

Air Mass

The absolute optical airmass m.(z,8) is the mass of
an aircolumn of unit cross section which is the integral of
the density over the path length from altitude z to oo

meo(2,0) = [ p(ar . (2.59)

The relative optical airmass is the ratio of the airmass at
some angle 6 to the vertical airmass m..(z,8)/m.(z,0). In
computations of the optical air mass, the incremental path
length Ar, is computed using Eq. (2.19) which takes into
account both the curvature of the earth and refraction.
For the computations herein the mean earth radius was
used.

The square of the refractive index is expressed as a
function of the density ratio by Kasten (1965)

(n2)/nz))2=1+2[n(z) =111 —p(z) / p()] (2.60)
T [

To a good approximation, the refractive index can be
expressed as a function of density as

[n(z) =11/ p(2) = [n(0) — 1] / p(0) . (2.61)

Substituting Eq. (2.61) into Eq. (2.60) we get an equation
in terms of the refractive index at sea level as follows:
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[n(2)/n(z)]?

=1+2[n0) = 1lp(2) /p(® - p(z) / pO] . (2.62)

The refractive index is determined using the disper-
sion formula of Edlen (1953) for the refractive modulus
N(0) at 15 degrees Celsius sea level appropriate for a den-
sity of 1.2250 kg m™3 (the standard atmosphere sea level
density),

N(0) = 64.328 + 29498.10/ (146 — 1/A?)

+255.40/ (41 — 1/\Y) , (2.63)
where A is in uwm. The refractive modulus is related to
the index of refraction by
N©) = [n(0) — 111E6 . (2.64)
Computations of relative airmass were made for sea
level and 6 kilometers altitude using density values based
on the U. S. Standard Atmosphere (1976) and the warmest
and coldest supplementary atmospheres in the U. S. Stan-
dard Atmosphere Supplements (1966). The density at each
altitude was obtained by truncated Chebyshev expansion
using coefficients for the atmospheres between 0 and 80
kilometers U. S. Standard Atmosphere Supplements (1966)
Tables 4.2, 4.3, 4.6, and 4.11). Computations for the
standard atmosphere for 0 to 200 kilometers agreed within
1 percent with the results for 0 to 80 kilometers, therefore
the results reported in Table 2.1 are for 0 to 80 kilometers
for all three atmospheres.

The computations were made for a wavelength of
700 nanometers. Gast et al. (1965) indicate less than a 1
percent change in relative air mass for even a 90 degree
zenith angle for wavelengths from 300 to 3000 nanome-
ters. The values in Table 2.1 for the standard atmosphere
at sea level agree within 0.1 percent of the Gast et al.
(1965) values for 700 nanometers except at 90 degrees
where they agree within 0.9 percent.

Table 2.1 presents values of relative optical airmass
for angles 70 to 90 degrees. From 0 to 70 degrees, the
relative airmass is equal to sec#® within 1 percent. The 45
degree North Spring/Fall values are appropriate for the
U. S. Standard Atmosphere (1976). For purposes of com-
parison, the values for Bemporad from Gast et al. (1965)
are given in Column 2 and for Kasten (1965) in Column
3. Bemporad assumed a sea level temperature of 0
degrees Celsius and a wavelength of 540 nanometers.
Kasten used the ARDC (1959) densities which are essen-
tially equivalent to the U. S. Standard Atmosphere (1976)
and a wavelength of 700 nanometers.

Our computations compare well to the Kasten
(1965) values except at zenith angle 90 degrees. Since his
90 degree value is also at odds with the Gast ef al. (1965)
values, his 90 degree approximation technique may be
inadequate (there are special computational problems at 90
degrees). Bemporad’s values lie as expected between the
45 degree Spring/Fall values and the 60 degree North
(cold) values as does his ground level temperature.



Table 2.1. Relative optical air mass

Sensor at Sea Level Sensor at 6 Kilometers
Selected Mmey(0,8) /m  (0,0°) mo,(6.6)/m(6,0°)
Zemith
Angles
P From Std Atmos 1976 From Std Atmos 1976
(degrees) || Bemporad | Kasten | 350y 45°N 60°N 30°N 45°N 60°N
July Spring/Fall | Jan (cotd) July Spring/Fall | Jan (cold)
70 2904 2902 2900 2902 2903 2902 2903 2904
75 382 38 3808 3811 3815 3sn 3813 3815
76 407 4 069 4065 4068 4074 4 069 4072 4074
77 437 4364 4 360 4 364 437 4 365 4 368 43N
78 472 4707 4702 4707 4715 4709 41712 4716
9 512 5109 5102 5108 5119 5110 5115 5120
80 560 5585 5575 5584 5598 5587 5593 5600
81 618 6158 6145 6157 6176 6161 6169 6178
82 688 6 859 6 841 6857 6883 6862 6874 6 886
83 777 7733 7708 713 71768 7139 775§ 17172
84 890 8851 8814 8848 8903 8859 8883 8908
85 1039 10322 | 10265 10318 10 402 10 334 10372 10411
86 1244 12327 | 12234 12 320 12 459 12 345 12411 12473
87 1536 15180 | 15017 15167 15418 15 209 15330 15 441
88 1979 19460 | 19155 19436 19940 19 506 19755 19972
89 26 96 26315 | 25684 26 260 27 451 26 374 26947 27438
895 31390 | 30437 31285 33303 31447 32348 33135
90 397 36265 | 36537 37756 41 359 37904 39297 40 555
Wavelength 540 700 700 700 700 700 700 700
(nm)
Temperature 0 15 3143 15 <1587 -6 63 -2396 <3899
(°C)
In order to evaluate the effect of sensor altitude on atmosphere except at 90 degrees (the temperature

the relative air mass, the 6 kilometer values are divided by
the sea level values and the ratio given in Table 2.2 for 86
to 90 degrees. The relative airmass values agree for 6
kilometers with the sea level values within 1 percent from
70 to 86 degrees regardless of temperature. The largest
altitude difference is +4.1 percent for the U.S. Standard
Atmosphere at 90 degrees zenith angle. Altitude affects
the relative airmass less than 1 percent for the coldest

difference 0 to 6 kilometers is also smallest for the 60
degree North (cold) atmosphere).

The effect of temperature on the relative airmass is
evaluated by ratioing the warmer and colder atmosphere
values to the Standard Atmosphere values at 45 degrees
North in Table 2.2. The effect of temperature is generally
greater than the effect of sensor altitude. Also the effect
of temperature is greater at sea level than at 6 kilometers.

Table 2.2. Alutude and temperature effects upon relative optical airmass

Sun ALTITUDE EFFECTS TEMPERATURE EFFECTS

Zenith "6km to Sea-Level” Ratios “Warm-Cold to Standard” Ratios

Angle 7

° o o Sea Level Kilometers
R 30 45 60 2
(degrees) July- Spring/Fall Jan (cold) J0°N/45°N 60°N/45°N 30°N/45°N 60°N/45°N

86 1009 1007 1001 93 1on 995 1005
87 1013 1012 1001 990 1017 992 1007
88 1018 1016 1002 986 1026 987 1011
89 1027 1026 1 000 978 1045 979 1018
895 1033 1034 995 973 1065 972 1024
90 1037 1041 981 968 1095 965 1032
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Horizon Sky Equilibrium Radiance

As can be seen from Eq. (2.57) when the transmit-
tance T.(z,90) is negligible, the horizon sky radiance is
equal to the equilibrium radiance. In order to determine
the minimum vertical transmittance necessary to produce
a honzon sky radiance at equilibrium let us rearrange
Eq. (2.58) as follows

In Too(2,0) = In Toy(2,90)/ [m.(2,90) / mo.(z, 0] . (2.65)

For 3 percent accuracy, 7T-(z,90) would be 0.03, then
solving Eq. (2.65) using the relative airmass value for the
standard atmosphere, we find that 7..(z,0) = 0.911. Thus
for all vertical transmittances 0.911 or less, the horizon
sky will be the equilibrium radiance to an accuracy of 3
percent or better. The Rayleigh transmittance for a
wavelength of 555 nanometers for the Standard Atmo-
sphere is 0.910. Thus for all wavelengths 555 nanometers
or smaller, the horizon sky radiance will always be equal
to the equilibrium radiance at sea level. Since the photo-
pic has been found to be similar to the narrow band meas-
urements at 555 nanometers, the photopic horizon sky
radiance at sea level is also always reasonably equal to the
equilibrium radiance for non-cloudy days.

The Rayleigh horizontal transmittance at 6 kilome-
ters can be related to the vertical sea level transmittance
by

m,(6,90)/m_(0,0)

R T(6,90) = T, (0,00 (2.66)

Values of absolute vertical airmass, and relative vertical
airmass for sea level and 6 kilometers are given in Table
2.3 for the same three atmospheres as in Table 2.1. Since

me,(6,90) m(6,0)

m.,(6,0) m(0,0) ~ (2.67)

Mo (6,90)/ M, (0,0) =

We now have the basis for evaluating Eq. (2.66).
Using an equation similar to Eq. (2.65), we can now
evaluate the vertical Rayleigh sea level transmittance
necessary to produce a horizon sky radiance at 6 kilome-
ters equal to the equilibrium radiance to an accuracy of 3

percent. This turns out to be 7..(0,0) = 0.826. Since the
Rayleigh transmittance for 465 nanometers wavelength for
the Standard Atmosphere is 0.823, the horizon sky radi-
ances at 6 kilometers for wavelengths 465 nanometers or
less will always be at equilibrium in cloudless skies.

2.4 Integrating the Equation of Transfer
for Irradiance

The equation of transfer for irradiance Eq. (2.35)
can be rearranged so that both sides can be integrated with
respect to altitude. The limits of integration are between
z, and z as we descend into the atmosphere so that z, is
greater than z,

£(z) z
f dé(z) =fa(z)[m(>\,T) —e(2)]dz . (2.68)
z)

£z, %

The left hand term is easily integrated but the right hand
term is not. Partially integrated Eq. (2.68) becomes

£(z) — £(z,) =fa(z)[m()\,7') —-e)1dz.  (2.69)

%

Approximate Solution

A reasonable approximation to the integration can
be obtained if we assume that the change in the difference
[ m(\,T)—e(z) ] is small enough from z, to z such that
an average value [ m(x,T)—e(Az) ] can be substituted.
Substituting in the average scalar irradiance and exitance
difference which can now be taken out of the integral we
get

£(2) —£(z)) = m\.T) — e(Az) ]fa(z)dz . (2.70)

o

The integral of the absorption with altitude is the optical
thickness due to absorption ,t4,(z) therefore

£(z) = €(z)) = 1, [mO\T) —e(@z) 1. (2.71)

Table 2.3. Temporal and latitudinal comparisons of vertical optical airmass.

Latitude ABSOLUTE AIR MASS RELATIVE AIRMASS
and at Sea Level at 6km Alutude Ratio
Season oy (0,09 ke/m? m, (6,09 ke/m? o (6.0)/m (0,09

°N
30 103734E4 5 05429E3 4872
July
45°N
Spring/Fall 103566E4 4 8367SE3 4670
60°N
Jan 1034437E4 4 56196E3 410

* The notation E4 is equivalent to 104



The error in the resultant optical thickness is probably less
than the variability of the difference [m(x,T)—e(z)] from
the average value. This is an approximate equation for
the net irradiance change with altitude.

An expression for the absorption optical thickness
can be obtained by rearranging Eq. (2.71)

alaz =16 =€) 1/ mnT —elaz) 1. (2.72)

Thus if one has a measure of ambient temperature and
downwelling, upwelling and scalar irradiance at two alti-
tudes z, and z where z, is greater than z, the absorption
optical thickness can be obtained.

No Absorption. When there is no absorption and
hence no emission, Eq. (2.71) becomes

£(2) - £(z,) = 0 (2.73)
or substituting in Eq. (2.34)
E(z,d) — E(z,u) = E(z,,d) — E(z,,u) . 2.749)

When there is no absorption the net irradiance does not
change with altitude.

The albedo A(z) is defined as the ratio of the
upwelling to the downwelling irradiance,

Az = E(z,u)/ E(z,d) . 2.75)

Substituting Eq. (2.75) into Eq. (2.74) we get an expres-
sion in terms of downwelling irradiance and the albedo

E(z,d)[1 - 4(2)] = E(zo,d)[l - A(zo)] . (2.76)

Thus the apparent albedo change with altitude is directly
linked to the downwelling irradiance change with altitude
when there is no absorption.

