
Analytical Solution of the RTE: 
 

The Successive-Order-of-Scattering Method 

and its baby, the SSA, 

and its grandchild, the QSSA 

At last, we finally get to 

do a little bit of math, 

instead of just looking at it 

Curt Mobley 





Consider a collimated radiance incident onto the sea surface at polar angle s, which

approximates the sky radiance distr ibution for the sun at zenith angle s in a clear sky.  Let w be

the angle of the incident (sun’s) radiance after refraction through a level sea surface, and let E d(0)

be the plane irradiance just beneath the sea surface.  Single-scattering theory3 then shows that in

homogeneous water the upwelling radiance in direction (,) at depth z within the water is given

approximate ly by
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Here  is azimuthal direction measured from some convenient reference direction, and  is

measured from 0 at the nadir direction; thus  > 90 deg for upwelling radiance.  The albedo of

s ingle scattering, o = b/c, gives the probability of scattering (rather than absorption) in any

interaction of a photon with the medium.  In ocean waters, o can vary from 0.2 to 0.9 depending

on wavelength and water composition.  The angle arguments of the phase function denote

scattering from the direction of the sun’s in-water downwelling beam into the upwelling direction

of interest.

The quas i-single-scattering approximation (QSS A) treats forward scattered light as

unscattered, in which case3 o = bb / (a + bb).  Here bb is the backscatter coefficient, which is the

integral of the VSF over the hem isphere of backscattering directions,   90 deg.  For upwelling

radiance at  = 180 deg (the nadir-viewing radiance), Eq. (2) then gives
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The remote-sensing reflectance R rs is the ratio of the water-leaving radiance to the downwelling

plane

From the draft introduction of “Phase function effects 

on oceanic light fields” by Mobley, Sundman, and 

Boss, Applied Optics 41, 1035-1057, 2001. 



















Comments: 

 

1.  If you didn’t need to know this stuff in order to 

read the literature, I wouldn’t be giving this 

lecture. 

 

2.  Now you know why they told you to take 

differential equations as an undergraduate. 





Eq. 2 of Mobley, 

Sundman & Boss 



A  fun spring-break project: 

 

Program the SSA and compare its 

predictions of the radiance with those of 

HydroLight (which includes multiple 

scattering) for highly absorbing water, 

highly scattering water, etc. 

 

See when the SSA works well, and when it 

doesn’t. 







At z = 0, gives 

Eq. 3 of Mobley, 

Sundman & Boss 



from H. Gordon in Spinrad, Carder, and Perry, op. cit. 



A  fun summer-vacation project: 

 

Program Rrs as given by the QSSA 

(keeping the factors of 2) and compare its 

predictions of Rrs with those of HydroLight 

for highly absorbing water, highly 

scattering water, etc. 

 

See when the QSSA works well, and when 

it doesn’t. 



You can go another step in the SSA: 





Going any further with the SSA becomes  

massively complicated, and beyond usefulness. 

Just use a numerical solution method! 


