Analytical Solution of the RTE:

The Successive-Order-of-Scattering Method
and its baby, the SSA,
and its grandchild, the QSSA

Curt Mobley

At last, we finally get to
do a little bit of math,
Instead of just looking at it



Analytic Solution Methods

Predictive models

plug in IOP’s, get out approximate radiances using simple
formulas

Advantages:

phy.sical insight — idéntify and isolate dominant
processes

guidance — in concept formulation and data analysis
simple math — easy to program

adaptable to statistical analysis — e.g. of radiance
fluctuations due to surface wave effects

sanity checks on exact numerical models

Disadvantages:

simple situations only — homogeneous water, sun in a
black sky, level water surface, etc

inaccurate — factor of 2 to 10 accuracy



From the draft introduction of “Phase function effects
on oceanic light fields” by Mobley, Sundman, and

Boss, Applied Optics 41, 1035-1057, 2001.

Consider a collimated radiance incident onto the sea surface at polar angle 0, which
approximates the sky radiance distribution for the sun at zenith angle 0 in a clear sky. Let 0,, be
the angle of the incident (sun’s) radiance after refraction through a level sea surface, and let E40)
be the plane irradiance just beneath the sea surface. Single-scattering theory® then shows that in
homogeneous water the upwelling radiance in direction (0, ¢) at depth z within the water is given
approximately by

1

L,(0,4.2) = E,(0) ©,B(O,,d,~0.d)
coseW - cosO

exp(fcz/cos GW). (2)

Here ¢ is azimuthal direction measured from some convenient reference direction, and O is
measured from 0 at the nadir direction; thus 6 > 90 deg for upwelling radiance. The albedo of
single scattering, w, = b/c, gives the probability of scattering (rather than absorption) in any
interaction of a photon with the medium. In ocean waters, w, can vary from 0.2 to 0.9 depending
on wavelength and water composition. The angle arguments of the phase function denote
scattering from the direction of the sun’s in-water downwelling beam into the upwelling direction
of interest.

The quasi-single-scattering approximation (QSSA) treats forward scattered light as
unscattered, in which case® w, = by / (a + by). Here by is the backscatter coefficient, which is the
integral of the VSF over the hemisphere of backscattering directions, ¢ > 90 deg. For upwelling
radiance at 6 = 180 deg (the nadir-viewing radiance), Eq. (2) then gives

L(z=0) b, B(y-180-6,)
E (0) a+b, cosf,+1

®3)

The remote-sensing reflectance R is the ratio of the water-leaving radiance to the downwelling
plane
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where 8, and ¢, are the solar zenith and azimuth angles, respectively, and 3 is the
Dirac delta function. F, is the solar irradiance on a plane normal to the sun's rays.
The equation for L9 can be solved immediately, yielding

LO(z,0,0) = Fod(cos 0 — cos ) (b — by) exp(—cz/cos8p)  (1.30)

The equation for L") then becomes

?h

L% J

L .
cos 0 d—;j— = -LM 4 JPL(O) dQl' = —LV + P(0y,0—0,0)F, exp(—cz/cos 6,)
cdz
(1.31)
The solution to this equation is
) P
L.2(26.4) = (@) exp(—cz/cos 8;)
E;(0) cos By — cos6
o (1.32)
, P
Li(28.9) = (@) [exp(—cz/cos 8,) — exp(—cz/cos 0)]
E;0) cosBy — cos@
where
E4(0) = Fycos B, (1.33)
and
cosa = cos0 cosfp + sin0 sinf, cosd (1.34)

The subscripts u and d in Eq. (1.32) mean “up” (6 > 90°) and “down” (6 < 90°),
respectively. From these we can compute the first-order or single scattering
approximation to the apparent optical properties. As an example we compute
K 0), the downwelling irradiance attenuation coefficient just beneath the
surface. For cz <1,
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Comments:

1. If you didn’t need to know this stuff in order to
read the literature, I wouldn’t be giving this
lecture.

2. Now you know why they told you to take
differential equations as an undergraduate.
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A fun spring-break project:

Program the SSA and compare its
predictions of the radiance with those of
HydroLight (which includes multiple
scattering) for highly absorbing water,
highly scattering water, etc.

See when the SSA works well, and when it
doesn’t.
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from H. Gordon in Spinrad, Carder, and Perry, op. cit.



A fun summer-vacation project:

Program R, as given by the QSSA
(keeping the factors of 2) and compare its
predictions of R, with those of HydroLight
for highly absorbing water, highly
scattering water, etc.

See when the QSSA works well, and when
it doesn’t.



You can go another step in the SSA:

Table 2-6.2. Downwelling and upwelling radiance algorithms for the multiple-
scattering hybrid radiometric model for nonconservative scattering (wq # 1)
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Table. 2-6.1. Integration constants for the hybrid radiometric model
-
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Fig.. 246.2.. Top and bottom radiances for a haze-L scattering medium of finite
optical thuckness. Symbals are from Kattawar, Plass, and Hitzfelder (1976).

Going any further with the SSA becomes
massively complicated, and beyond usefulness.
Just use a numerical solution method!