The albedo out-of-the-atmosphere A (e0) can be
computed when the albedo and the downwelling irradiance
at altitude z are known since the downwelling irradiance
out of the atmosphere is the solar scalar irradiance ;e (o)
times the cosine of the sun zenith angle

E(eo,d) = je(oo)cosh . 2.77)

Substituting Eq. (2.77) into Eq. (2.76) and rearranging we
get

A() =1 — E(z,d)[1 = 4(2)] / [je(o0)cosh ] . (2.78)

For example, if we assume the photopic clear day to
have negligible absorption, we can use the illuminances
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from Brown (1952) to compute the albedo out of the
atmosphere assuming various albedos at ground level.
Using ,e{o0) = 1.89E3 W/m*um and the Brown (1952)
illuminances converted to irradiance in the same units
(see Appendix A for details on the photopic as a broad-
band sensor), the results are shown in Table 2.4 and Fig.
2-4 for various ground level albedos. Ground level albedo
A (0) equal to 0.1 is probably the most reasonable in rela-
tion to the Brown (1952) illuminances.

Table 2.4. Albedo out-of-the-atmosphere for 4 non-absorbing
atmosphere based on Brown (1952) and Eq (2.78)

Sun Downwelling ALBEDO OUT-OF-THE-ATMOSPHERE, A ()
Zenith Irradiance
Angle from Selected Ground Albedos, A(Q)
N Brown ('52) 0 01 03 08
(degrees) (W/mum) 1o
0 1 70E3 0101 0190 0280 0820 10
40 117E3 0192 0273 0354 0838 10
60 6 47E2 0315 0384 0452 0863 10
80 1 SIE2 0540 | 0586 0632 0908 10
»E 1.00 T T T T T T v T
- | Ground Leve! Albedo
Pod / B
wi %
o 80 ~ —
58]
= L
A -
8
> 60 .
=
< L
R 4
Z
- 40 -
L 40 20
Q 10
5 = -
0
o 20 -
Q
@)
d 4
[+2]
-
< 0 1 1 1 | 1 1 1 I
0 20 40 60 80

SUN ZENITH ANGLE (Degrees)

Fig. 2-4. Albedo out-of-the-atmosphere for a non-absorbing
atmosphere, based upon Brown (1952) and Eq.(2 78).

Integrating for Scalar Irradiance

The equation of transfer for scalar irradiance
Eq. 2.40 can be integrated by first dividing both sides by
€(z). Now multiplying by 4 z and integrating from z, to z
where 2z, is greater than z as we descend into the atmo-
sphere,

e(g) 2
‘f de(z)/e(z) = —fa(z) f L—(:(’f%»secodﬂdz . (2.79)
) o 4

€
Zo b4



Again the left hand term is easily integrated but the right
hand is not. Let us define a function D(z) which is a
semi-normalized function of the 4 radiance distribution
at altitude z

D) = [ L(z,0.6)5ec0d0 ] e(2) | (2.80)
4

The D(z) is the unitless weighting function for the
integral of absorption with altitude as it affects the change
of scalar irradiance with altitude. An alternate way of
expressing Eq. (2.80) is to separate out the sun term and
to express the more diffuse radiances as a radiance
difference, sky minus terrain as in Eq. (2.41)

D(z2) = sech; (e(z)/e(2)

+J[L(z,0',¢') —Lz,m — 0,9 ])sec0'dQ | e(z) .(2.81)

The first term is exact but the second term at large
zenith angles becomes an approximation since sec§’
becomes very large near 90 degrees. Fortunately, at 90
degrees, AL is zero.

Now substituting Eq. (2.80) into Eq. (2.79) and
integrating the lefthand side we get

In le(2)/e(z)] = [ a(:)D(2) etz . (2.82)

0

This is the partially integrated equation for the change of
scalar irradiance with altitude.

Approximate Solution. A reasonable approximation
to the integration can be obtained if we assume that the
change in D(z) is small between z, and z so that an aver-
age value D(Az) can be substituted

In [e()/ez)l = -D(82) fa)dz.  (2.83)
or in terms of the absorption optical thickness
In le(z)/e(z,)] = =D(A2) 41,,(2) . (2.84)

The error in the resultant optical thickness is again prob-
ably less than the variability of the D(z) from the average.
This is an approximate solution for the change of scalar
irradiance with altitude.

In order to obtain a measure of absorption optical
thickness between two altitudes, we would rearrange
Eq. (2.84) thus

alaz(zZ)=In [e(zo) / €(2)] / D(Az) . (2.85)
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Equation (2.85) indicates that one needs a measure-
ment of the 47 radiance distribution at both altitudes in
order to compute the scalar irradiance and the radiance
distribution function D(z).

Water as a Scattering and Absorbing Medium. As an
interesting and illustrative aside, one may consider the
application of the foregoing equations within the hydrolog-
ical context. Although the principal emission mechanism
in water is thermal there is also bioluminescence.
Bioluminescence is essentially chemiluminescence, that is,
energy from chemical reaction instituted by biological
organisms. It is also isotropic. Thus in water the total
emittance path function is L.e(d)=L.a(d)+L.b(d). In

water the radiances are denoted in terms of the depth 4
beneath the water surface rather than the height above the
sea floor z. Since the path function due to biolumines-
cence is isotropic, the equation of transfer for scalar irradi-
ance Eq. (2.40) is appropriate for water whether
bioluminescence is present or not. On the other hand, the
equation of transfer for irradiance Eq. (2.35) only applies
to water when bioluminescence is not present, otherwise,
a bioluminescent term must be added. Also in the visible
spectrum in water, thermal emission is negligible as it is in
the troposphere. In water, below a certain depth d, the
light distribution becomes asymptotic, with the sun no
longer a separate component. Thus the function D{(d;)
which is solely a function of the lighting distribution
becomes a constant and can be expressed as the right
hand term of Eq. (2.81)

D(dy)
= )f [L(d),0,¢") — L{d},m —~ 8',¢))sec6’dQ | e(d,).(2.86)
Also at depth d; and below, absorption is constant.

Therefore the equation of transfer for scalar irradiance
Eq. (2.79) becomes

elg)
f de(d)/e(d) = —a D(dl)f dd . (2.87)
€ do) d,
This is easily integrated with depth to become
In le(@)/e(d,)) = - a D(d)d - d), (2.88)

where d, must be at or below d; the depth at which the
lighting distribution becomes asymptotic.

In water, the constant k is defined as [Eq. 7 Section
1.2 Vol. I Preisendorfer (1976)]

Inle(d)/e(d,)] = —k(d—d) . (2.89)

Therefore Eq. (2.88) together with Eq. (2.89) give us an
equation for k in terms of the absorption @ and the



asymptotic hghung distribution function D defined by
Eq (2 86),

k = aD(d)) (2 90)

Thus, having noted the conceptual similarities between the
hydrosphere and atmosphere, our discussion returns to
the subject at hand, the atmosphere as a radiative transfer
medium

Discussion

Equations (2 71) and (2 84) which describe net irra-
diance and scalar irradiance are essentially three dimen-
sional They address the effect of absorption over an area
as well as vertically They do not assume homogeneity
but they do assume a relatively small change In
m(x, T)—e(z), and D(z) over the alutude interval Thus
clouds may be present and the equations can stll be valid
The equations assume z, 1s vertically above z and describe
a single point in time

When there are clouds in the altitude increment Az,
Eq (2 85) should indicate absorption This 1s an absorp-
tion based on the 47 lighting distribution Thus, even 1f
there 1s no absorption in the direction of the sun, the
presence of clouds will affect the 47 highting distribution
and absorption should be indicated

We now have two equations Eq (272) and (2 84)
to obtain the absorption optical thickness Therefore 1t
should be possible to use them simultaneously as a check
on the efficacy of the approximate solutions, that 1s

alaz (@) = [£(x) —£(z) )/ [(mO\ D) —e(az) ]

=In [e(z,) / €(2)} / D(A2) (291)
Visible Spectrum In the visible spectrum, the emus-
sion 1s neghgible therefore Eq (2 91) simplifies to

olar () = [6G)—£@) [ €(A2)

=In [e(z,) / e(2)] / D(Az) (292)

The above equations are monochromatic They are,
however, reasonable engineering approximations for a
broadband sensor when the absorption 1s primarily in
broadband continua or due to the suspended particles or
water droplets and not line or band spectra This holds
reasonably well (n the atmosphere in the visible portion of
the spectrum

To test Eq (292) and to get an understanding of
the hghting distribution function D(z), we used the sky
and terrain radiances measured for Filter 2 mean
wavelength 478 nanometers on flight C-466 in Meppen,
Germany on 15 August 1978 during project OPAQUE V
described 1n Johnson and Gordon (1980) The altitude z,
was chosen as the highest altitude flown 6 kilometers and
the z used was for the lowest altitude flown 02 kilome-
ters Thus Az equals § 8 kilometers The sun was unob-
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scured at both aluitudes but there were scattered cirrus
clouds

The first step was to correct the scanner data in the
region 0 to 25 degrees scaltering angle from the sun
Recent scanner tests indicate spurious sun reflection in sky
radiance measurements near the sun The method used
was similar to the Barteneva (1960) method for extrapo-
lating the volume scattering function near scattering angle
0 degrees We assumed log sky radiance at each zenith
angle to be linear with cos8 from 0 to 30 degrees The
slope of the line was established by the values near 30
degrees scattering angle

The next step was to obtain a measure of radiance
transmittance appropriate for the unobscured sun This
was done using the solar almucantar sky radiances in a
method described later in Section 4 6

As a check, the resultant computed downwelling
irradiances were compared to the irradiometer measure-
ments The irradiances computed from the sky-terrain
scanner measurements are given in Table 25 together
with the ratios to the irradiometer values The computed
downwelling 1rradiances compare as well or better than
the upwelling irradiances and thus the corrected sky radi-
ances were considered reasonable

For computing the radiance distribution function
D(z), Eq (2 81) was rewnitten as

D(z2) = sect; (e(z)/e(2)
n/
+ 2 f [L(z,6") = L(z,m = 8)])sece’dd’ [ e(z) (293)

The average radiance L(z,0") for each zenith angle was
computed by summung the radiances for all 60 azimuths
and dividing by 60 The resultant average radiance
differences L(z,0')—L (z,7—@') are graphed in Fig 2-5

The computations of the distribution function D(z)
using Eq (293) are given 1in Table 26 Note that the
second or sky-terrain term 1s relatively small (23 percent
of the total) at high altitude but more than half the total at
low altitude

The evaluation of Eq (292) 1s also shown n
Table 2 6 together with the average absorption optical
thickness based on an average of the values using the two
methods The average differs from the individual evalua-
tions by +9 percent This compares well to the estimate
of error for each value The estimated error for
Eq (272) 1s +8 percent based on the varnability of the
difference [m (A, T)—e(z)] from the average Whereas the
estimated error for Eq (2 85) 1s 14 7% based on the varna-
bility of D(Az) from the average value

The resultant absorption optical thickness probably
errs on the high side since no attempt was made to correct
for the small sun zenith angle change between the meas-
urements at 6 kilometers and 0 2 kilometers

The above 1s too small a sample to validate the
method but 1s encouraging enough to indicate further
development might prove fruitful



Table 2.5a. Computed scalar irradiances for fight C-466,
filter 2 X = 478nm.

COMPUTED SCALAR IRRADIANCES (W/mzpm)

SPECIFIC Average Change
IRRADIANCE Over Over
COMPONENT At 6km At 2km Altitude Alutude

€(6) €(2) €(az) Inle (z)/e (2)]
Sun Se(:) 1796 1113
Sky €(z d) 338 838
Upwelling €(z u) 424 227
Tolal €(z) 2558 2178 2368 1608
Albedo (A 199 119

Table 2.5b. Computed flat plate irradiances for fight C-466,
filter 2, A = 478 nm

COMPUTED FLAT PLATE IRRADIANCES (W/mzum)
SPECIFIC
IRRADIANCE COMPONENT AL6 km £(6) Al Zkm E(2)
Calculated from Scanner Calculated from Scanner
Sun SE(z) 1359 757
Sky dE(z‘d) 114 380
Total Downweliling £(z,d) 1473 1137
Total Upwelling E(z,u) 187 77
Albedo, A(z) 127 069
Net £(2) 1286 1060
Calculated-Measured Ratios
Downwelling (Scan/Irrad) 104 102
Upwelling (Scan/Irrad) 096 111
Table 2.6a. Lighting distribution function D(z) from Eq. (2.93), Table 2.6b. Comparison of absorption
fught C-466, filter 2, X = 478 nm. optical thickness determinations.
Specific DISTRIBUTION FUNCTION D(z) Computed Absorption
Distribution At 6km At 2km Computational Optical Thickness
Component D(6) D(2) Procedure o (2)
a'ss
Sun 0928 0751
Sky-Terrain 0274 0865 F’°m£°‘(2"7';‘;'a"°° 00954
Total 1202 1
o 616 From Scalar Irradiance 01141
= Eq (285)
Average D(Az) 1409
Average Value 01048
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Average radiance difference L(z,0)~L(z,7—8) for
flight C-466, filter 2 (A = 478 nm).

Fig. 2-5.

Earth Curvature Effects

The above equations were developed for a plane
parallel atmosphere. Refraction and earth curvature
effects were ignored. However, for upward and downward
paths of sight between 6 kilometers and ground level, the
incremental path length Ar, is affected to a significant
extent by earth curvature and refraction for the longer
slant paths of sight. For these paths of sight, the incre-
mental path length Ar is computed from Eq. (2.19).

As indicated earlier, the Ar for a constant Az is
shorter at altitude than at ground level for upward paths at
zenith angles greater than 70 degrees, and longer at
ground level than at altitude for downward paths of sight
less than 110 degrees in zenith angle. The ratio of the
incremental path length at ground level and 6 kilometers
for these paths is given in Table 2.7. The Ar values were
computed from Eq. (2.19) for a refractive index appropri-
ate for a wavelength of 700 nm and standard atmosphere
densities. There is no ratio for zenith angles 92 and 91
degrees since at these angles the path of sight does not
intersect the surface of the earth due to earth curvature.

The Ar at the sensor position is equivalent to sec#.
It is the Ar at the beginning of the flux path that departs
from sec® by the ratios indicated in Table 2.7. These
ratios indicate the maximum error in using sec@ for these
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Table 2.7. Ratio of incremental path length Ar(z,)/Ar(z) for
Az = 30 meter increments for both upward and downward paths
of sight between ground level (z =0) and 6 km (z = 6).

Zenith Upward Paths Zenith Downward Paths
Angle of Sight Angle of Sight
] [
{degrees) | Ar(6)/Ar(0) (degrees) Ar(0)/ar(6)

70 994 110 1 006

75 989 105 1012

76 987 104 1013

77 985 103 1016

78 982 102 1019

9 979 101 1022

80 975 100 1027

81 969 99 1034

82 961 98 1044

83 950 97 1059

84 934 96 1083

85 908 95 1127

86 866 94 1225

87 192 93 1 569

88 654

89 397

angles for paths between 0 and 6 km. The error is less
than 3 percent for paths from 70 to 80 and 100 to 110
degrees.

For paths from 80 to 100 degrees, it is appropriate
to compute the relative airmass to compare to secd. The
absolute airmass was computed using Eq. (2.59) integrat-
ing from 0 to 6 km. Values of relative airmass, and the
ratios to secf for selected zenith angles from 80 to 100
degrees are given in Table 2.8. Use of secf to obtain Ar
for a 6 kilometer altitude increment introduces an error of
+1.1 to +4.5 percent for 80 to 85 degrees zenith angle
and an error of -1.5 to -6.3 percent for 95 to 100 degrees.
This is small enough to be neglected. However, at 87
degrees the error is +11.6 percent and at 93 degrees the
error is -20.2 percent.

Checking back into the computations we found that
the contribution to D(z) at zenith angle 87.5 degrees is
large at high altitude, essentially all of the second term.
Whereas at low altitude the radiance difference at 87.5
degrees is less relative to the other zenith angles so that it
comprises only 18 percent of the second term or 10 per-
cent of the total. The contribution of the radiance
difference at 87.5 degrees is probably the most question-
able part of the evaluation of the distribution function
D(z). Thus the uncertainty of D(6km) is on the order of
23 percent and of D(0.2km) is 10 percent.



Table 2.8. Companison of relative optical airmass, m, (z,8)/m,(z,0)
to sec® (computed using Az = 30 meters for vertical path of 6 km).

UPWARD PATHS OF SIGHT

DOWNWARD PATHS OF SIGHT

Zemith Zenith
Angle Relative Angle Relative
95 Airmass Ratio 6 Airmass Ratio
m,(0,0) sect m,(6,9) —sect
(degrees) sech m6(0.0) Rel Airmass (degrees) sech m6(6.180) Rel Airmass
80 5759 5694 1011 100 5759 5845 985
85 11474 10 982 1 045 95 11474 12244 937
87 19 107 17121 1116 93 19107 23939 798

3. SOLAR ALMUCANTAR

3.1 Sky Radiance

The almucantar is the part of the sky at a constant
zenith angle, all azimuths. The solar almucantar is the sky
at the zenith angle of the sun 8,. The sky radiance in the
solar almucantar is the path radiance out-of-the-
atmosphere to the sensor at altitude z. The sky radiance
can be expressed as

L2608 = | LG 0.9) T, zoJdr . (3.1)

The path function L.(z,8,,¢) can be expressed in

terms of a sun component, a sky-terrain component and
an emitted component

L,(z,8,,¢) = (2)a(z,8)

+ i L(8.¢)0(,8)d+L, @) . (3.2)

or
L.(z,8,.0) = se(z)[o-(z,B)
+ [ L8810 B)d0/ ()
47

+L, (2)/ )] . (3.3)
a

Let the last two terms be designated by the function C(z)
such that

€@ = [ LG# ) pId ) + L, @) . (3.4)

4

Substituting Egs. (3.3) and (3.4) into Eq. (3.1) we get

Z

L2208 = | G)T, (2,0)[0(.0 + CGldr . (3.5)

oo

The sun scalar irradiance and the transmittance can
be expressed as a function of the sun irradiance out of the
atmosphere ;e{(c0) as follows

Z

€T (2,8 = eexp - [ a@ar— [ a)ar] . (3.6)

4

The two integrals can be combined and expressed in terms
of the limits oo to z which is equivalent to the total
transmittance, thus

s€C2)T, (2,0,) = e(00) To(z,8,) = (e(2) . 3.7

Now substituting into Eq. (3.5), the sun irradiance can be
taken out of the integral and we get

Lo, 0@ = [ [0es) +C@lar.  (3.8)

The quantity in the square brackets is a function of
altitude and not of zenith angle, therefore

f lo(z,8) + C2)dr

= [mu(2,6)/mu(2,0)] [[o(z.8) + CDdz . (3.9)

where mo(z,0,)/m(z,0) is the relative optical airmass at
@,. For altitudes up to 6 kilometers we can use the sea
level value for sun zenith angles 0 to 86 degrees so for
convenience we will shorten this to m(#8,). Substituting
back into Eq. (3.8) we get

LG, 0V e@m@)) = [ oo + Cldz.  (3.10)

The right hand term can be separated into two parts

Jloep+coNe=foepae+ [ coa. @11

oo
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Now let us define an optical thickness function 7.(z,8)
such that

T {(z,8) =f a(z.8)dz . 3.12)

o

The integral of the optical thickness function over 4= is
the optical thickness due to scattering f..(z)

S,m(z)=£ Tolz,8)d 2 (3.13)
since the optical thickness due to scattering is the integral
of the total scattering coefficient with altitude

sleo(2) =_Z s(2)dz . (3.14)
Substituting Eq. (3.12) into Eq. (3.10) we get
Lo (2,8,.0)/[e(2)m®0))] = 7..(z,8) +£ C2)dz . (3.19)

This is the basic equation for the radiance in the
solar almucantar and how it relates to the sun scalar irradi-
ance, the optical airmass, the optical thickness function
and one additive component defined by Eq. (3.4).

3.2 Optical Stability

Transmittances from Solar or

Solar Almucantar Radiances

The atmosphere is considered to be optically stable
when the atmospheric transmittance does not change with
time. When the day is optically stable, measurements of
the apparent sun radiance ;L..(z,8,,0) made over a large
range of sun zenith angle can yield a good measure of
total transmittance T.(z,0) and the inherent sun radiance
s L, ()

Loo(2.0,.0) = L, () T (2,0) . (3.16)
Taking the log of both sides of Eq. (3.16) we get
10g Leo(z,05,0) = log (L, () + m(8,) log Too(z,0) . 3.17)

Graphs of apparent sun radiance on semi-log paper of log
apparent sun radiance versus airmass yield the typical
Langley (or Bouguer) graph where log inherent sun radi-
ance is the intercept and log transmittance is the slope.

Variations of Eq. (3.15) give both another method
for obtaining the total transmittance and several ways of
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checking the optical stability. Equation (3.15) can also be
written as

Lo (z,8,.8)/m(8)

m(f)s)

= Tz 0" etoo)[rn(z.8) + [ Cl2)z] . (3.18)

Taking the log of both sides we get

log(Lo (2,0,.8)/m@®)] = m(8,) log Too(2,0) + log4 (3.19)

where

4= el)r,p) + [ C)a] . (3.20)

For an optically stable day, 4 should be constant for
a given angle from sun. Thus the sky radiance at a con-
stant 8 in the solar almucantar can be used to obtain the
beam transmittance when measured over a large range of
airmass values on an optically stable day. A semi-log
graph of loglL.. (z,0,,8)/m(8,)] versus airmass would be
linear with a slope of log transmittance and an intercept at
logA. The transmittance obtained from the sun radiance
using Eq. (3.17) and the transmittance obtained from the
sky radiance in the solar almucantar are then averaged to
obtain the most accurate value.

Tashenov (1970) used this method with measure-
ments of the solar aureole to obtain spectral transmittance
in the region 410 to 735 nanometers.

Tests to Determine Optical Stability

Pyaskovskaya-Fesenkova (1970) outlines two tests
for optical stability as well as a unique equation for
transmittance which is valid only for optically stable days.

The first test is to graph for a constant scattering
angle the ratio L., (z,8,,8)/[e(z)m(8,)] versus m(9,).
As can be seen from Eq. (3.15), if the day is opticaily
stable the right hand term is constant. Therefore this
graph should result in a horizontal straight line. That is,
for an optically stable day

Lo (z,0,.8)/e(2)m®B)] = B (3.21)

where

B =1,(z.,8) +f C(2)dz . (3.22)

The second test for optical stability is to graph the
ratio L (z,0,,8)/,e(z) versus relative airmass for a con-
stant 8. The graph should result in a straight line going
through the origin on an optically stable day. To under-
stand this, Eq. (3.15) is rewritten in the form



Lo (z 0, B/ e(z) =mo) B (323)
The B 1s now the slope and the intercept 1s zero

If the day 1s optically stable a graph of solar almu-
cantar radiance at a constant scattering angle versus air-

mass will yield a value of transmittance as follows If we
write Eq (3 21) 1n the form
LL(z0.8) = ()T (.0 m) B (324)

and differentiate (only the sky radiance and the air mass
are variables, the inherent sun scalar irradiance, B and the
transmittance are constant), we get

dLo, (2,6,,8)

m(8.)

= B () Too(2,00" 5 d m@)[14m(8)InT, (2,00 (3 25)

Equation (3 25) 1s only valid when the angle from sun is
constant, the vertical transmittance from space to sensor 1s

constant and the day s optically stable Setting
dL., (z,,,8) equal to zero and rearranging we get
InTe(z,00 = =1/m(8)) (3 26)

where 6, 1s the sun angle where L. (z,8,,8) 1s a max-
imum Therefore a graph of solar almucantar radiance at
a constant angle from the sun versus airmass will increase
and then decrease with the maximum at m{(#,) when the
day 1s optically stable If the curve is reasonably well
defined with sufficient airmass values, a reasonable
transmittance value can be obtained It can also be used
as a third test for optical stabihity The values of transmit-
tance obtained by means of Eqs (317), (319) and (3 26)
should be 1n agreement on an optically stable day

Pyaskovskaya-Fesenkova (1970) describes an instru-
ment for measuring the quantities in the preceding equa-
tions It 1s essentially a radiance photometer with a three
degree field of view for the solar measurement For the
aureole measurement a two degree to three degree circulat
zone 1s used Her article also includes a theoretical test of
the error in obtaining transmittance from the sun radiance
when the aureole in the three degree field 1s necessarily a
part of the sun radiance measurement She concluded the
error to be negligible

3.3 Method of Determining Spurious Sun Reflectance

Pyaskovskaya-Fesenkova (1970) also indicates that
the two methods of checking for optical stability will
falsely indicate instability 1f reflections in the radiometer
telescope are not negligible

Conversely, once 1t 1s estabhished that the day 1s opt-
ically stable, the above tests for optical stability can be
used to test whether a sky radiance measurement contains
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spurious sun reflection Sky radiances near the sun are
difficult to measure unless the sun can be occulted For
example, recent tests made with the C-130 sky scanning
photometer indicate spurious sun reflections in the meas-
urements at scattering angles 0 to 25 degrees from the
sun

To illustrate the use of the above tests for optical
stability and to test for spurious sun reflections in a sky
radiance photometer, we will use a set of data containing
measurements with a solar transmissometer, a sky scanner
and an irradiometer These measurements were made
from January to September 1964 from a platform on the
roof of one of the Visibility Laboratory buildings at Point
Loma The solar transmissometer measured both the
center sun radiance and an aureole radiance 0 573 degrees
from the sun center The general procedure was to make
a set of measurements at each 10 degree increment of sun
zemith angle and at noon

The photometers were fitted with four optical filters
so that there were two narrow filtered-sensor passbands
and two broad passbands The two narrow passbands had
mean wavelengths of 459 and 661 nanometers, the photo-
pic passband had a mean wavelength of 560 nanometers,
and a fourth broad passband represented an unfiltered
sensor with a mean wavelength of 505 nanometers Rela-
tive spectral response curves for these filters are given in
Appendix A

A graph of the apparent center sun radiance as a
function of relative airmass for the afternoon of 2 Sep-
tember 1964 1s given 1in Fig 3-1 The straight lines for
each filter are the result of least squares fits to the data
The correlation coefficients were high, equal to or greater
than 099 and the day 1s apparently optically stable The
least squares transmittances are noted on the graph
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Fig. 3-1. Langley graph of measured apparent center sun radiance
for 2 September 1964



Solar Almucantar at 55 degrees

In order to be certain to have an almucantar sky
radiance measurement without sun reflection problems, an
angle from sun of 55 degrees was chosen. The sky
scanner data are for a fixed set of zenith angles and
azimuths (A8 and A¢ = 5.625 degrees). Therefore the
almucantar radiance used is from interpolations to the
zenith angle of the sun and to the appropriate azimuth for
B equal to 55 degrees. The example is done for only
Filter 1 mean wavelength 459 nanometers. The
almucantar/m(#;) graph versus airmass (Eq. (3.19)) is
given in Fig. 3-2. The transmittance from the almucantar
is 0.756 compared to the transmittance from the center
sun radiance of 0.738 thus there is only a 2.4 percent
difference. The average 0.747 is considered the best
measure of the transmittance if the day is optically stable.
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Fig. 3-2. Almucantar radiance to airmass ratio vs relative optical
airmass for 2 September 1964.

Now for the three tests for optical stability.
Although we do not have a measure of the solar scalar
irradiance ,€(0), we do have a center sun radiance
s L(0,68,,0) which is related to the scalar irradiance by

$€0) = (L(0,6,0DN)Q, (3.27)
where D()) is the center to average sun radiance conver-
sion or limb darkening factor for the filter (see
Appendix A) and (; is the solid angle subtended by the

sun for 2 September 1964. If we substitute the center sun
radiance for the solar scalar irradiance in Eq. (3.21) we get

Ly (2,6,,8)/[(L(0,6,,00m(8)] = B', (3.28)
where
B'=D(X\)Q B. (3.29)
Similarly Eq. (3.23) becomes
Lo(2,0,,8)/Lo(2,6,,0) = m(9,) B . (3.30)
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Since D(X) is a constant for a filter and 1, is constant for
any given day, the two tests can now be made using
Egs. (3.28) and (3.30) instead of Egs. (3.21) and (3.23).

Fig. 3-3 contains the appropriate graphs for the two
tests. Although not perfect, the data in Fig. 3-3a is rea-
sonably represented by a horizontal straight line. Simi-
larly, the data in Fig. 3-3b are reasonably represented by a
straight line going through the origin.
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Fig. 3-3a. Graphs to test atmospheric optical stability for 2 Sep-
tember 1964, filter 1 (A = 459 nm), Test One, Eq.(3.28).
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Fig. 3-3b. Graphs to test atmospheric optical stability for 2 Sep-
tember 1964, filter 1 (A = 459 nm), Test Two, Eq.(3.30).

The third test is a plot of the almucantar sky radi-
ance graphed against expl—1/m(8,)] from Eq. (3.26) as
shown in Fig. 3-4. The maximum sky radiance should lie
at a transmittance of approximately 0.75. Although the
noon value of sky radiance is inconsistent with the rest
(hooks upward near air mass one), and there are no meas-



ured sky radiances at the exact 8, the sky radiances can
be reasonably represented by a curve which maximizes at
a transmittance of 0.75 (dashed line).
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Fig. 3-4. Almucantar sky radiance at 55° vs ver_tical transmittance
(Eq. 3.26) for 2 September 1964, filter 1 (A = 459 nm).

Thus we conclude that the atmosphere on 2 Sep-
tember 1964 in the vicinity of the Visibility Laboratory
was reasonably stable optically. Also we conclude that
scanner radiances may be used to obtain almucantar
values by interpolation for use in the preceding equations.

Now that it is established that the day is optically
stable, we will use these same equations to test for sun
reflections in the aureole photometer.

Aureole Radiance

The solar aureole radiance was measured 0.573
degrees from the center of the sun without occulting the
sun. A graph of the ratio of the apparent aureole radiance
to the relative airmass versus airmass is given in Fig. 3-5.
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Fig. 3-5. Aureole radiance to airmass ratio vs relative optical air-
mass for 2 September 1964.

The data for the three filters look reasonably linear and
the correlation coefficients are 0.99. However, the least
squares transmittances, which are noted on the graph,
vary markedly from the values derived from the sun radi-
ance and the almucantar at 55 degrees scatterinig angle.

The two tests for spurious sun reflection using
Egs. (3.28) and (3.30), fail miserably, see Fig. 3-6a and b.
In Fig. 3-6a the B' increases dramatically as airmass gets
near one instead of staying constant. In Fig. 3-6b the data
can be fit to straight lines but they clearly do not go
through the origin.
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The final test is the graph of the solar aureole radi-
ance as a function of exp{—1/m(@,)] as shown in Fig. 3-7.
The aureole peaks at transmittances still lower than the
values derived using the aureole and noted in Fig. 3-5.
The transmittances from Egs. (3.17), (3.19) and (3.26)
are clearly not in agreement. Thus we conclude that the
solar aureole measurements include a spurious sun
reflection component in all three filters.
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Fig. 3-7. Solar aureole radiance vs vertical transmittance (Eq
3.26) for 2 September 1964,

Any sky radiance measurement made near the sun
without occultation of the sun is questionable and should
be tested in some fashion. The above method appears to
be a valid testing procedure.

This test can be run for the sky scanner used on 2
September 1964 for various angles from the sun smaller
than 55 degrees to establish which scattering angles have
valid sky radiance measurements and which contain spuri-
ous sun reflections.

3.4 Large Sun Zenith Angle

When the sun zenith angle is relatively large, the
solar almucantar contains a large enough range of scatter-
ing angles so that Eq. (3.15) can be integrated over 4=
thus

2 [ L (.0,8)sinBdp/[ e()m6,)]

=-_4f~r,,,(z.ﬁ)dﬂ +4ff Cddn.  (3.31)
Substituting in Eq. (3.13) we get
2 J L2.0, B)5in a8/ e(Im o))
= fel2) +ffz C()dzdq . (3.32)

4mr oo
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The last term in Eq. (3.32) can be rewritten substi-
tuting in Eq. (3.4) for C(2)

i { Ceddn = [ f J LG8 e@]dad a0

47 o 4n

of (Lo, () ye2))dz d02

47 o

(3.33)

This integrates to

ff C(2)dzdQ) -=f {[e(z)—se(z)]s(z)/se(z)] dz
47 oo £

+f tmy ez . (3.34)
But the first term in Eq. (3.34) can also be written as

f {[e(z)—se(z)]s(z)/se(z)} dz =

Jle@s @)/ e@Ndz = (1(2) . (3.35)

Therefore combining Egs. (3.32), (3.34) and (3.35) we get
2 [ L2 ,8,.8)sin8 dB/[ e (2 m(6,))

= [ le@s@/ @)z + [Im, @)/, e@)dz . (3.36)
oo oo a

By multiplying both sides by the sun scalar irradiance out
of the atmosphere e(o0), this can also be written as

2 f L (2.0,,8)08d8/[Toa(2.0,)m(6,)]

= el [ a@alle@s@ + m, @éz. (33D

No Absorption

When there is no absorption the total scalar irradi-
ance €(z) does not change with altitude, therefore it may
be taken out of the integral. Also the attenuation
coefficient «a(z) is equal to the scattering coefficient s(z).
In addition there is no emission thus m., (z) equals zero.
Making these substitutions into Eq. (3.37) and transposing
m(0,) we have

20 [ L2 (2,8,,8)sin8 dB/ T (2.6,)

=e(z) f exp[f s(2)dr]s(z)m(9,)dz . (3.38)



For the sun angles where m(8,) equals sec8, and dr
equals secf dz, we now have an integral of the form e“du
where u equals | s(z)sec;dz and du equals s(z)sec8,dz.
Therefore, we need a large sun zenith angle to get full
coverage of the scattering angles 0 to 180 degrees but we
need the sun zenith angle to be equal to or less than 70
degrees so that the airmass is equal to secd,. These two
requirements are a bit contradictory. Assuming the two
requirements reasonably compatible at 70 to 80 degrees
zenith angle, we can integrate to get

2 [ L (2,0,,8)sinB dB/ T..(2.6,)

= @7 (z.0)" —1] . (3.39)

Transposing the transmittance terms and simplifying we
have

2 [ L (2,0,,8)sin8 dB/(1-To,(2,6)] = €(z) . (3.39)

When there is no absorption the normalized equili-
brium radiance from Eq. (2.49) is

J Lcopda =<0 . (3.40)
4

Therefore, Eqgs. (3.39) and (3.40) imply that for the solar
almucantar at relatively large sun zenith angles,

L (2,608 = L (2,6,8)/[1-To(2,6)] . (3.41)

4. VOLUME SCATTERING FUNCTION

4.1 Integrating Nephelometer

The Visibility Laboratory integrating nephelometer
was first described in Duntley eral. (1970). Measure-
ments were made on the ground and airborne by the Visi-
bility Laboratory with this instrument from 1968 through
1975 in locations in Thailand, the continental United
States and in Europe. From 1977 through 1980 similar
measurements were made in Europe with a comparable
folded path instrument described in Duntley et al. (1975).

The integrating nephelometer measures three
scattering properties: the total volume scattering coefficient
s(z), and the volume scattering function o (z,8) at 30 and
150 degrees scattering angle. Measurements between
1968 and 1980 were made with various narrow and broad
band spectral sensitivities in the visible spectrum and very
near infrared, with mean wavelenths from 478 to 765
nanometers.

When the integrating nephelometer data are put into
the form of the ratio to the Rayleigh scattering, some of
the differences due to wavelength and air density changes
with altitude disappear. Let us define a ratio Q(z) as the
ratio of the total volume scattering coefficient to the Ray-
leigh volume scattering coefficient gs(z).

0(z2) = 5(2)/gs(2) . 4.1

Similarly let us define a ratio Q(z,8) as the ratio of the
total volume scattering function to the Rayleigh volume
scattering function go (z,8)

9z,8) = o (z,8)/ g (z,8) . 4.2)

When the scattering function ratio 2(z,8) is graphed
as a function of the total scattering coefficient ratio Q(z),
a single function results for each scattering angle g,
regardless of the filter, or whether the data are ground
level as in Fig. 4-1 or airborne as in Fig. 4-2. All the
integrating nephelometer data from 1968 through 1980 are
similar regardless of location of measurement or filter.

The superimposed curves are from the catalog of
normalized volume scattering functions from Barteneva
(1960).
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4.2 Barteneva Catalog

Barteneva (1960) provided a catalog of normalized
directional scattering functions o (8)/s for the photopic
sensor based upon 624 measurements made with a
nephelometer during 1955 through 1958 in various loca-
tions in the USSR and at sea. For each volume scattering
function she gives a range of total volume scattering
coefficient appropriate to that function.

The range of total volume scattering coefficients is
from Rayleigh to heavy fog, for ground level. Her catalog
of gradual functions, classes 1 through 10, are appropriate
for very clear to heavy haze, but not fog. This range of
functions is applicable to the troposphere under conditions
appropriate for flying using visual flight rules. This also
describes the conditions under which the aircraft flew dur-
ing the Visibility Laboratory data missions. Since the
ground-based data were taken in conjunction with the
flights, these same conditions are also appropriate for the
ground-based data.

The Barteneva catalog was first interpreted in terms
of the median total volume scattering value for each
scattering function class. Then the ratio 0 was computed
for these median s values. Similarly, the value of the
median volume scattering function o (0,8) for 30 and 150
degrees was computed by multiplying the normalized func-
tions by the median s values. Then the ratio to Rayleigh

£(z,8) was computed and the curves in Figs. 4-1 and 4-2
graphed for the Barteneva data.

All the Visibility Laboratory nephelometer data for
total volume scattering and the scattering functions at 30
and 150 degrees agree with the Barteneva catalog of gra-
dual functions. Thus it has been assumed that the Bar-
teneva catalog is appropriate for specifying the directional
scattering for all the scattering angles 0 to 180 degrees for
various sensors in the visible spectrum in the troposphere.

The further step of representing the catalog by equa-
tions has been made by Johnson and Hering (1981a). A
full analytic representation in the form of Henyey-
Greenstein functions is presented in Hering (1981b).

Graphs of the normalized volume scattering func-
tions as a function of scattering angle for the Barteneva
catalog are given in Fig. 4-3 for the gradual classes and
Fig. 4-4 for the steeper classes.
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4.3 Average Volume Scattering Function at 55°

The average normalized volume scattering function

4.3)

]

lo@®)/s1d/ [ a0 = 1/Gm = 08
4 4n

The Rayleigh normalized volume scattering function can
be computed from the approximation

o8/ gs = 3(1 + cos?B)/(16m) . (4.4)

Equations (4.3) and (4.4) were combined and the ensuing
equation solved to obtain the scattering angle at which the
Rayleigh normalized volume scattering function is equal to
the average value of 1/4x. It was found to be 55 degrees

ro(55)/gs =1/(4m) . 4.5)

The graphs in Figs. 4-3 and 4-4 are marked at
scattering angle S5 degrees and at the normalized volume
scattering function equal to 0.08. From these graphs we
see that the scattering angle of 55 degrees yields a reason-
able approximation of the average volume scattering func-
tion for all the scattering functions except the gradual
classes 9 and 10, that is,

a(55)/s = 1/(4m) . (4.6)

In reviewing the graphs of measured nephelometer
data, it is noted that none of the total scattering coefficient
ratios Q(z) exceeded 100. That is, gradual classes 1
through 8 [Q(8) = 114] were encountered but never 9 or
10 [Q(9) =201 and Q(10) =237]. Therefore for model-
ing the atmospheres measured from 1968 through 1981 in
the visible spectrum, it is reasonable to use Eq. (4.6) as
part of the model assumptions.

4.4 Method of Obtaining Single Scattering Albedo
from Horizon Sky

Roessler and Faxvog (1981) developed equations
for the horizon sky luminance as a function of the single
scattering albedo after assuming both an isotropic scatter-
ing function and an isotropic luminance distribution. The
technique can be made more generally applicable by
developing the equations for the horizon at a scattering
angle of 55 degrees from the sun.

Horizon Sky at 55° from Sun

The equation for the path function at 55 degrees
scattering angle can be expressed as a function of the sun
component separate from the sky-terrain component in a
manner similar to Eq. (3.2)
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L.(2,8,55B) = (e(z)o(2,55)

+f L{(z,6',¢Vo(2,8YdQ + L, (z) . @7
4n

Substituting Eq. (4.6) into Eq. (4.7) and assuming the
sky-terrain or diffuse scalar irradiance y€(z) is isotropic we
get

L,(2,8,55 B) = (e(z)s(2)/(4m)

+ 4€(2)s(2)/(@m) + L,,a(z) . (4.8)

Since the total scalar irradiance is the sun plus the sky-
terrain scalar irradiance, Eq. (4.8) can be written as

L,(2,8,55 B) = e(z)s(z)/(4m) + L.a (2) . 4.9

Dividing both sides by the attenuation coefficient and
expressing the emitted path function according to
Eq. (2.7) we get an equation for the equilibrium radiance

L,(2,6,55B) = e(2)s(2)/[a(2)4n]

+a@ZY LA\, D/alz) . 4.10)

This can be expressed in terms of the single scattering
albedo w (from Eq. (2.39)) as

L,(2,0,55 B) = w(2)e(z)/(4m)

+ N—0wILO,T) . 4.1D

The general equation for the horizon sky radiance at
55 degrees scattering angle from Eq. (2.57) is

L (2,90.558) = L,(2,90,558) [1-To,(z,90)] . (4.12)

Therefore from Eq. (4.11) the horizon sky radiance at 55
degrees is

L (2,90,550)

= {w@)e@)/@m) + [1—@ILA, D} 1-T.(z,90] .  (4.13)

The above equation assumes that the attenuation
coefficient is horizontally isotropic and therefore the hor-
izon sky must be cloud free.

Visible Spectrum

In the visible spectrum L(A,T) is negligible. Also
for the photopic at sea level T.(0,90) is negligible and
Eq. (4.13) becomes



Lo (0,90,558) = w(0)e(0)/dm (4.14)

Thus the single scattering albedo « can be determined by
measuring the horizon sky at 55 degrees and the total
scalar irradiance at sea level

w(0) = L2 (0,90,558)41/e(0) (4.15)

Since this is an approximative method, the precision level
of the resultant w(0) is not expected to be high. How-
ever, it can still be quite useful as one measure of the sin-
gle scattering albedo.

When there is no absorption w = 1 and the horizon
sky should equal the average scalar irradiance €(0)/(47)

Lo (0,90,558) = €(0)/(4m) . (4.16)

4.5 Method of Obtaining Scattering Transmittance
from Sky Radiance Ratios at 55 Degrees

When absorption is negligible, the general equation
for the equilibrium radiance at 55 degrees scattering angle
Eq. (4.11) reduces to

Lq (2,6,55 B) = e(z)/4n . 417

Also when absorption is negligible the total scalar irradi-
ance e(z) is constant with altitude, therefore the equili-
brium radiance at 55 degrees is also constant with altitude.
Rearranging the equilibrium radiance form of the equation
of transfer Eq. (2.17) we get

[L(2,6,55 B)—L,(2,8,55 )] dL(2,6,55 B)
(4.18)

= —s(z)dr ,
where the total scattering coefficient s(z) has been substi-
tuted for the attenuation coefficient since absorption is
negligible. Since the equilibrium radiance is a constant
Eq. (4.18) can be integrated with respect to altitude

L
f [L(2,6,55 B)~L,(2,6,55 B)]™" dL(z,6,55 B)
LO
-—f s@ar. (4.19)
The result of the integration is
L (2,0,55B) = L,(z,8,558) s, (2,0)
+ L, (2,655 )1 - (7,(2,0] (4.20)

where , 7, (z,0) is the transmittance due to scattering.
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Sky Radiance Ratio at 55°

For sky radiance at 55 degrees scattering angle, the
inherent radiance L, 1s equal to zero and Eq. (4.20)
becomes

Lo(2.60558) = L, (265581 - (T o] . (421)

Now when 55 degree sky radiances at two zenith
angles # and 6’ are ratioed, since the equilibrium radiance
is equivalent, the sky radiance ratio is solely a function of
the scattering transmittance

Lo (2,055 B)/Le (2,655 B)

=1 =T OmO] / {1 - [ T,G,0m6)] . (4.22)

Although Eq. (4.22) cannot be solved for directly, it can
be solved by iterative means. Error analysis indicates that
the zenith angle difference 6 — 4’ should be large to
minimize the error in the resultant vertical transmittance
s Tee(2,0).

Visible Spectrum

In the visible spectrum, absorption is negligible
except for ozone. The total transmittance in the visible
spectrum would thus be approximated by the product of
the scattering transmittance times the ozone transmittance

Too(2,0) = (T, (2,0) , T, (2,0) . (4.23)

To illustrate the use of Egs. (4.22) and (4.23), we
again refer to the sky radiance and solar transmissometer
data taken on the Visibility Laboratory rooftop in 1964.
The atmosphere on 2 September 1964 was optically stable
during the afternoon as illustrated in Section 3.3. Thus
evaluation of the scattering transmittances throughout the
afternoon should give us an estimate of the precision of
the estimation method for broad band sensors in the visi-
ble. Equation (4.22) was evaluated for all sky radiances at
55 degrees plus or minus 2.5 degrees scattering angle for 9
from 81.6 to 64.7 degrees and 6’ from 64.7 to 2.8 degrees.
Later error analyses indicated that some of these zenith
angle combinations are less error prone than others.
Hence, the averages in Table 4.1 are less accurate than can
be obtained with a smaller yet better selection of zenith
angle combinations. However, they are presented herein
as a first approximation.

The transmittance ratios in Table 4.1 are the
transmittances based on Eq. (4.22) times the ozone
transmittance divided by the transmittance from the solar
transmissometer. The ozone transmittance is noted at the
bottom of each column. The transmittance comparison is
best for Filter 1 which is a relatively narrow band filter
with the least absorption. The near noon data compare



Table 4.1. Comparison of transmittance determination procedures
(sky radiance ratio method vs solar transmissometer).

TOTAL TRANSMITTANCE RATIO
Nominal Sun
Zemith Angle (From Eq (4 22, and 4 23) and Solar Transmissometer Measurements)
;]
e :ecs) Filter 1 Filter 2 Filter 3 Filter 4
8 X =459 nm X = 505 nm X = 560 nm X = 661 nm
24 954 891 894 900
30 944 893 894 905
40 1045 1011 1030 1038
50 1045 1013 1041 1.047
60 1034 1006 1031 1044
70 1030 1014 1042 1050
80 1 002 998 1031 1045
Average 1008 975 995 1004
Standard
Dewviation 043 057 069 070
Ozone
Contribution
aToo 0.0 996 984 969 978

least well. The accuracy is probably sufficient to warrant
further development of the method to improve the preci-
sion level.

Use of sky radiances at 55 degrees scattering angle
should be an improvement on the sky ratio method
described in Duntley eral. (1972) Section 2.1 and in
Duntley eral. (1978) Section 2.2. That method, which
stemmed from the nomographic method of Kushpil’ and
Petrova (1971), used sky radiances at all scattering angles.
Kushpil’ and Petrova (1971) suggested use of ratios at
57.2 degrees scattering angle for the visible spectrum and
53.9 degrees for the near infrared portion of the spectrum
but did not give a theoretical basis for the nomograph or
for the selection of these angles.

4.6 Method of Obtaining Aerosol Optical Thickness
from Solar Almucantar

The basic equation for the sky radiance in the solar
almucantar Eq. (3.15) can be rewritten expressing the opt-
ical thickness function in two components, the Rayleigh or
molecular g7.(z,8) and the Mie 47.(z,8)

Lo(z,0,,8) / [ie(2)m(@6)]

= pT(z,8) + y7o(z,8) +f C(2)dz . (4.24)

For simplicity the left hand ratio is defined as a function

u(z,B)
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u(z,B) =L, (2,08 / [e(z)m())] . 4.25)

If we have in the almucantar a large enough range
of scattering angles, both sides of Eq. (4.24) can be
integrated over 47 and Eq. (3.13) substituted in to obtain

211]. w(z,8) sinBdB = pto(2)+ ppter(2)

[

+2n | [ c@arsinpap. (4.26)

where gt.(z) is the Rayleigh optical thickness and s f.(z)
is the Mie optical thickness. The last term in both
Egs. (4.24) and (4.26) is the diffuse component due to the
contribution of the relatively non-directional sky, apparent
terrain radiance and emission. All the equations up to this
point are not approximations and hold for an atmosphere
with or without absorption and/or emission. Thus, they
are equally as valid in the infrared.

Livshits and Paviov (1970) make the assumption
that in the photopic or visible portion of the spectrum, the
sky luminance or radiance in the almucantar for scattering
angles 90 to 180 degrees is essentially a function of the
Rayleigh optical thickness function and the diffuse com-
ponent, and that the diffuse component is the same for 0
to 90 degrees as it is for 90 to 180 degrees scattering
angle. This assumes homogeneity in the almucantar and
thus is limited to cloudless skies. Thus since the Rayleigh
scattering is symmetrical about 90 degrees



2027 f wu(z,8) sinp dp)
w/

~

R1w(Z) + 2m f f C(2)dz sinB dB 427)

Also 1t follows that the Mie optical thickness is the integral
of the forward portion of the function less the integral of
the back portion

w/,
mlo(z) =27 fzu(z,ﬁ) sinB dB

o

-2z f w(z,B) snB dp (4 28)
/2

Livshits and Paviov (1970) also obtained the total
optical thickness f..(z) from

o (2) = Rloo(2) + plon2) + 4 102) (4 29)

where ,1.(z) 1s the optical thickness due to absorption
They obtain the Rayleigh thickness theoretically, and
assume the absorption 1s primarily due to ozone in the
visible wavelengths Ozone absorption was assumed to be
the yearly average value for a given wavelength They got
good comparison to total optical thickness values obtained
with the Langley or Bouger method for short wavelengths
where there are no other absorption bands They did not
compare as well at the longer wavelengths We suspect
absorption other than for ozone in the longer wavelengths
in the wvisible rather than an error in the aerosol optical
thickness

Scattering Angle 55°

The disadvantage of Eq (4 28) 1s the need for a
large sun zenith angle so that a large range of scattering
angles are available in the solar almucantar radiances

Since the ratio of the volume scattering function at
55 degrees to the scattering coefficient 1s 1/(47) for the
Rayleigh and the total scattering (Eqs (4 5) and (4 6)), 1t
must also be 1/(47) for Mie scattering as well

r0(2,55)/ gs(z) = 0(2,55)/s(2)

= p0(2,55)/ pg5(2) = 1/(4m) (4 30)

Thus the ratio of the optical thickness function at 55
degrees to the optical thickness must also be 1/(47) for
each component as well as the total scattering

RT0(2,55)/ R10(2) = 7,(2,55)/ 10 (2)

= 7o (2,55 1o (2) = 1/(47) 431
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Now we can express the Mie optical thickness function in
terms of the Mie optical thickness by rearranging
Eq (431)

w70 (2,55) = pyte(2)/(4) (432)

Using the same rationale as Livshits and Pavlov
(1970), that the angles 90 to 180 degrees in scattering
angle describe the diffuse and Rayleigh components for
the angles 0 to 90 degrees, we can say that

(2,180 = 55) = pro(2,59) + [ Cl)az  (433)
Also from Eq (4 24) we have

(2,55 = 472,55 + p7w(259) + [ CIdz (434)

Subtracing Eq (4 33) from Eq (4 34) we get

MT0o(2,55) = u(2,55) — u(z,125) (4 35)
Now combining with Eq (4 32) we get
Mleo(2) = d4q[ u(z,55) — u(z,125)1 (4 36)

The solar almucantar contains both 55 and 125
degrees scattering angle for sun zenith angles 62 5 to 90
degrees Thus for these solar zenith angles a measure-
ment of the scalar sun irradiance and sky radiances in the
solar almucantar at 55 and 125 degrees from the sun
would yield a measure of the Mie optical thickness
through the atmosphere As long as the sky radiance dis-
tribution shows brighter areas 0 to 90 degrees than 90 to
180 degrees, this scheme will work Equation (4 36) also
1s valid when atmospheric emussion 1s present as long as
the emission does not swamp out the directional scattering
effects

Alternate Expression

An alternate expression for obtaining the aerosol
optical thickness from sky radiances when no sun scalar
irradiance measurement 1s available can be developed
Substituting Eq (4 25) into Eq (4 36) and rearranging we
get

Mla(2) = 4m[ L (2,6,,55 B)

- Lo(2,6,,1250) / [ ;eI m(8))] (437

The sun scalar irradiance can be obtained from the
average sun irradiance out-of-the atmosphere ;e(e0) by



m(8)

s€(2) = ()T, (2,0) W/¥)?, (4.38)

where ¥ is the angular solar diameter for that date and ¥
the average angular solar diameter. Also the total
transmittance can be expressed as a function of the com-
ponent optical thicknesses from Eq. (4.29)

Too(2,0) = exp [ ~p1a(2) = prteo(2) = ,1(2)] . (4.39)

Substituting Eqgs. (4.38) and (4.39) into Eq. (4.37)
and rearranging we get

mle(@expl =yt (2Im@,) ]
=d4m (L (2,6,,558) — Lo (2,6,,125B))

/| ee0rm@) W7 exp{-m@) g t@) + 41 N)] .(4.40)

Equation (4.40) cannot be solved directly for the aerosol
optical thickness but by interative means it is readily
obtained. It assumes a reasonable estimate of absorption
optical thickness can be made such as assuming only
ozone absorption in the visible or that a value can be
obtained through use of Program LOWTRAN at other
wavelengths.

Validation Studies

The two methods of obtaining the total optical thick-
ness and hence transmittance from solar almucantar sky
radiances at 55 and 125 degrees using Eqs. (4.37) and
(4.40) with Eq. (4.29) were tested using the 1964 Visibility
Laboratory rooftop data previously described in Section
3.3.

The scanner radiance grid included almucantar
measurements within +0.7 degrees for all four filters for
the 2 September 1964 nominal 70 degrees sun zenith
angle data packages. The solar transmissometer value of
transmittance was used in Eq. (4.38) to obtain the value
of scalar sun irradiance ;e(z) for use in Eq. (4.37). The

values of and basis for the scalar sun irradiance out of the
atmosphere ,e(e0), the Rayleigh optical thickness and
ozone optical thickness are given in Appendix A.

The total optical thickness t.,(0) and total transmit-
tance 7.(0,0) from the solar transmissometer are given
for each filter in Table 4.2. The ratio of the optical thick-
ness derived using Eq. (4.37) to the solar transmissometer
value is given in column 4, and the ratio for Eq. (4.40) in
column §5. Similarly, the ratio of the derived transmit-
tances to measured values are given in columns 7 and 8
respectively. The values compare well for the first 3 filters
and less well for filter 4 meanwavelength 661 nanometers,
although even there the transmittances are within 2 per-
cent. Livshits and Paviov (1970) similarly found closer
comparisons at the shorter wavelengths for mono-
chromatic measurements.

Thus the shorter method, using the almucantar at
55 and 125 degrees with or without an independent sun
irradiance measurement, appears to be valid for narrow
band and broad band sensors in the visible spectrum.

The alternate equation Eq. (4.40) is particularly use-
ful with airborne scanner data where independent meas-
urements of sun irradiance are not available. This method
was used to obtain the aerosol optical thickness for flight
C-466 airborne data at 6 and 0.2 kilometers for use in the
example in Section 2.4 Tables 2.5 and 2.6.

Since this is an approximative method, the resultant
aerosol optical thickness precision may not be high, but
the resultant transmittances have high precision as can be
seen in Table 4.2. The method requires an unobscured
sun and cloud-free sky at 55 and 125 degrees from the
sun in the almucantar.

5. SUMMARY

Some implications of the equation of transfer as it
relates to a scattering and absorbing medium have been
explored. The major implication is that a measurement of
the 47 radiance distribution can yield a great deal of infor-
mation about the atmosphere both in the visible and the
near infrared. If the solar almucantar is cloud-free the

Table 4.2. Comparison of transmittance determination procedures
(solar alumcantar radiances vs solar transmissometer).

TOTAL OPTICAL THICKNESS ¢ (z) TOTAL TRANSMITTANCE T (0,0)
Filter Wa::::gth
Number T am Transmissometer Denved to Meas " Rattos Transmissometer Derived to Meas " Ratios
Measurement Using Using Measurement Using Using
Eq (437) Eq (4 40) Eq (437) Eq (4 40)
1 459 296 96 95 743 101 101
2 505 241 102 103 786 99 929
3 560 200 95 102 819 101 100
4 661 143 86 84 867 102 102
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aerosol optical thickness can be derived. If the 47 radi-
ance distribution is measured at several altitudes, the radi-
ance arrays can be tested for consistency and, if con-
sistent, a measure of absorption obtained. The Visibility
Laboratory data catalog of radiances, both airborne and
ground-based are a mine of information waiting to be
tapped. This catalog is useful for testing methods of
retrieval of basic scattering and absorption information
about the atmosphere as well as for development of
atmospheric models.
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OPTICAL AND RADIOMETRIC
CHARACTERISTICS OF SELECTED
BROAD BAND SENSORS

The broad band sensors referred to in the text are
multipier phototubes with spectral filters interposed
between the sensor and the optical signal. The combina-
tion of the sensor sensitivity S, and the filter transmit-
tance T, is the resultant sensitivity of the filtered photo-
tube §,7,. The standard responses which each optical
system attempts to duplicate are indicated as S, 7,. These
relative spectral response values are normalized to the
peak value.

AVIZ Filters

The relative spectral response values for the AVIZ
Filters 2 through 6 are graphed in Fig. A-1 and given in
tabular form in Table A.1. Filter code 9 is the true photo-
pic response; it is included in Table A.1 for comparative
purposes only. The AVIZ filters are applicable to airborne
and ground-based data measured by the atmospheric visi-
bility branch of the Visibility Laboratory between 1970 and
1978. The multiplier phototubes used had an S-20 spec-
tral response.

© o o -~

& o 0 O
~
-
“w
w

o
N

! 1

RELATIVE RESPONSE, S, T)
]

N

600 700
WAVELENGTH, (A\,nm)

g

800 900

Fig. A-1. Standard spectral responses for AVIZ filters
Peak Wavelengths are: 2 = 475nm Blue, 3 = 660nm Red,
4 = 550nm Photopic, S = 750nm N.L.R., 6 = 440nm S-20.

Spectral Characteristics

A summary of the response characteristics of the
AVIZ filters is given in Table A.2. The mean wavelength
A is defined by

_ 1100
x=4§oxsm AN/ B . (A1)
The effective passband 8 is defined by
1100
(A.2)

S =X 5T, Ar.
400)‘)«

The radiometric units for irradiance of W/m?um are
obtained from units of W/m? by dividing by the effective
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passband 8A. Similarly the radiometric units for radiance
of W/srm%um are obtained from units of W/sr m? by
dividing by the effective passband.

Inherent Sun Properties

The broad band values of sun irradiance out-of-the-
atmosphere at mean solar distance ,e(o0) are obtained
from the spectral values of Johnson (1954) ;e(c0,A) by

1100

s€(o0) = %0 s€(20,0) 5, T, AN / 8\ . (A3)

The spectral average inherent sun radiance L, ()
was computed from

JL,0) = &) / (A4)

using the mean angular subtense € of 6.819E-5 steradi-
ans based on a mean solar distance of 1.49SE8 kilometers
and a mean solar diameter of 1.393E6 kilometers. The
spectral center sun radiances ;L,(A) were computed using
the spectral limb darkening factor D(\) based on the limb
darkening functions of Minnaert (1953)

sL, W) =L, () / DO . (A.S)

Equations similar to Eq. (A.3) were then used to
obtain the broad band inherent sun radiances from the
spectral values.

Rayleigh Atmosphere Properties

The spectral values of the Rayleigh total volume
scattering coefficient gzs for sea level, 15 degrees Celsius
are computed from (Eq. 14 from Penndorf (1957)),

RSO =8m3(n? — 1)2 (6 + 3p,) / [ 3040 (6 - Tp,)] (A.6)

The number density n at atmospheric temperature 15
degrees Celsius is 2.54743E19 c¢m3 and the depolarization
factor p, is 0.035. The refractive index » can be
expressed as N' where

N =n-1. (AT

Now rewriting Eq. (A.6) in terms of N' and with
wavelength in nanometers

RSO =3443E12 nm* m™! (N2 +2N)2 /2%, (A.8)

The refractive term N’ can be expressed as a function of
the refractive modulus N (0) as
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Table.A.1. Relative spectral response of standards for AVIZ filters

FILTER NUMBERS AND MEAN WAVELENGTH FILTER NUMBERS AND MEAN WAVELENGTH
No 2 No 3 No 4 No § No 6 No 9 No 2 No 3 No 4 No § No 6 No 9
Wave- Pseudo- True Wave- Pseudo- True
fength Blue Red Photopic NIR S-20 Photopic length Blue Red Photopic NIR S-20 Photopic
(nm) | 478 (nm) | 664 (nm) | S57(nm) [ 765(nm) | $32(nm) | 560 (nm) (nm) | 478 (nm) | 664 (nm) | 557 (am) | 765 (am) | 532 (am) | 560 (nm)
400 - - - - 0 0000 0 0004 615 - . 01680 - 04500 04412
405 - - - - 00129 0 0006 620 - - 01300 - 04390 03810
410 - - - - 00258 00012 625 - - 10 1055 - 04260 03210
415 - - - - 02969 00022 630 - 0 0000 00810 - 04130 02650
420 - - - - 0 5680 00040 635 - 00020 00657 - 03935 02170
425 - - - - 0 7605 00073 640 - 00486 00504 - 03740 01750
430 - - - . 09530 00116 645 - 01798 00411 - 03545 01382
435 - - - - 09765 00168 650 - 05531 00318 - 03350 01070
440 - - - 1 0000 00230 655 . 09948 00268 - 03190 00816
445 - - - - 09920 00298 660 - 1 0000 00218 - 03030 00610
450 - - - 0 9840 00380 665 - 09421 00188 - 0 2845 0 0446
455 0 0000 - - - 09720 0 0480 670 - 08625 00157 - 02660 00320
460 00070 - - B 0 9600 0 0600 675 - 07482 00139 - 0 2480 00232
465 01487 - - 09510 00739 680 - 04774 00120 - 02300 00170
470 0 8481 - 0 0000 - 09420 00910 685 - 01585 00105 - 02105 00119
475 1 0000 - 00172 . 09355 01126 690 - 00495 00090 - 01910 00082
480 09329 - 00343 - 09290 01390 695 - 00166 00080 . 01755 00057
485 08304 - 00677 - 09175 01693 700 0 0000 00070 - 0 1600 00041
490 01790 - 01010 - 0 9060 02080 705 - - 00061 - 01445 00029
495 00292 - 0118S - 08920 02586 710 - - 00053 - 01290 00021
500 0 0000 - 01360 - 08780 03230 715 - - 00048 - 01170 00015
505 - - 02635 - 08560 04073 720 - - 00042 0 0000 01050 00010
510 - - 03910 - 08340 05030 725 - - 00038 01005 00938 00007
515 - - 0 5085 - 08135 06082 730 - - 00033 02010 00826 00005
520 - - 06260 - 07930 07100 135 - - 00030 04155 00723 0 0004
525 - . 07345 - 07715 07932 740 - - 00026 06300 00619 00003
530 - - 0 8430 - 07500 08620 745 - - 00025 08150 00558 00002
535 - - 0 9065 - 07250 09149 750 - - 00023 1 0000 00497 00001
540 - - 09700 - 0 7000 09540 755 - - 00020 09595 00416 00001
545 - - 09850 - 06785 09803 760 - - 00018 09190 00335 00001
550 - - 1 0000 - 06570 09950 765 - - 00017 0 8495 00292 0 0000
555 - - 09665 - 06385 1 0002 770 - - 00016 07800 00249 -
560 - - 09330 - 06200 09950 1775 - - 00014 06620 00206 -
565 - - 0 8685 - 06030 09786 780 - - 00013 0 5440 00162 -
570 - - 0 8040 - 0 5860 09520 185 - - 00012 04890 00144 -
575 . - 07195 - 05700 09154 790 - - 00012 04340 00125 -
580 - - 06350 - 05540 08700 195 - - 00012 03720 00107 -
585 - - 05525 - 05385 08163 800 - - 00011 03100 00088 -
590 - - 04700 - 05230 07570 805 - - 0 0005 02675 00075 -
595 - - 03950 - 0 5060 06949 810 - - 0 0000 02250 00062 -
600 - - 03200 - 04890 06310 815 - - - 01125 00031 -
605 - - 02630 - 04750 0 5668 820 - - - - - -
610 - - 02060 - 04610 05030

Table A.2. Spectral charactenistics summary for AVIZ filters

Spectral Characteristics Inherent Sun Properties [Johnson (1954)] Rayleigh Atmosphere Properties (15°C) Ozone
Optical
Filter Peak Mean Effective Radiance (W/Q mzu.m) Attenuation | Total Scattering Vertical Thickness
Code | Wavelength | Wavel h | Passband Irradiance Length Coefficient Radiance a'm(O)
No (nm) (nm) (nm) (w/ m2ym) Average Center (m) (per m) Transmittance
2 475 478 199 2 14E+03 3 13E+07 4 07E+07 4 84E+04 2 07E-05 0839 STE-3
3 660 664 302 1 STE+03 230E+07 | 275E~-07 1 86E+05 5 41E-06 0955 181E-3
4 550 557 185 1 90E+03 278E+07 | 347E+07 8 93E+04 1 15E-05 0907 3 08E-2
5 750 765 504 123E+03 1 80E+07 | 2 10E+07 3 28E+05 3 08E-06 0974 1 61E-3
6 440 532 1835 191E+03 2 80E+07 3 S5E+07 722E+04 1 64E-05 0867 -
9 555 560 106 9 1 89E+03 277E+07 | 345E+07 9 22E+04 1 15E-05 0907 307E-2
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N' = NO1E—6 . (A.9)

The refractive modulus was computed using the dispersion
formula of Edlen (1953) for the refractive modulus N(0)
at 15 degrees Celsius at sea level

N(0) = 64.328 + 29498.10 / (146 — 1/ A2)

+255.40/ (41 — 1/, (A.10)

where A is in um. The spectral Rayleigh vertical beam
transmittance through the atmosphere may be computed
by means of the scale height H

aTW) =expl—psWH] . (A.11)

The scale height for the U. S. Standard Atmosphere (1976)
which has a sea level temperature of 15 degrees Celsius, is
8434.7 meters.

Attenuation Length. The attenuation length £ is
defined as that distance at which the signal is attenuated to
1/e. So monochromatically, the Rayleigh attenuation
length is

REMW) =1/ 450 . (A.12)

A broad band attenuation length is similarly defined as the
distance at which the signal is attenuated to 1/e. Thus

exp(=1) = exp(=r/g £)
1100

= %0 expl —rgs(A) ] §\T, AN/8\ . (A.13)

Equation (A.13) cannot be solved directly for the Rayleigh
attenuation length £ since the range r is both unknown
and in the defining term. However, it can be solved by
iteration within acceptable limits.

Volume Scattering Coefficient. The Rayleigh volume
scattering coefficient was needed as a lower limit for com-
parison to the values measured by the integrating
nephelometer. Therefore, the limiting value gs is defined
as

1100
RS = 4%0 rSOIM(\5500K) S, T, ar

1100

/ 3030 M(X,SS00K) 5, T, A\ . (A.14)

A Xenon source is used in the nephelometer, therefore
the radiant exitance (emittance) in Eq. (A.14) was approx-
imated by a blackbody radiator of 5500 degrees Kelvin
M(\,5500°K). The radiant exitance M(A,T) is

MO\ T)==xL(\T). (A.15)
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The L(\,T) is computed from the classical equation
(Wolfe (1978) Table 1.7)

LT =c /[ ma(e> - 1], (A.16)
where
¢y = 2mhc? = 3.741382E~16 Wm? (A17)
and
x=cy/ WT). (A.18)

The c is the speed of light, A is the Planck constant and

¢y =ch/ k = 1.438786 E~2 mK (A.19)

where k is the Boltzmann constant. The constants are
from Driscoll and Vaughn (1978) Table A.1.

Transmittance. The Rayleigh transmittance through
the atmosphere was needed as a limit for comparison to
the transmittance measurements made with a solar
transmissometer. Therefore the broad band Rayleigh
transmittance was defined as,

1100
7 T(0,0) = 4%0 sLoW) rTw() $, T, AX

1100

/ 4%0 sL, V) 8T, Ax . (A.20)

where ;L,(\) is the spectral inherent center sun radiance
as defined by Eq. (A.5).

Ozone Absorption

The spectral values of ozone absorption a per cm
for the Chappuis bands are taken from the tabular values
of Vigroux (1953) which are in good agreement with the
Inn and Tanaka (1953) values. Since the ozone absorp-
tion was to be used in conjunction with the solar transmis-
someter values, the absorption a per ¢cm for each filter
was computed from the spectral values by

1100
a= %‘,0 s€(0\) §, T, a, A

1100

I REICHVIY Y (A.21)

The total ozone was from the U. S. Standard Atmo-
sphere (1976) which was 0.345 atrm—cm. The ozone opti-
cal thickness was computed for each filter from

T(0,0) =exp [ -, 1. 0] . (A.22)
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Rooftop Filters

The relative spectral response values for the broad
band sensors used on the rooftop of the Visibility Labora-
tory building during 1964 are graphed in Fig. A-2 and
given in tabular form in Table A.3. The multiplier photo-

tubes had an S-11 spectral response. A summary of the
response characteristics of the Rooftop 1964 filters is given
in Table A.4.

Rooftop Filter 3 is the photopic sensor. The photo-
tubes were carefully filtered so that they closely approxi-
mated the photopic sensor.

Table A.3. Relative spectral response of standards for rooftop 1964 filters.

FILTER NUMBERS AND MEAN WAVELENGTH FILTER NUMBERS AND MEAN WAVELENGTH
Wavelength No 1 No 2 No 3 NO 4 Wavelength No 1 No 2 No 3 NO 4
(nm) 459 (nm) 505 (nm) 560 (nm) 661 (nm) (nm) 459 (nm) 505 (nm) 560 (nm) 661 (nm)
360 0 0000 - 585 00029 0 4405 08161
365 00366 590 00027 04130 07568
370 00732 595 0 0000 03620 06948 -
375 01151 - 600 - 03110 06309 0 0000
380 - 01570 - 605 - 02540 05667 00880
385 - 01550 - 610 - 01970 05029 01760
390 01530 - 615 - 01590 04411 05020
395 01810 0 0000 620 - 01210 03809 08280
400 02091 0 0004 625 - 01001 03209 09140
405 - 02590 0 0006 - 630 - 00791 0 2649 1 0000
410 00000 03090 00012 - 635 - 00684 02170 09480
415 00740 03590 00022 640 - 00576 01750 0 8960
420 0 1480 04090 00040 - 645 - 00498 01382 07975
425 03860 04685 00073 - 650 - 00420 01070 06990
430 06240 05280 00116 655 - 00354 00816 05970
435 07635 05855 00168 - 660 - 00288 00610 04950
440 09030 06430 00230 - 665 - 00240 00446 04165
445 09515 06910 00298 670 - 00193 00320 03380
450 1 0000 07390 00380 675 . 00165 00232 02890
455 09770 07765 0 0480 - 680 - 00137 00170 02400
460 09540 08140 0 0600 - 685 - 00124 00119 02185
465 0 8875 08515 00739 - 690 . ool 00082 01970
470 08210 08890 00910 - 695 - 00111 00057 01925
475 07145 09155 01126 700 - 00110 00041 01880
480 0 6080 09420 01390 - 705 - 00141 00029 02300
485 05010 09630 01693 - 710 - 00173 00021 02720
490 03940 09840 02080 - ns - 00158 00015 02355
495 03020 09920 02585 120 - 00142 00010 01990
500 02100 1 0000 03229 725 - 00144 00007 0 1895
505 01481 09955 04072 730 - 00146 0 0005 01800
510 00861 09910 05029 735 - 00141 0 0004 01630
515 00585 09605 06081 . 740 - 00135 00003 01460
520 00309 09300 07099 - 745 - 00122 00002 01265
525 00198 09040 07930 750 - 00109 00001 01070
530 00087 08780 08618 755 - 00096 00001 00912
535 00071 0 8455 09147 760 . 00082 00001 00754
540 00054 08130 09538 765 . 00068 0 0000 00628
545 00051 07740 09801 - 770 . 00055 - 00501
550 00048 07350 09948 175 - 00046 . 00405
555 0 0044 06745 1 0000 780 - 00036 - 00310
560 0 0040 06140 09948 785 - 00028 - 00239
565 00037 05630 09784 790 - 00020 - 00167
570 00034 05120 09518 - 795 - 00015 - 00127
575 00032 0 4900 09152 - 800 - 00011 - 0 0086
580 00031 04680 08698
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Fig. A-2. Standard spectral responses for Visibility Laboratory
rooftop filters

Table A.4. Spectral charactenstics summary for rooftop 1964 filters

APPENDIX A

Spectral Charactenstics Inherent Sun Properties [Johnson (1954)] Rayleigh Atmosphere Properties (15°C) Ozone
Optical
Filter Peak Mean Effective Radiance (W/Qm 2;l.m) Attenuation | Total Scattening Vertical Thickness
Code | Wavelength | Wavelength | Passband Irradiance Length Coefficient Radiance al ()}
No (nm) (nm) (nm) (w/ mzp.m) Average Center (m) (per m) Transmittance
1 450 459 581 2 08E+03 304E+07 4 00E+07 4 11E+04 247E-05 0812 3 70E-3
2 500 505 1519 19SE+03 286E+07 3 66E+07 5 94E+05 1 87E-05 0852 1 60E-2
3 555 560 106 8 1 89E+03 277E+07 3 45E+07 9 22E+04 1 15E-05 0907 307E-2
4 630 661 614 1 59E+03 2 33E+07 2 79E+07 1 80E+05 5 78E-06 0952 2 20E-2
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GLOSSARY AND NOTATION

The notation used in reports and journal articles produced by the Visibility Laboratory staff follows, in general, the
rules set forth in pages 499 and 500, Duntley er al. (1957). These rules are:

Each optical property is indicated by a basic (parent) symbol.

A presubscript may be used with the parent symbol as an identifier, e.g., b indicates background while ¢ denotes
an object, i.e. target.

® A postsubscript may be used to indicate the length of a path of sight, e.g., r denotes an apparent property as
measured at the end of a path of sight of length r, while o denotes an inherent property based on the hypothetical
concept of a photometer located at zero distance from an object, i.e. target.

e A postsuperscript* or postsubscripts, is employed as a mnemonic symbol signifying that the radiometric quantity
has been generated within the path or path segment by the scattering of ambient light reaching the path from all
directions and/or by emission.

e The parenthetical attachments to the parent symbol denote altitude and direction. The letter z indicates altitude in
general; z, is used to specify the altitude of a target. The direction of a path of sight is specified by the zenith
angle 0 and the azimuth ¢. In the case of irradiances, the downwelling irradiance is designated by d, the
upwelling by u.

e The radiometric symbols used herein now correspond to the OSA recommendations in Section 1 of Driscoll and
Vaughn (1978). Prior to June 1980, the symbol used for radiance L was N, for irradiance E was H, and for
attenuation length £ was L.

Symbol Units Quantity
A(z) none Albedo at altitude z, defined
A(z) = E(z,u) | E(z,d).
a(z) m! Absorption coefficient.
C(z2) sr-tm! Diffuse component of the solar almucantar sky radiance ratio to the sun scalar
irradiance and relative airmass
C@) = [L(2,6,8)0(2,8)dQ / 1e(2) + Ly () / ,e(a).
4
c m/s Speed of light ¢ = 2.99792458 £8.
) Wm? First radiation constant ¢, = 2whc? = 3.741832E-16.
2 mK Second radiation constant ¢; = ch/k = 1.438786 F—2.
D(z) none Radiance distribution function D(z) = fL(z,O’,¢')sec0’d9. / e(z).
4
D) none Limb darkening factor relating the average sun radiance and the center sun
radiance D(\) = (L, / (L,.
E, W/ m? Spectral irradiance (formerly symbol H) defined as £, = )fLA(z,o,(») cos® dQ.
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Symbol Units Quantity
E Wimtum Broad band sensor irradiance, defined as £ = fEA S, T, d\ / 8.
0

E(z,d) W/m? Irradiance produced by downwelling flux as determined on a horizontal flat plate
at altitude z [formerly H(z,d)]. In this report d is used in place of the minus
sign in the notation [H(z,—)] which appears in Duntley (1969). This property
may be defined by the equation E(z,d) = ‘[L(z,o',d&') cos'dQ’'.

E(z,u) W/m? Irradiance produced by the upwelling flux as determined on a horizontal flat plane
at altitude z [formerly H(z,u)]. Here u is substituted for the plus sign formerly
used in the notation [H(z,+)].

H(z) m Scale height at altitude z, the height of a homogeneous atmosphere having the
density of the layer at altitude z.

h J/s Planck constant & = 6.626176 E—34.

k JIK Boltzmann constant k = 1.380662E£—23.

L, W/sr mt Spectral radiance (former symbol N).

L W/sr m*um Broad band sensor radiance is defined as L = f L,S\T, d\/ 8.

[

L,(z.,6,¢) W/sr m Inherent radiance based on the hypothetical concept of a photometer located at
zero distance from an object at altitude z in the direction specified by zenith angle
6 and azimuth ¢.

L (z,0,¢) W/sr m? Apparent radiance as determined at altitude z, from the end of a path of sight of
length r at zenith angle § and azimuth ¢. This property may be defined by
L (z,0,6) = L,(2,0,4)T,(z,0) + L’(z,0,¢).

LD W/sr m? Black body radiance at wavelength A\ and temperature 7.

L,(z,6,4) W/sr m? Equilibrium radiance at altitude z with the direction of the path of sight specified

by zenith angle # and azimuth ¢. This property is a point function of position
and direction.

As discussed by Duntley et al. (1957), many image transmission phenomena are
most clearly understood in terms of the concept of equilibrium radiance. This
concept is a natural consequence of the equation of transfer which states
analytically that in any path segment the difference between the output and input
radiances is attributable to a gain term and a loss term, such that some unique
equilibrium radiance L, (z,8,4) must exist at each point such that the loss of
radiance within the path segment is exactly balanced by the gain, i.e.,
AL(z,0,¢) =0.
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Symbol Units Quantity
By virtue of this concept and the equation of transfer, one can show that each
segment of every path of sight has associated with it an equilibrium radiance, and
that the space rate of change in image forming radiance caused by the path
segment is in such a direction as to cause the output radiance to be closer to the
equilibrium radiance than is the input radiance. This segment by segment
convergence of the apparent radiance of the object field to the dynamic
equilibrium radiance was clearly illustrated by the data in the 1957 paper
referenced above.

L.(z,6,¢) W/sr m? Path function at altitude z with the direction of the path of sight specified by
zenith angle @ and azimuth ¢. This property is defined by the equation
L.(2,6,¢) = L, (2,0,6) + L. (2).

L, (z,0,¢) W/sr m? Path function due to scattering, defined by L, (z,0,¢) =4f o(z,8)VL(2,0,6NdQ".

L., (2) W/sr m Path function due to emittance (absorption) L., (z)=a(z) L,T).

L (z,6,¢) W/sr m? Path radiance as determined at altitude z at the end of a path of sight of length r
in the direction of zenith angle 9 and azimuth ¢.

Lo (z,0,¢) W/sr m? Sky radiance at altitude z, zenith angle 8 and azimuth ¢. Also the path radiance
for the path of sight of length e from out of the atmosphere to altitude z.

sLo(2,05,0) W/sr m? Apparent radiance of the center of the solar disk as determined from the end of a
path of sight of length o from out of the atmosphere to altitude z at the zenith
angle of the sun 6.

£@) m Attenuation length at altitude z. The attenuation length is the distance at which
the signal is attenuated to 1/e.

MQO,T) W/ m? Black body exitance (emittance) M(\,T) = wL (A, T).

m(\,T) W/ m? Black body scalar exitance (emittance) m(\,T) =47 L(\,T).

m,(z) w/m? Scalar exitance (emittance) per length m.(z) = f L.(z,0,6)dQ.

4n
my (z) w/m? Scalar exitance (emittance) per length due to scattering
m. (z) = J;L.s (z,0,0)d = e(2)s(2).
m,, (z) W/ m? Scalar exitance (emittance) per length due to absorption m., (z) =az)m(\,T).
m«(z,6) kg/m? Absolute air mass at angle § m..(z,0) = f p(z)dr.
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Symbol Units Quantity

me(2,8)/ms(2,09 none Relative optical air mass.

m(8,) noneg Relative optical airmass at zenith angle of the sun, shorthand for
Mmuw(2,0,)/ m(2,09.

N(2) none Refractive modulus N(z) = [n(z) — 1] E6.

n(z) none Refractive index.

Q) none Optical scattering mixing ratio at altitude z. This quantity is defined as the ratio
of the total volume scattering coefficient at altitude z, to the molecular (or
Rayleigh) volume scattering coefficient at the same altitude z.
0(z2) = 5(2)/ps(2).

9(z,8) none Volume scattering function ratio at altitude z. This quantity is defined as the ratio
of the total volume scattering function at altitude z and scattering angle 8, to the
molecular (or Rayleigh) volume scattering function at the same altitude and
scattering angle. 2(z,8) = o(z,8) / ro(z,B).

r m Path length, for paths of sight at zenith angles 0 to 70 degrees, r = sec§ Az.

ST none Standardized relative spectral response of filter/cathode combination where S, is
spectral sensitivity of the multiplier phototube cathode and T, is spectral
transmittance of optical filter. The relative spectral response values are
normalized to the peak value.

s(2) m! Total volume scattering coefficient as determined at altitude z. This property may
be defined by the equations

s(z) =fo'(z,B)dQ = p5(2) + 5(2).
4y
In the absence of atmospheric absorption, the total volume scattering coefficient is
numerically equal to the attenuation coefficient.

ms(2) m! Volume scattering coefficient for Mie ie. particulate or droplet, scattering at
altitude z.

zs(2) m! Volume scattering coefficient for Rayleigh i.e. molecular, scattering at altitude z.

T K Absolute temperature in degrees Kelvin.

T,(z,9) none Radiance transmittance as determined at altitude z for a path of sight of length r
at zenith angle 6 (formerly referred to as "beam" transmittance). This property is
independent of azimuth in atmospheres having horizontal uniformity. It is always
the same for the designated path of sight or its reciprocal.

Tw(z,0) none Radiance transmitance for the path of sight at zenith angle ¢ from out of the

atmosphere to the altitude z.
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Symbol Units Quantity
ty,(2) none Optical thickness 1,,(z) = f a(z)dz.
%t

ataz (2) none Absorption optical thickness ,1,,(z) = f a(z)dz.

%
miy, (2) none Mie optical thickness up?,,(z) = f ms(2)dz.

4
Rlaz (2) none Rayleigh or molecular optical thickness g1,,(z) = f zs(z)dz.
4

w J/m? Radiant density.
W W Watt W = J/s.
z m Altitude, usually used as above ground level.
Z m Altitude of any applicable object or target.
alz) m! Volume attenuation coefficient as determined at altitude z. a(z) = a(z) + s(z).
B deg Symbol for scattering angle of flux from a light source. It 1s equal to the angle

between the line from the source to any unit scattering volume and the path of a
ray scattered off this direct line. See illustration.

N /
| AN
Unit Volume
B
A none Symbol to indicate incremental quantity and used with r and z to indicate small,
discrete increments in path length r and altitude z.
S\ nm Effective passband (formerly designated "response area") for a filtered sensor 1s

defined as 8A = f S\T, dA.
]
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Symbol Units Quantity

€(z) W/ m? Scalar irradiance. This may be defined as the radiant flux arriving at a point, from
all directions about that point, at altitude z (Tyler and Preisendorfer (1962)).
e(z) =f L(z,6',¢"dQ".

4

4€(2) W/m? Diffuse scalar irradiance 4e(z) = €(z2) — ;e(z2).

s€(2) W/m? Sun scalar irradiance at altitude z je(z) = ;e(o0) Tw(z,6,).

14 m Radius of the earth.

0 deg Symbol for zenith angle. This symbol is usually used as one of two coordinates to
specify the direction of a path of sight.

9’ deg Symbol for zenith angle usually used as one of two coordinates to specify the
direction of a discrete portion of the sky.

R deg Zenith angle of the sun.

A nm Symbol for wavelength.

x nm Mean wavelength is defined as X = f AS T\ d\/ 8A.

(]

w(z,B) sr! Ratio of solar almucantar sky radiance to scalar sun irradiance and airmass.
u(z,B) = L (2,6,,8) / [ ;e(z)m(8,)].

£(2) W/m? Net irradiance. £(z) = E(z,d) — E(z,u).

p(z) kg/m? Density at altitude z.

o(z,8) mlgr! Symbol for volume scattering function. Parenthetical symbols are z to designate
altitude and B to designate the scattering angle from a source.

a(z,8)/s(2) sr! Normalized volume scattering function. This may be defined by the equation
floGp) /s@)an =1.
4

742 (2,8) sr Optical thickness function. 7,,(z,8) = fcr(z,B)dz.

t
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Symbol Units Quantity

| ¢ deg Symbol for azimuth. The azimuth is the angle in the horizontal plane of the
observer between a fixed point and the path of sight. The fixed point may be for
example, true North, the bearing of the sun, or the bearing of the moon. This
symbol is usually used as one of two coordinates to specify the direction of a path
of sight.

¢’ deg This symbol for azimuth is usually used as one of two coordinates to specify the
direction of a discrete portion of the sky.

v deg Angular solar radius at true earth-to-sun distance.
¥ deg Angular solar radius at mean solar distance.
Q sr Symbol for solid angle. For a hemisphere, () = 27 steradians. For a sphere,

) = 47 steradians.

w(z) none Single scattering albedo w(z) = s(z) / a(2).
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Table B.1.

Notational equivalencies.

APPENDIX B

Chandrasekhar (1960)

Visibility Laboratory

Symbol Definition Symbol
E Radiant energy E
mF Net flux £
| Specific intensity L(z,0,0)
J Average intensity €/dm
L.(z,8,¢)
J Mass emission coefficient T
Jjp Mass emission coefficient x density L.(z,0,0)
1 Mass emission coefficient due L., (z,0.4)
to scattering p(2)
k Mass absorption coefficient alp
kp Mass absorption coefficient x density al(z)
p{cos®) Phase function dro(B)/a
S Thickness r
3 Source function L,
u Integrated energy density w
w, Single scattering albedo w(z)
(¢ Scattering angle B
¢ Polar angle 0
M cosine of polar angle cos 6
v Frequency 1/x
p Density p
T Normal optical thickness ty;
@ Azimuth ¢
w Solid angle Q
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Definition
[rradiance

Net irradiance
Radiance

Average radiance

Path function/density

Path function

Path function due to scattering
divided by the density

Attenuation coefficient divided
by the density

Attenuation coefficient

Four 7 times volume scattering
function/attenuation coefficient

Path length
Equilibrium radiance
Radiant density
Single scattering albedo
Scattering angle
Zenith angle

cosine of zenith angle
Inverse wavelength
Density

Optical thickness
Azimuth

Solid angle
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